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PREFACE. 



The present work is intended to give a concise yet com- 
prehensive exposition of the principles of mechanical philo- 
sophj^ as applied to industrial mechanics. With the view of 
rendering the subject instructive to practical engineers and 
teachers^ the investigations are^ for the most part^ conducted 
on algebraic and geometrical principles^ and numerous 
applications and illustrations are given throughout the work. 
With respect to the importance of industrial mechanics^ as a 
branch of national education^ Professor Moseley observes, 
in his report on the Hydraulic machines of the Great 
Exhibition : — 

" In reporting upon the hydraulic machines exhibited, it 
is impossible to refrain from adverting to the general neglect 
of those elementary principles of scientific knowledge on 
which the perfection of such machines always depends, and 
in some cases, their whole usefulness, in an economical point 
of view. The Exhibition affords positive evidence of the 
sacrifice of a large amount of capital, and of much mechanical 
ingenuity, due simply to the ignorance of certain acknow- 
ledged principles of hydraulic science. In adverting to this 
fact, the jury cannot but observe that the success with which 
the principles of mechanical science, in their application to 
practical questions, are beginning to be cultivated in France, 
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VI PBEFACE. 

appears in the superiority of French hydraulic machines. 
Thus their water-wheels have obtained a perfection which is 
probably nowhere else to be found. The total amount of 
such power derivable from the running waters of France, 
and applicable to manufacturing purposes, has been largely 
increased by expedients of a scientific character. Among 
the most remarkable of these is the introduction, now almost 
universal in France, of the curved float-boards of M. Pon- 
celet, in undershot and breast-wheels, and of the turbine of 
M. Foumeyron. It is not, however, only in the adoption of 
new forms of water-wheels in France, that the improvement 
has been apparent, but in the better establishment and more 
skilftil working of the old forms, such as are in use in this 
country." 

In the dynamical portion of this work, the Author has 
availed himself of the researches of Poncelet, Morin, and 
Moseley ; and in the portion on hydraulics, of the experimental 
labours of Eytelwein, Bossut, and others. At the same time 
the Author flatters himself, that the scientific man will find 
considerable portions of the work original, not only in matter, 
but also in the methods of investigation. In particular he 
would call attention to the following portions : — 

Art. 51., containing a new demonstration of the paral- 
lelogram of forces; Arts. 106. and 109., containing new 
formulas for finding the centres of gravity of irregular sur- 
faces and solids; Art. 121., containing a simple method for 
graduating the safety valve ; Art. 161., containing a new and 
expeditious method for determining the point of rupture of 
an arch ; Chapter II,, on various general formulae relative to 
work ; Art 228., &c., on certain general propositions relative 
to the motion of a body on an inclined plane, the friction, 
being given ; Art. 45., &c., page 45., containing various new 
formulae relative to the flow of water in pipes, and in open 
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PREFACE. Vii 

channels ; Art 71.^ &c, page dlO., on the work of hydraulic 
engines, including reaction wheels and the centrifugal pump; 
Art. 99., &c., page 330., containing various general formulas 
relative to the work of steam ; Art 116., p. 341., containing 
the demonstration of a new and simple law relative to the 
conditions of the maximum work of steam ; Art. 260., &c., 
relative to the modulus of machines ; Art 252., &c., on the 
work accumulated in the parts of machines ; and Art. 151., 
containing the generalisation of various practical problem& 

T. TATE. 

February 28. 1853. 
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PRINCIPLES 

OF 

MECHANICAL PHILOSOPHY 



APPLIED TO 



INDUSTRIAL MECHANICS. 



PART L 

FUNDAMENTAI, PRIITeiPI.ES AND PBELIMINARY INVESTI- 
GATIONS RELATIVE TO WORK, ETC. 



CHAPTER L 

GENERAL VIEWS AND DEFINITIONS RELATIVE TO MATTER, FORCE, 
AND MOTION. PROPERTIES OF MATTER. MEASURE OP FORCES. 
LAWS OF MOTION. 

METHOD OF PHILOSOPHY, 

1. The regularity of the various phenomena of the material 
world leads us to infer, that matter is governed bj certain inva- 
riable laws. Bodies everywhere fall to the earth's surface in ver- 
tical lines, and at the same place they descend through equal 
spaces in equal times. A pendulum, at the same place, always 
completes its vibrations in the same time. The various machines 
constructed by human intelligence invariably perform the same 
amount of work when acting under the same conditions. Day 
and night, summer and winter, the ilux and reflux of the tides of 
the ocean, the different aspects of the planetary bodies, — all take 
place with unvarying uniformity and harmony. Guided by induc- 
tion and calculation, philosophers have determined that through- 
out the vast expanse of the visible universe there is not an atom of 
matter which is not subject to the laws of force and motion. The 

4t- 
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2 PRINCIPLES OP MECHANICAL PHILOSOPHY. [PART 1, 

discovery of these laws constitutes the primary object of Me- 
chanical Philosophy. 

Observation and experiment are the only means whereby we 
can attain a true knowledge of the facts of Nature, and then, by a 
process of induction, we are enabled to arrive at those general 
laws and principles upon which these facts depend. Having 
ascended by a process of induction, we then descend by a process 
of deduction, tracing, by the aid of mathematical analysis, the 
application of these general laws and principles to the explanation 
and elucidation of phenomena which at first lay beyond the sphere 
of our intelligence. The ooinoidenoe of our theoretical deductions 
with observed facts, must be regarded as the highest confirmation 
of the truth of the principles upon which such deductions are 
based. 



DEFINITIONS. 

2. Matter is known to us by its properties, which afibct our 
senses. The mass of a body is the quantity of matter which it 
contains. The density of a body is the comparative quantity of 
matter contained in a given volume. 

3. A body is in motion when it is in the act of changing its 
place. When a body passes over equal spaces in equal successive 
portions of time, its motion is said to be uniform. When the suc- 
cessive spaces, described in equal times, continually increase, the 
motion is said to be accelerated; and to be retarded when those 
spaces continually decrease. Motion is uniformly/ accelerated or 
retarded when the increments or decrements of the spaces, passed 
over in equal successive portions of time, are always equal. The 
velocity of a body is measured by the space uniformly passed 
over in a given time : one second is usually taken as the given 
time, and the space described is measured in feet. When the mo- 
tion of a body is accelerated or retarded, the velocity is not mea- 
sured by the space actually passed over in a given time, but by 
the space which would have been passed over in the given time, 
if the motion had continued uniform from that point. The 
momentum of a body is its quantity of motion. 

4. Force is that which produces, or tends to produce, motion 
in a body, or it is that which changes the uniform and rectilinear 
motion of a body. Thus, pressure, impact, gravity, &c., are called 
forces. When a force acts only for an instant, it is called impul- 
sive^ and when it acts without intermission, it is called a constant 
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CHAP. I.] PROPERTIES OF MATTER. 3 

force. Constant forces may be either uniform or variable, A 
force is uniform when it always produces equal effects in equal 
successive portions of time ; and it is variable when the effects 
produced in equal portions of time are unequal, 

6. Mechanical philosophy treats of the laws of rest and 
motion of material bodies. It is divided into four branches. 
(1.) Statics, which treats of the equilibrium of solid bodies. 
(2.) Dynamics, which treats of the motion of solid bodies. (3.) 
Hydrostatics, which treats of the equilibrium of fluid bodies. 
(4.) Hydrodynamics, which treats of the motion of fluid bodies. 

6. Forces are known to us only by the effects which they pro- 
duce. In order, therefore, to estimate the magnitude of forces, we 
must compare tlie effects which they produce under the same cir- 
cumstances. A force may be estimated by the pressure which it 
produces upon some obstacle, or it may be estimated by the motion 
which it produces in a body in a given time. In the former case, 
the measure of the force is said to be statical, and in the latter 

case DYNAMICAL. 



PROPERTIES OF MATTER. 

7. The properties of matter are usually divided into primary or 
essential^ and secondary or non-essential. The former are those 
properties without which we cannot conceive matter to exist ; the 
latter are those which, depending upon the particular laws im- 
pressed upon different substances, do not necessarily enter into 
our abstract conceptions of matter: thus, for example, had it 
pleased the Creator, the law of gravitation might have been dif- 
ferent from what it is ; or in the place of the law of perfect elas- 
ticity, observed in some bodies, all the forms of matter might have 
been practically incompressible. It is obvious, therefore, that the 
secondary properties of matter could not have become known to 
us anterior to observation and experiment. The relative adapta- 
tion of these secondary, or contingent, properties of matter to the 
conditions and constitution of the universe, affords us the most 
striking evidence of the existence and attributes of a great and 
intelligent cause. 

The primary properties of matter are the following : — 

8. Extension, or that property whereby every body must 
occupy a certain limited space. We necessarily conceive every 
body to have length, breadth, and thickness. 

B 2 
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4 PRINCIPLES OF MECHANICAL PHILOSOPHY. [PART I. 

9. Impenetrability, or that property whereby no two sub- 
stances can occupy the same space at the same instant of time. 

The most important secondary properties of matter, considered 
in relation to mechanical philosophy, are the following : — 

10. Compressibility and expansibility are those properties 
by virtue of which bodies may be made to occupy a smaller or -a 
larger space. The susceptibility to compression shows that all 
bodies must contain pores, or spaces between the ultimate particles 
or atoms of which they are composed, and that there is no sub- 
stance in nature which is absolutely solid. 

In consequence of these properties, bodies differ very much in 
their density. Of two bodies, a and a, having equal volumes, that 
body is the more dense which contains the greater mass or quantity 
of matter : thus, if m and m represent the masses of A and Q re* 
spectively, and d and d their respective densities, then 

Density A__mass a ^ 
Density a~mass a * 
that is, 

§=-... (1). 

dm ^ ^ 

If the volumes of the two bodies are unequal, let v and v repre- 
sent their units of volume respectively ; then 

The mass in a unit of volume of a= — , 

V 



»> 


» 


« 


m 


hence eq. (1) becomes 


M 

I)__ V__Mt? 

d m my 

V 


• • (2). 




When the masses are equal, or m: 


=m, this 


equation becomes 




D V 


(3). 





That is, in this case, the densities are inversely as the volumes ; 
or that which has the greater volume has the less density. 

The masses of bodies, at the same place on the earth, are simply 
measured by their weights : thus, if w and w be the respective 
weights of two bodies whose masses are m and m, then 



5E=? (AS 
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In this case, eq. (2) becomes 



d my toy 



(5). 



that is, the densities, or specific gravities, of bodies are directly as 
their weights, and inverselj as their volumes. If the volumes are 
equal, then this equation becomes 

a m to ^ ^ 

that is, when the bodies have the same volume, their densities, as 
well as their masses, are measured by their weights. 

Now since the specific gravity of a body is its weight as 
compared with an equal bulk of pure water, the various equations 
just derived, expressing the ratio of the densities of bodies, will 
also express the ratio of their specific gravities. 

11. DiYisiBiLiTT. There is no limit to the mathematical con- 
ception of the divisibility of space, but the doctrine of the atomic 
theory seems to indicate that there Is a practical limit to the 
divisibility of matter, that is to say, in going on with our division, 
we must finally arrive at a certain ultimate particle, or atom of 
matter, which, from its constitution, no longer admits of separation 
into parts. Nature presents us with various marvellously minute 
subdivisions of the particles of matter. 

12. CoHESioK, or the attraction of cohesion, is that property of 
bodies whereby the atoms composing them are united in a mass. 
This force of attraction between the particles of matter only takes 
place at immeasurably minute distances. Bodies are solid, liquid, 
or aeriform, according as the cohesion of their particles is modified 
by heat. The particles of gases and vapours repel one another, 
in consequence of the repulsive force of heat being greater than 
the force of cohesion ; in solids the force of cohesion preponderates 
over that of repulsion ; and in liquids the forces of cohesion and 
repulsion are presumed to be equal. 

13. Elasticity is that property of bodies by virtue of which, 
when their form is altered by the action of an external force, they 
regain their original form as soon as the external force is with- 
drawn. All bodies possess this property in a greater or less 
degree. Most substances have a limit to their elasticity ; thus if 
a straight elastic bar is bent by a pressure applied to it, and if this 
pressure does not exceed a certain quantity, the bar will resume 
its original form when this pressure is removed ; but on the con- 
trary, if the pressure exceeds a certain quantity, called the limit of 
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the body's elasticity, the cohesion of the material is injured or 
destroyed, and then, in this case, the bar will not return to its 
original form upon the cessation of the pressure. Bodies which 
have no elastic limit may be called perfectly elastic, such as gases 
and vapours. Let a portion of air abdc be con- 
fined in a cylinder by means of a piston p exactly 
fitting the cylinder, so that no air can escape; let 
pressure be applied to the piston so as to reduce 
the volume of the air to any space abi>c; now 
when the pressure is removed from the piston the 
air will resume its former volume abdc. Liquids 
scarcely admit of compression, and hence they are 
called NON-ELASTic FLUIDS, whercas gases and va- 
pours are called elastic fluids. Some aeriform 
bodies, such as carbonic acid gas, have been brought *^* ^' 

to the liquid state by being subjected to high pressure and cold ; 
these are called condensable gases : whereas some gaseous bodies, 
such as oxygen and nitrogen, composing the atmosphere, resist 
condensation, whatever may be the pressure and cold to which 
they are subjected ; these gases are called permanently elastic. 
Beams, employed in construction, are sometimes considered per- 
fectly elastic, when their resistance to compression, within their 
limits of elasticity, is equal to their resistance to extension. 

14. Mobility, or susceptibility to motion, is that property 
whereby a body admits of change of place. Motion may be 
absolute or relative : thus a man in a railway carriage may be 
in motion relatively to the other objects in the carriage, while at 
the same time he partakes of the absolute motion of the train. 
Li estimating motion there are three things to be considered, viz., 
the velocity or quickness of the motion, the space passed over, 
and the time in which that space is passed over. The motion of 
a body is uniform when it passes over equal spaces in equal sue- 
cessive intervals of time ; in this case, the velocity of the motion 
is the distance in feet passed over in one second of time, the space 
is the whole distance in feet moved over, and the time the number 
of seconds in which this space is described. In uniform motion, 
we therefore obviously have 

the space = the velocity x the time. 

If t?=the velocity, #=the time, and s=the space, then 

s=t?^...(l). 
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Here there are three general quantities, any two of which being 
given the remaining one may be found. 

15. Inertia. By this property is meant that matter has no 
power in itself to change its present state, and that any alteration 
in its state, whether of rest or motion, must be produced by the 
action of some external force. If a body is broken, some force 
must have produced the rupture. If a body is melted, heat must 
have produced the change. If a body changes its state from rest 
to motion, some force must have communicated the motion. If it 
passes from a state of motion to that of rest, some force must have 
been exerted to destroy the motion. The laws of motion will be 
hereafter more fully considered. 

16. Gravity is the tendency which all terrestrial bodies have 
towards the centre of the earth. When a body is supported, this 
tendency produces pressure and weight. The pressure produced 
by gravity is always exerted in a direction perpendicular to the 
horizon, and is measured by the weight of the body. The unit of 
weight in mechanical calculations is a pound, and hence the forces 
of pressure are usually expressed in units of pounds. 

It has been found by experiment (allowance being made for the 
resistance of the air) that bodies of every size, shape, and weight, 
fall to the earth exactly in the same manner. Thus, were it not 
for the resistance of the air, a feather and a guinea would fall 
from the top of a tower in the same time, and they would strike 
the ground with the same velocity. Experiment, — Take a small 
piece of thin paper and a penny, and let them fall at the same 
instant from equal heights above the ground ; then the penny will 
arrive at the ground much sooner than the paper. Here the air 
presents a greater proportional resistance to the motion of the 
light body than it does to the heavy one. But in order that the 
resistance of the air may be the same on both bodies, place the 
paper on the penny, and then let them fall together : now they 
both arrive at the ground at the same instant. 

Thus it appears that the pressure produced by the earth's 
attraction upon bodies, is a very different thing from the motion 
which it generates. In the former case the pressure produced is 
proportional to the quantity of matter, whereas in the latter case 
the motion generated, in a given time, is the same for all bodies 
whatever may be their size, weight, or density. This admits of 
a satisfactory explanation: the earth attracts every particle of 
which a body is composed, and hence the weight of a body depends 
upon the matter which it contains; on the other hand, all the 
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particles of a body, separated from one another, would evidentlj 
fall through the same spaces in the same time ; but it appears from 
experiment, that when the particles are collected in one mass, 
they fall exactly in the same manner as they would if they were 
separated from one another. 

Gravity is said to take place in consequence of the attraction 
exerted by the earth upon the body : the general name given to 
this force is that of the attraction of gravitation. This force is 
not confined to bodies upon the earth's surface : the moon is main- 
tained in her orbit by the attraction of the earth, and all the 
planetary bodies in the solar system are subject to the attraction 
of the sun. The attractive force exerted by bodies on each other 
is reciprocal and in proportion to their masses ; thus, if the body 
A attracts the body b, then b will also attract a, and the forces 
which they exert on each other will be proportional to their 
respective masses. Again, the force of attraction varies inversely 
as the square of the distance; thus at double the distance the 
force will be one-^fourth, at treble the distance one-ninth, and so 
on. These two^laws are expressed by saying, — that the force of 
gravitation varies directly as the mass, and inversely as the square 
of the distance. Bodies are attracted by the earth as if the whole 
of its mass were collected in its centre ; hence the force of gravity 
at any place depends upon the distance of the place from the 
centre of the earth. Now since the equatorial diameter of the 
earth is greater than the polar diameter, it follows that the force 
of gravity at places near the equator is not so great as it is at 
places near the poles : thus it is found that a body which produces 
by its gravity a pound pressure at London would not produce this 
amount of pressure if taken to the equator; and, in like manner, 
a pendulum which beats seconds at London, would t<ake a longer 
time to complete a vibration at the equator. 

In consequence of the constant action of the force of gravity, 
the motion of a falling body becomes quicker and quicker as it 
descends. In our latitude the velocity acquired by a falling body 
in one second is 32^ feet, in two seconds it is twice 32J> in three 
seconds it is three times 32^, and so on. If ^ be put for S2\ or 
the velocity acquired in one second, and v for the velocity acquired 
in t seconds, then 

v=tg...(l), 

that is, the velocity acquired by a falling body increases with the 
time. 

This law of acquired velocity arises from the fact, that gravity 
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is a UNIFORM ACCELERATING FORCE, communicating equal incre- 
ments of velocitj in equal times, and that each successive incre- 
ment of velocitj, bj the second law of motion, see Art^ 24., is 
unaffected bj the motion previously acquired. At places towards 
the equator the accelerating force of gravity is less than it is in 
our latitude, and at places near the poles it is greater. The laws 
of descending bodies will hereafter be more fully considered. 



MEASURE OF FOBCES, &c. 

17. When the velocity of a body is continually increased by the 
action of a force, that force is said to be an accelerating force, 
and the velocity which it generates in a given time is taken as the 
measure of the magnitude of the force. Thus if f be put for the 
force of gravity which generates the velocity ^ in a second, and 
Fi for the force of gravity, at any other place on the earth's sur- 
face, which generates the velocity ^, in the same time, then 

F :f, ::^:^i...(i), 

and in fact if we call g the accelerating force, nt the one place, 
then g^ will be the accelerating force at the other. 

18. The weight of a body, or the pressure which it produces by 
the force of gravity, at different places on the earth's surface, de- 
pends not merely on its mass, but also upon the intensity of 
gravity. Hence we say, that the weight of a body varies con- 
jointly with the mass and the accelerating force : thus if w be the 
weight of the body, m its mass, and g the accelerating force, then 
w varies as the product of m and ^, or w oc m^ ; and if c repre- 
sent any constant, we have by algebra, 

W=CM^ . . . (2), 
and similarly, 

Wi = CMi^i ... (3). 
In these expressions no value has been assigned to the unit of 
mass. Now we may give any values we please to Wi, m,, and g^ 
in eq. (3) ; let them, therefore, be taken each equal to unity, then 
in this case c=l, and eq. (2) then becomes 

w=M^ . . . (4), 

where the unit of m, or the mass, is that quantity of matter which 
produces a unit of pressure under the action of a unit of accele- 
rating force. 
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From eq. (4), we have 

M=- . . . (5), 
9 

that is, the mass of a body is equal to its weight or pressure 
divided by the accelerating force. 

The product of the mass of a body and the accelerating force is 
called the moving force. 

19. The relations of weight, mass, and accelerating force of 
gravity, deduced in the preceding article, are shown by experiment 
to hold true in reference to any force of pressure giving motion to 
a body. 

Let Q and p be two weights suspended by a cord going over a 
friction wheel C. Now if the weight Q is greater than p, ^ 
the former will descend, while the latter will ascend, /'^ 
and their velocities, at any point, will be equal to each 
other. If we neglect, for the sake of simplicity, the 
weight of the wheel c and the eflfect of friction and the 
resistance of the air, the weight of the mass moved will 
be Q + P, and the pressure giving motion to the mass „. 

•11 t- o o Y 2. 

will be Q— p. 

Let the velocity generated in the weights, in one second of time, 
be observed under the following circumstances * : 

First. — Let the mass remain the same, that is, let Q-fp be con- 
stant, but let the relative weights of Q and p be varied, then it will 
be found that the velocities generated are in proportion to the 
moving pressure. For example, if v be the velocity generated 
when the moving pressure or q— p=p, then when the moving 
pressure or q— p=m times p, the velocity generated will be n 
times V, 

Hence we conclude, that the moving pressure varies as the 
velocity generated^ when the mass is constant. 

Second. — Let the moving pressure and the mass be both altered, 
in such a way as always to have the same proportion to each other, 
then it will be found that the velocities generated are always 
equal. For example, if the moving pressure and the weight of 
the mass moved be respectively q— p and Q-f p, or 2(q— p) and 
2(q + p), ... or w(q— p) and n(Q+p), then the velocity generated 
is always the same. 

♦ These experimente are best performed by an apparatus contrived by 
Atwood. 
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Hence we conclude, that the moving pressure vanes as the mass 
moved, when the velocity generated is constant. 

Now when both the velocity and mass change, we have, bj the 
rules of algebra, 

the moving pressure varies as the product of the 7nass and the 
velocity generated. 

But as the velocity generated is the measure of the accelerating 
force, we also have 

the moving pressure varies as the product of the mass and the 
accelerating force. 

And moreover, from the definition of the moving force, we also 
have 

the moving pressure varies as the moving force, 

20. Forces, whether impulsive or constant, which communicate 
motion to a body, are measured by the momentum produced in the 
body, that is, by the velocity multiplied into the mass of the body 
moved. 

It is found by experiment, that if two inelastic bodies directly 
impinge upon each other, with velocities which are inversely as 
their masses, then they will exactly destroy each other's velocity. 
This shows, that when the bodies have equal momenta, the forces 
of pressure, resulting from their momenta, are exactly equal to 
each other. For example, if a body weighing 3 lbs. has a velocity 
of 6 ft., and another body weighing 2 lbs. has a velocity of 9 ft., 
then their quantities of motion or momenta are equal ; and if the 
bodies were to come into direct collision with each other, they 
would exactly destroy each other's motion, supposing them to be 
perfectly inelastic, and the impulsive forces which communicated 
motion to them would be equal. 

21. Forces op pressure, or statical forces, generally are 
represented by straight lines of definite lengths, the number of 
units of length in the line being taken equal to the number of 
units of lbs. in the pressure ; the direction of the line also repre- 
sents the direction of the pressure ; and the commencement of the 
line, the point at which the pressure is applied. A pressure is 
given when its magnitude, direction, and point of application are 
given. 

When a weight is suspended by a cord, this weight produces in 
the cord a force op tension, which is measured by the weight. 
Rods and cords are used for the transmission of pressure : in all 
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mechanical investigations, unless the contrary is stated, the rods 
are supposed to be inflexible and without weight, and the cords to 
be perfectly flexible and without weight ; and in all such cases the 
force of pressure is supposed to be transmitted without loss. 

The expansibility of condensed air or steam produces a force 
OF PRESSURE, which is estimated by the number of pounds exerted 
on one inch of surface. 

When a horse draws a load, the force which he exerts is called 
THE FORCE OF TRACTION, which is usually estimated in units of 
pounds. 

22. When forces tend to destroy motion, they are called forces 
of resistance, or simply resistances, such as the resistance of the 
air, the resistance of friction, &c. 

23. Friction. When a body is slowly moved along a horizontal 
plane, the resistance to be overcome is due to friction ; this resist- 
ance must obviously be greater or less according to the degree of 
roughness or smoothness of the rubbing surfaces. The following 
laws of friction have been discovered by experiment : 

First. — The resistance of friction, on a given surface, is always 
a certain proportional part of the weight of the body. 

Second. — The resistance of friction is not aflected by the ex. 
tent of the rubbing surfaces. 

Third. — The resistance of friction is not aflected by any change 
in the rate of the body's motion. 

Let w be a weight drawn upon the horizontal plane hr, by a 
force, acting parallel to the plane, produced _ ^ ^ 

by a weight p suspended from a cord pass- ^j i (^ 

ing over the wheel c ; then the weight ^ 

p, just necessary to draw w along the 
plane, will be equal to the resistance of Fig. s. 

friction. 

Now from the first law of friction, p will always be a certain 
proportional part of w for the same rubbing surfaces ; let/* repre- 
sent the fraction giving this proportional part, then we have 

P=/W... (1), 

or putting f for the resistance of friction, then as f = p, we 
have 

F=/w...(2). 

Here the constant/ is called the coefficient of friction ; its 
value depends upon the nature of the rubbing surfaces. 

In these expressions, there are three quantities, any two of 



Digitized by VjOOQIC 



CHAP, l] laws of motion. 13 

which being given, the remaining one may be found; thus we 
have 

w=|...(3), 

When the weight is expressed in units of tons, it is often con- 
venient to give the coefficient of friction in units of lbs. for every 
unit of tons in the weight. In this case, let t = the units of tons 
in the weight, p=the number of lbs. resistance of friction for one 
ton, then 

p=jt?T . . . (5). 

By the second and third laws of friction, these various relations, 
just derived, subsist whatever may be the extent of the rubbing 
surfaces, or the velocity with which the weight is moved.* 

In these expressions f or f will be the horizontal traction 
acting parallel to the plane, just necessary to draw the weight 
along the plane* 

Example 1. What must be the horizontal traction to draw a 
iveight of 1 ton along a level road whose coefficient of friction is 

1? 
30 

Here w =2240 lbs., /=^, therefore by eq. (1), 

p=^x 2240= 74f lbs. 

Example 2. A horizontal traction of 80 lbs. just draws a weight 
of 1 ton along a level road ; required the coefficient of friction. 
Here by eq. (4), we have 

^_ 80 __ 1 
•'""2240"'28' 



LAWS OF MOTION. 

24. The truth of the three following laws of motion is based 
upon observation and experiment : — 

First law op motion. — A body in motion wUl move continu- 
aUy in a straight line and with a uniform velocity, if it is not 
acted on by any external force, 

* It should be observed that the coeflElcient of friction for bodies bordering on 
a state of motion, is a little different from that which has a relation to bodies 
actually in motion. 
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For the proof of this law, the student may consult any popular 
work on Mechanics. 

Second law of motion. — If any number of forces act at the 
same instant upon a body in motion^ each force produces its full 
effect in the direction of its action, just as if it had acted alone 
upon the body at rest. 

Thus, if a ball be dropped from the top of the mast of a ship 
moving uniformly, the ball strikes the deck at the bottom of the 
mast, and falls precisely in the same time as if the ship were at 
rest. 

Although the earth, by its diurnal motion, carries all bodies on 
its surface uniformly from west to east, yet all motions take place 
on the earth's surface just as if it were at rest. 

If a ball be thrown along the deck of a vessel, moving uniformly, 
it will move on the deck in precisely the same manner as if the 
vessel were at rest. Let s represent the deck of the vessel moving 

uniformly in the water; i — ^ ■ s c ^. 

suppose the vessel to move /^^""'"^"^ I / ^ > wm^-^ 

from s to s, or that the A ^^"^^ y / 

point A moves from A to c, « '*" 

in the same time that the ^^9* ^* 

ball moves from a to b. Now whilst the ball is moving on the 
line AB across the deck, it is at the same time carried with the 
vessel from a to c, and at the end of the time the ball is found at 
D ; so that it preserves its two motions ; that is to say, it moves in 
the direction a b as if it had no other motion, and in the direction 
AC with the vessel as if it had no motion on the deck. The actual 
path pursued by the ball is evidently in the diagonal ad of the 
parallelogram abdc. 

This establishes what is called the parallelogram of motion, 
which may be enunciated as follows : — 

Parallelogram op motion. — Tjf two velocities be given to a 
body at the same instant, the actual velocity will be represented by 
the diagonal of the parallelogram formed upon the two lines 
representing the velocities impressed upn the body. 

Let a body at a have a velocity given to it which would cause 
it to move uniformly from a to o in a given time, and another 
velocity at the same instant^ which would cause it* to move uni- 
formly from A to B in the same time : now if the parallelogram 
A BCD be completed, the actual path of the body will be the 
diagonal ad described in the same time. 

Third law op motion. When a pressure acting on a body 
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puts U in motion, the momentum generated in a unit of time is 
proportional to the pressure* 

This law is proved in Arts. 19. and 20, 

An important consequence of this law of motion is the principle 
of action and reaction which are always equal and contrary. 

Exercises. 
Densities. — Art. 10. 

1. Two bodies, each of uniform density, are of the same size, 
and weigh 4 lbs. and 5 lbs. respectively, at the same place on the 
earth. Compare their densities. Ans. 1 to 1*25. 

2. A substance containing 7 c. in. weighs 3 oz.; and another sub- 
stance containing 6 c. in. weighs 14 oz. ; compare their densities. 

Here by eq. (5), Art. 10., we have 

D_14x7_-4 

that is to say, the one body is 5 J times the density of the other, 
or their densities are in the ratio of 49 : 9. 

3. Required the same as in the last example when the substances 
contain 5 and 6 c. in. respectively, and weigh 10 and 18 lbs. 
Ans. 3 : 2. 

4. A cubic foot of a substance weighs wlbs., and another sub- 
stance having twice the density weighs wlbs., required its magni- 

w 
tude. Ans. -— cubic feet. 
2w 

Velocities, — Arts. 14. 16. 

5. A railway train moves at the rate of 30 miles an hour"; 
what is its velocity in feet per second ? Ans. 44. 

6. A body moves with the uniform velocity v. With what 
velocity must another body move which starts from the same 
point a hours after the former, and overtakes it in h hours? 

Ans. *-i^ 
b 

7. A body moves with a velocity of v feet for t seconds, and 

for the next t^ seconds with the velocity of rj feet ; required the 

mean velocity of the body, or that [uniform velocity which would 

have carried it over the same space in the same time. 

Ans.^J±^^. 
t+t, 
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8. What velocity would the force of gravity give to a falling 
body in 5 seconds ? Ans. 160 J ft. 

9. In what time would the force of gravity communicate a 
velocity of 193 feet ? Ans, 6 sec, 

10. The velocity which a falling body would acquire in 2 
seconds, is one-third the velocity which it would acquire in 6 
seconds. If v be the velocity acquired in t seconds, and Vj the 
velocity acquired in ti seconds, then 

that is to say, the velocities acquired are proportional to the 
times. 

Measure of Forces.— Arts. 17, 18, 19. ZS, 24. 

11. What velocity would gravity communicate to a falling body 
in one second, if its force were one-fourth of what it really is in 
our latitude ? Ans, 8^\j ft. 

12. At a certain point above the earth's surface a weight of 
wlha. (estimated by a spring weighing machine) only weighed 
«?i lbs. ; what velocity would a falling body there acquire in one 

(See Arts. 17. and 19.) Ans. \g. 

13. At the same place on the earth the mass of a body is pro- 
portional to its weight. 

14. If a weight of 4 lbs. have a velocity of 5 ft., what must be 
the weight of another body having a velocity of 2 ft., so that its 
momentum may be equal to the former ? Ans, 10 lbs. 

15. What force will be required to draw a load of lOcwts. 
along a horizonal road whose coefficient of friction is -^ ? 

Afis, ^ cwts. 

16. If a pressure of 2 cwts. be required to move a load of 
40 cwts. along a rough horizontal plane, required its coefficient of 
friction. Ans. ^. 

17. If a ball be placed at one of the corners of a smooth table, 
how should the ball be struck so that it may move towards the 
opposite corner of the table ? 



ON ACCELEBATING FORCES AND MOTION. 
Graphical representation of the space described by a moving body. 

2B. It has been shown. Art. 14. that the space passed over by a 
body, moving with a uniform velocity, is equal to the product of 



Digitized by VjOOQIC 



CHAP. 1.] 



ACCELERATmO FORCES AND MOTION, 



17 



Velocity 




the time by the velocity. Now if a rectangle be constructed, 
having the units in the side AC equal to the 
units of time of the body's motion, and the 
units in the side A b equal to the units of velo- 
city ; then the units of surface in the rectangle 
will represent the space passed over by the 
body. In like manner, the space described by 
a body with a variable velocity, may be gra- 
phically represented. Let the units in aq (see 
Jig, 7. p. 24.) represent the units of time of a body's motion, AC, 
CE, . . . , SQ very small successive intervals of time, and ab, cd, 
. • . , QR the velocities which the body has at these correspond- 
ing intervals of time ; then supposing a line to be drawn through 
the extremities of these ordinates, the space described by the body 
will be represented by the area of the curved space abrq. For 
suppose the body to move through the interval AC with a certain 
velocity, which is the mean between the velocity at a, and the 
velocity at c, then the space described will be represented by the 
area of the trapezoid abdc ; in like manner, the area of the trape- 
zoid CDPE will represent the space described by the body with a 
velocity which is the mean between cd and ef ; and so on : there- 
fore the whole area abrq will represent the whole space described 
by the body in the whole time AQ, each interval being described 
with the mean velocity of that interval. Now the less the inter- 
vals are made the nearer and nearer does the mean velocity of 
each interval approach the actual velocity of that interval, and 
therefore, on the principle of ultimate ratios, the curvilineal area 
ABRQ will truly represent the space described. 

To find the relations of the space^ time^ and velocity of a body 
acted freely on by the force of gravity, 

26. We have, fromeq. (1), Art. 16., for the relation of time and 
velocity acquired 

v=^tg . . . (1). 

In order to determine the relation of time and space ; let ab (of 
the right angled triangle abc) represent the units 
of time of a body's descent in falling from a state 
of rest, and bc the units of velocity acquired in 
that time ; from any point d draw de perpendi- 
cular to AB, then DE will represent the velocity 
acquired in falling during the units of time repre- 
sented by AD. For by eq. (1 ) the velocity acquired 
is proportional to the time; but by the similar 
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triangles abc and ade, the perpendicular de bears the same pro- 
portion to AD that BC does ab, therefore de will represent the 
velocity acquired in falling for the units of time represented by 
ad. And the same thing will hold true for any other perpendi- 
cular. Hence it follows (Art. 25.) that the space described by a 
body in falling from a state of rest is represented by the area of 
the triangle abc^ when the units in ab represent the time, and 
the units in bc the velocity acquired in that time. 
Put f=AB, v=bc, and s=the space described, then 
area abc=J bcxab 

.\ s=i vt... (2). 
Here J i' is the mean velocity, and therefore the space de- 
scribed IS EQUAL TO THE PRODUCT OP THE MEAN VELOCITY BY THE 
TIME. 

Substituting the value of v given in eq. (1), we get 

S = ^2x|,..(3). 

If the body be projected vertically downwards with the velocity 
V, then 

the space due to projection=^v ; 
but we have from the second law of motion, 

s= space due to projection -f space due to gravity, 

=fv+<2x| -..(4). 

To find the space, s, through which a body must fall in order to 
acquire a given velocity v. 
By eq. (1), we have 

the time of descent, or ^=-, 

and substituting this value of t in eq. (3), we have 

If the space be given to find the velocity acquired, then we have 
from this equality, 

v= V2gs . . . (6). 
If a body be projected vertically upwards with the velocity v, it 
is evident that it will rise to the same height as that through 



Digitized by VjOOQIC 



CHAP. I.] ACCELERATma FORCES AND MOTION. 19 

which it must fall in order to acquire the proposed velocity ; hcDce 
eq. (5) also expresses the height to which a body will rise when 
projected upwards with the given velocity v. 

If AD be the space through which a body must fall to acquire 
the velocity t?, and kd the space to acquire the velocity 
v^\ then by eq. (1), 

AD=^,andKD=2^, 

hence we get by subtraction, 

f^2._^ 2 A 

which is the expression for the space through which a body must 
fall in order to change its velocity from v^ to v. 

To find the space Si, through which a body will fall during the 
last t^ seconds of its motion. 
Here we have 

«nds— s,=(<— ^O'xl, 

... s.= {<«-('-<.nf-.-(8). 

If a body be projected vertically downwards with the velocity 
v, what will be its velocity (y) after descending s feet ? 

By eq. (2), 

velocity acquired by gravity ='\^2^ 5 
/, v=iY-^y2gs . . . (9). 



Exercises for the Student. 

1. A person while ascending in a balloon with a vertical velocity 
of V feet per second, lets fall a stone when he is h feet above the 
earth ; required the time in which the stone will reach the ground. 

Ans. x±:{^±M. ' 

9 

2, Show that the space described by a body during the nth 

second of its fall is equal to (2«— 1) ~; and consequently that 

the spaces described during successive equal intervals of time, are 
as the odd numbers 1, 3, 5, 7, &c. 

c 2 
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3. A body falling from a state of rest describes s feet during the 
the last second of its fall ; required the total time of its fall. 

2g 

4. A body a is projected vertically downwards from the top of 
a tower with the velocity v, and one second afterwards another 
body B is let fall from a window a feet from the top of the tower ; 
in what time, ty will a overtake b ? 

Space moved over by a= v/+ ^^ x ^, 

and „ „ „ byB=(^-l)2x|. 

Now the differences of these spaces must be equal to a ; 

5. A body is thrown vertically upwards with the velocity oft? 
feet per second ; required the height to which it will ascend in t^ 

seconds. Ans. t? ^j — ^i^ x f . 
id 

6. A body is thrown vertically upwards with the velocity of v 
feet per second ; at the same instant another body is let fall from 
the height of h feet above the ground : in what time will the bodies 

pass each other ? Ans, - . 

7. A stone let fall into a well, is heard to strike the water in t 
seconds ; required the depth of the well, supposing the velocity of 

f / o^ a "12 

sound to be a feet per second. Ans. \ A/af-f.~ — \ . 

8. A body is thrown vertically upwards with a velocity oft; 
feet per second ; required the time when it is at a given height h, 

Ans. -^= — ^-Z-JL., where the 
9 
lower sign expresses the time of the body's ascent, and the upper 
sign the time of its returning in its descent. 

To find the relations of the space, time, and velocity of a body 
acted on by any constant moving pressure p. 

27. Let tr=the weight of the body, and ^i=the accelerating 
force. 

In the foregoing formulas, g is put for the accelerating force of 
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gravity acting freely upon the body ; that is to say, g is the velo- 
city, which gravity communicates to any body during one second 
of its fall. In the present case, tr, the weight of the body or mass 
of matter, is the moving pressure which generates the velocity g 
in one second ; and p is the moving pressure, acting on the same 
mass of matter, which generates the velocity gx in one second ; 
hence we have, by Art. 19., 



w 



U); 



that is to say, the accelerating force is equal to the moving pressure 
acting on the body divided by its weight and multiplied by the 
accelerating force of gravity. 

All the foregoing relations will hold true when g^ is substituted 
for^. 

Thus if f?! be put for the velocity which the body has at the 
commencement of the time ^, then we have from eqs. (1) and (4), 
Art. 26., 



s=*t;,±^«x|...(3). 



where the + or — signs are taken, according as the force accele- 
rates or retards the motion of the body. 
From eq. (2) we get 

<=±^...(.. 

and substituting this value of t in eq. (3), we get 

.=±!^'...CT, 

where the value of gi is given in eq. (1) ; by substituting this 
value in eqs. (2), (3), and (5), we obtain 

»=»,±^.*...(6), 

s=<«. + t»x||...(7), 

From this last equality, we have 

®-^=± 2^ ...W» 

O 3 
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but s . p is the work of the moviDg pressure p, 

,•. Work of the moving pressure, w= ± -^^-^ — ^ ... (10), 



CHAP. n. 

PRELIMINARY PROPOSITIONS AND PROBLEMS RELATIVE TO 
LABOURING FOR€ES« 

28. Whenever there is a resistance moved over a certain space, 
there must be labour or work done; and it is obvious that the 
amount of labour or work must vary with the resistance moved, 
and the space through which it is moved. Labouring force is 
exerted, and therefore work is done, in sawing, grinding, dragging, 
raising heavy weights, &c. In order to compare labouring forces 
with one another, it is necessary that we should fix upon some 
unit of work or labour. Now since every unit of measure must be 
of the same kind as the thing to be measured, the following defini- 
tion has been adopted in this country: — A unit op work is the 
labour expended in moving a pressure of one pound through the 
space of one foot in a direction contrary to that in which the 
pressure acts. Thus, for example, a unit of work is performed 
when a pound weight is raised one foot in opposition to gravity ; 
or if the body w, moving along the horizontal plane H r (see 
Art. Z3,,Jig, 3.), produces a friction of 1 lb., then a unit of work is 
performed when the body has been moved on the plane over the 
space of one foot. 



UNITS OF WORK, OR WORKL 

29. The toork expended in raising a body is equal to the product 
of its weight in lbs. by the vertical space in feet through which it 
is raised. 

When the weight is constant, the work must obviously be pro- 
portional to the distance, and when the space is constant, the work 
must be proportional to the weight. Let p=the weight of the 
body in lbs., s=the vertical space in feet through which this 
weight is moved, and u=the units of work done ; then 
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No. units of work in raising 1 lb. over 1 ft.=:l, 
/. „ „ „ 1 lb. over s ft.=s, 

/. „ ,» 9> w lbs. over s ft.=p x s ; 

that is, tT=p X s ... (1). 

We may obviously in general consider u, in this formula, as the 
work expended in moving a pressure or resistance of p lbs. through 
a space of s feet^ without regard to the direction in which that 
pressure is exerted. Taking this more enlarged view of the for- 
mula, we conclude that the work is equal to the product of the 
resistance in lbs, by the space in feet through which the resistance 
is moved^ 

30. If we take the units in the two adjacent sides of a rectangle 
to represent the units of pressure and space respectively, then the 
units of work will be equal to the units of surface in the rectangle. 

31. Units of horse-powers. — Watt estimated that a horse 
could perform 33,000 units of work per minute ; this work is there- 
fore adopted as the measure of a horse-power. 

If V be the work performed by an engine per minute, and N the 
number of its horse-powers, then 

^~33006"*^^^* 

32. Modulus of an engine. — The modulus of a machine is 
that fraction which expresses the relation of the work done to the 
work applied. Owing to the differences of construction in ma- 
chines, the modulus of one machine frequently differs very much 
from that of another* The modulus of a machine, therefore, 
expresses its relative efficiency. 

Let u=the work applied to a machine, Ui=the work yielded, or 
the useful work, and 9at=the modulus of the particular machine ; 
then 

Ui=»ltJk w.(l). 

In a perfect machine, where there is no loss of work by trans- 
mission through the parts, the modulus is unity ; for in this case 
the work yielded by the machine would be exactly equal to the 
work applied* 

From eq. (1), we get 

tr=J'...(2); 

H=5...(3). 

Eq. (1) expresses the useful work in terms of the work applied; 

c 4 
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eq. (2) is the converse of (1) ; and eq. (3) shows that the modulus 
is the fraction obtained by dividing the work done by the work 
applied. 

It will be afterwards shown that there are exact modes of 
expressing the relation of u to Uj. 

Work of a variable Pressure. 

33. When the pressure exerted through a given space varies, 
the work done may be determined by multiplying the given space 
by the mean of all the variable pressures. 

Let AQ represent the space in units of feet through which a 
variable pressure is exerted ; let A Q 
be divided into n equal parts, ac= 
CE=&c.=SQ; and suppose Pq, Pi, Pj, 
. . ., p„, to be the pressures applied at 
the points A, c, £,..., Q, respectively; 
take the units in the perpendiculars 
AB, CD, EF, . . ., QB, equal to the 
units of lbs. in the pressures p, p„ p» t^- 7. 

. . ., p„, respectively ; then the work done from A to c will be equal 
to the mean of the pressures P and P,, multiplied by the space AC, 
that is, the work will be equal to the units of surface in the area 
acdb; in like manner the work done from c to B will be equal 
to the area cdfe ; and so on ; so that the work done through the 
whole space aq by a pressure which continuously varies in the 
manner described, will be equal to the units of surface in the 
area abbq. This area may be found approximately by the ordi- 
nary rule of Mensuration for the area of a curved space having 
equidistant ordinates, or more accurately by Thomas Simpson's 
rule (see the Author's " Geometry and Mensuration," pp. 160. 
and 185.). 

Let w=the work done from a to Q ; s=the space aq ; and a= 
AC=&c., the common distance between the ordinates; then we 
have by the ordinary rule, 
w=area abbq 

= ^(iP + Pl + P,+ ... -|Pn_,+iPn)...(l); 

or by Simpson's rule, the number of spaces being even, 
t«=area abbq 
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If p' be put for the mean pressure, then 

p' X s=«, and p'sz:- . . . (3). 

The following applications of the principles of work will form 
a useful introduction to the subject of industrial mechanics. 



Work in pumping Water and raising Weights. 

34. Problems, 

(1.) How many units of work would be required to raise A 
cubic feet of water to the height of a fathoms ? 

Weight water in lbs.=62*5A, 
Height raised in feet =6 a, 

.*. Work = weight water in lbs. x height raised in ft. 
=62-5Ax6a 
=375Aa. 

(2.) If a horse draw w cwts. out of a well or pit, by means of a 
cord going over a wheel, moving at the rate of m miles per hour ; 
how much work, u, will he perform per minute ? 
Weight in lbs.=212 x w, 

Space m feet moved over per min.= — ^^r — =88 m; 

/. Work per min., or u=212 x w x 88 m 
= 18656 WW. 

If V and m are given and w is required, we have, from this 
equality, 

__ u 
^~18656w 

3. How many horse powers, H. P., would it take to raise t 
tons of coals per hour from a pit whose depth is a fathoms ? 

Work per hour=T x 2240 x a X 6 ; 

. w 1 • Tx2240xax6 ^^. 
.*. Work per mm.= ^ =224«t; 

•• ^••^•- 33000* 

In this equality there are three general quantities, viz., a, t, 
and H. P., any two of which being given the remaining one may 
be found. 
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4. Required the work in raising water from three different 
levels, whose depths are a, A, c fathoms respectively ; from the 
first A cubic feet of water are to be raised per min., from the 
second b cubic feet per min., and from the third c cubic feet per 
min. 

Work in raising the water from the first level=62'5 a x a x 6 

=375 X a. A; 
and so on for the work in the other levels ; 

/. Work per min. or u,=375 (a . A+^ . b+c . c). 

5. If M be put for the modulus of the pumps in the last problem^ 
what must be the horse powers, H. P., of the engine, in order to 
pump all the water. 

Let Ui= the useful work determined in the last problem; and 
u=the work of the engine per min. ; then we have, from eq. (2) 
Art. 32., 

6. If u be the work applied to a machine, and m its modulus, to 
find an expression for the work lost. 

Work lost=u— Ui 

=u— M . u=tJ (1 — m). 

7. Required the number of horse powers, n, to raise t tons of 
coals per hour from a pit whose depth is a fathoms, and at the 
same time to give motion to a forge hammer whose weight is 
w lbs., which makes n lifts per minute of h feet each. 

Work in raising coals per min.=224«T, 
„ „ hammer „ =nAtr ; 

224aT+wAw 



N=- 



33000 



In this equality there are six general quantities, any five of 

which being given, the remaining one may be found. Thus let t 

be required, then 

_ 33000 N—wAt£y 

^"~ 224 a 

If w be required, then 

33000 N— 224 AT 

w= 7 . 

nh 

8. If a man working with a certain machine can perform u 
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effective units of work per minute^ how manj lifts, «, will he give 
per hour, to a pile ram weighing w lbs., and having a lift of 
h feet. 

Work done by the man per hour =60 tt. 
Work in raising ram per hour =11^ An, 

60« 
wh 

9. An engine of n effective horse powers is found to pump 
A cubic feet of water, per minute, from a depth of a fathoms ; re- 
quired an expression for the modulus of the pumps. 

Work engine per min.=N x 33000, 

Useful work or work expended in pumping water=62*5Ax6a ; 

hence we have by eq. (3) Art. 32., 

_Uj 62'5Ax6a A.g 
"^""u~ NX 33000 ""88n' 

10. There were a cubic feet of water in a mine whose depth is 
a fathoms, when an engine of n horse powers began to work the 
pump ; now the water continued to flow into the mine at the rate 
of Ai cubic feet per minute ; required the time in which the mine 
would be cleared of water, allowing m to be the modulus of the 
pump. 

Let 07= the no. minutes to clear the mine of water. 
Weight water to be pumped =62*5 (a+Ai x\ 
/. Work in pumping water = 375 a (a + Ai a;). 
Effective work engine =m x n x 33000 x ar, 
.% MXNx33000xar=375a(A+Aia:), 
__ a, A. 

""SS.M.N— a. Ai* 

11. What must be the horse powers, n, of an engine working 
for e hours per day, to supply n families with g gallons of water 
each per day, supposing the water to be raised to the mean height 
of h feet, and that a gallon of water weighs 10 lbs ? 

Work in pumping water per day=10n^A; 

Effective work engine per day=M x n x 33000 x 60 x ^ ; 

.•. MXNx33000x60xe=10n^A, 

" 198000cm* 
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If 6=10, «=3000, ^=80, A=:70, and m=J ; then this formula 
becomes 

_ 3000 X 80 X 70 _ . 2.,7 
^"" 198000 X 10 X f "" 



Work in overcoming the Resistance op Friction. 

35. If u be put for the work due to friction in moving a body 
over 8 feet on a horizontal plane ; then we get from eqs. (2) and 
(5), Art. 23., 

u=/virs . . • (1) 
or v=pT& ... (2) 

If p be put for the traction requisite to draw the weight along 
the horizontal plane, then from eq. (1) Art. 23., we have 

p=/w . . . (3). 
When a body (such as a railway train) moves on a plane with a 
uniform velocity, the work done upon the body to sustain that 
velocity is equal to the work requisite to overcome the resistances ; 
and this speed is said to be the maximum speed, because it is the 
greatest which the body can have with the given moving 
pressure. 

Problems. 

1. Required the work performed per minute, tJ, in sustaining a 
body weighing w lbs. at a uniform rate of m miles per hour on a 
horizontal plane, whose coefficient of friction is^ 

Resistance of friction in lbs.=/w, 

Space m feet moved over per min.= — -^ — =:88m, 

/. u=/wx88m=88/mw. 

Here there are four general quantities, any three of which being 

given, the remaining ones may be found. Thus if w be required, 

we have 

— _JE_- 
^""88/m- 

2. What must be the horse powers, n, of a locomotive engine, 
which moves with the uniform or maximum speed of m miles per 
hour on a level rail, the weight of the train being T tons, and the 
friction p lbs. per ton, all other resistances being neglected ? 
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Work in overcoming the resistance per min. 

5280 m oo 
=/? T X — g^ z=SSmpT ; 

. ^_ 88^PT SmpT . . 

'• 33000 "~ 3000 • • '^ ^' 

If T in this equality be required, the other general quantities 
being given, we get 

3000N ,„. 



If m be required, we get 

3000 N 



. . . (3). 



SpT 

Example 1. Let m=30, t=50, p=8, then from eq. (1), we 
have 

8x30x8 x50__«^ 
""-" 3000 -^^• 

Example 2. Let n=40, w=35, and p=8 ; required t. 
Here by eq. (2), we have 

3000x40 _.^ 
^=83^3^8 = ^^-^ *^^^- 
Example 3. Let t=80, n=70, and /)=8 ; required m. 
Here by eq. (3), we have 

3000x70 ,, ., 

^=81^8-;^=^^ "^^^^^- 

3. If ^=250— 4 If r, express the relation between t, the traction 
of a horse in lbs., and r the rate in miles per hour, what gross 
weight w will the horse draw on a plane whose coefficient of 
friction is/. 

Here by eq. (3) we have 

/. /w=250-41fr, 

If the rate be required, the weight and the coefficient of friction 
being given, then 

250 -/w 
»•- 4i| • • • (.-«> 

To determine the work, v, done per min., we have 
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u= traction in lbs. x space in feet per min. 
= (250-41f r)x88r . . . (3). 
Here the work done depends solely upon the speed. 
Example 1. Let r=3, and/=-^, to find w. 
Here by eq. (1.), we get 

w= J— 2: — = 1500 lbs. 

Example 2. Let w=2240, and/=^, required r. 
Here by eq. (2), we get 

250-Ax2240 750-224 ^„ ., 
'•=— III =-T25- =^'2 ^^^^«- 

Example 3. If the speed of the horse be 3 miles per hour 
what work will he perform per minute. 
Here r=3, therefore by eq. (3.) we have 

u=(250-41| X 3) X 88 X 3=33000. 
If r=2, then 

u=(250-41f X 2) X 88 X 2=29333. 
If r=4, then u= 29333. 

It results from formula (3), that a horse performs the greatest 
amount of work when he travels at the rate of 3 miles per hour. 
With this speed he performs a standard unit of horse power. 

4. What must be the horse powers of an engine to cut a sq. ft. 
of planking in a day of n hours long, allowing u to be the units 
of work requisite to saw a square foot of the same timber. 
Work in cutting 1 sq. ft.=M, 
/. Work in cutting A sq. ft.=Att^ 

,*. Work per min.= ^^ , 
.-. H.P. 



60 X 33000 X n 



Work in moving a Body on an Inclined Plane. 

36. The work performed in moving a body up an inclined plane, 
without friction, is equal to the product of the weight of the body 
in lbs. by the vertical height in feet through which it is raised. 
This principle will be hereafter established on strictly mathematical 
reasoning; but the following simple method of proof is well 
deserving attention. 
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Let ABC be an inclined plane, having the base ab horizontal 
and the side bc vertical. Suppose a uniform and perfectly flexible 
chain acbd to be thrown round the plane as shown in the annexed 
cut. The chain can have no tendency to motion : for whatever 





Fig. 8. 

may be its position it will always have the same form and relative 
position of parts, and therefore if the force of gravity be supposed 
to give motion to it in any one position, the same cause would 
continue to act in every other position, and consequently the 
chain would move on for ever, which is impossible. 

The curve adb which the chain assumes, by the action of 
gravity, is symmetrical on each side of d, and the tension at a 
must be the same as the tension at b. The portion adb may 
therefore be removed and the remaining portion acb will still 
remain at rest; and then the tendency of the portion ac to move 
down the plane will be balanced by the gravity of the vertical 
portion bc. Let w be the weight of the portion AC, and p that 
of BC ; then, as the chain is uniform, we have 

p : w:: BC : AC : 



BC 

or p=w - — 

AC 



(1). 



W AC 
•*• P=BC' 

Now for the chain AC we may substitute a weight w resting on 
the plane, and for the chain bc the weight p hanging freely by a 
cord connected with the weight w. Thus, therefore, eq. (1) gives 
the relation between the weights p and w, when the weight p 
hanging vertically balances the tendency of the weight w to move 
down the plane. This is the common expression for the relation 
of the power and weight in the inclined plane. 

Let w be moved up the plane from a to c, by the descent of p ; 
then p will have descended a space equal to ac, whilst w will 
have been raised through the vertical space bc ; hence we have 
Work in raising w up the plane=p x ac 

BC 

= W. — XAC 

AC 

=WXBC . . . (2); 
that is to say, the work in moving a body up an inclined plane. 
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toUhout friction^ is equal to the product of the weight of the body 
in lbs, by the vertical height in feet through which it is raised. 

If the inclination of the plane, upon which the body is moved, 
is small, as in the case of railway gradients, the pressure upon the 
plane will obviously be very nearly equal to the weight of the 
body ; hence the work of friction in moving a body up such a 
plane, may be calculated after the manner explained in Art. 35. 

To find the total work, in moving the body w up the inclined 
plane abc whose coefficient of friction is/. 

Work in moving w from A to c 

=work due to friction + work due to gravity. 
But, work due to gravity =v? x bc ; 
and by eq. (1) Art. 35., 

work due to friction =/. w x AC ; 

/. Work in moving w from A to C=/w x AC+W X bc . . . (3) 

If the body be moved down the plane, then it is evident that 

the work to be done will be equal to the work due to friction 

minus the work due to gravity ; in this case, therefore, we have . 

Work in moving w from c to A=/w x AC— w x bc . . . (4). 

Problems, 

1. A railway train of t tons ascends an incline, AC, which has 
a rise of e feet in 100 feet, with the uniform speed of m miles per 
hour, what must be the horse powers of the engine, the friction 
being p lbs. per ton ? 



D"^ ■ B 

Fig. 9. 

Take ac equal to the space in feet moved over by the train per 
min. ; ae equal to 100 ; and draw the verticals cb and ed cutting 
the horizontal line ab in the points b and d ; then we have 

AC = 88 m, 
and by the similar triangles abc and ade, we have 

AE : de::ac : bc, 

that is, 100 :e\: 88m : bc, 
/. BC = •88em. 
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Now, work per min.=work friction -f work gravity; 
but, work friction = resistance friction x AC 

=pT X 88wi=88 wjt)T, 
and work gravity = wt. train in lbs. x bc 
=2240tx-88c»i, 
.'. Work per min. = 88 wpT + 2240T X'SSem 
= 88mT(p + 22-4e). 

'*• N = 5^wT(p + 22'4<?) . . . (1). 

If the train descends the plane, then the work due to gravity 
must be subtracted from the work due to friction ; in this case we 
therefore have 

Here there are five general quantities, any four of which being 
given, the remaining one may be found : thus if t be required, 
we have 

3000N ,ox 

^-8m(;?±22-4e)'^-'^^^' 

where the plus or minus sign is used according as the train 
is ascending or descending the incline. 
If m be required, we have 

_ 3000N . . 

^""8103 + 22-46) ••• W- 

Example 1. Let T=80,e=2,m=15,/)=8 ; required Nwhen the 
train ascends the incline. 
Here by eq. (1), we have 

N=g^ X 15 X 80 X (8 + 22-4 x 2)= 168-96. 

Example 2. Let n=50, e=f, m=20y p = S; required t when 
the train ascends the gradient. 
Here by eq. (3), we have 

3000 X 50 o>T o . 

^= 8x20x(8+22-4x|r ^^'^ *^^'- 

Example 3. Let t= 100, e=|^, p=8, n=80 ; required m, when 
the train ascends the gradient. 

D 
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Here by eq. (4), we have 

3000x80 ^- - ., 

^=8iri06(8 + 22T3rT)=25-5 miles. 

2. If a horse exert a traction of t lbs., what weight, w, will he 
pull up or down, as the case may be, a hill of small inclination 
which has a rise of e in 100, the coefficient of friction being/? 

Work horse over 100 feet=100^. 
Work due to resistances over 100ft.=/wx 100 ± we, 
.% /wxlOO±we=100^, 
_ 100/ ,,v 

•'• ^-io67±^*'*^^^* 

If t be required, then 

Example 1. If / = 160, e = 3,/= -j^ ; required w when the 
load is drawn up the hill. 
Here by cq. (1), we have 

100x160 ,, ,o^ * 
^= 100x^ + 3 ^^^- = ^^'^^^^^' 

Example 2. If w=6 x 2240, e=2|,/=^ ; to find t when the 
load is drawn up the hill. 
By eq. (2), we have 

t=z6 X 2240(^V + T^ X 2i)=14o6 lbs. 



Work in Excavations and the Transport of Earth. 

37. When the material is transported by means of barrows, the 
following method of calculating the work of excavations has been 
adopted by some of the most eminent French engineers. 

The material is classed according to the number of pickmen 
necessary to keep at work a certain number of shovellers. Thus 
earth, of mean quality, requires 3 of the former to 2 of the latter ; 
whereas earth, of a harder quality, will require a greater propor- 
tion of pickmen. This proportion will, of course, be fixed by the 
judgment of the engineer. A rela^ is the distance a barrowman 
will wheel a full barrow and return with an empty one, while a 
shoveller is filling another barrow. This distance on the hori- 
zontal line is calculated to be 120 feet. The barrow is supposed 
to contain one cubic foot of the material, and a shoveller to lift, on 
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an average, 500 cubic feet of earth per day. When the material 
is to be raised to the surface, this is supposed to be done by means 
of rampsy formed of planks, each 12 feet in length, and having a 
rise of 1 foot. The length of the relay upon the ramp is 80 feet. 
The mean height to which the material is raised, is the height to 
which the centre of gravity of the Avhole material is raised. 

Trohlems* 

1. a cubic feet of earth are to be excavated, and then conveyed 
to the mean distance of h feet, the material is such as to require p 
pickmen to 8 shovellers ; it is required to find the number of 
workmen of each sort necessary to complete the work in D days, 
and also the total number of days' work. 

No.relays=Yg^, 

therefore for each shoveller we must have ^ot; barrowmen. 

No. days' work shovellers = ^7^, 

ouu 

;. « « barrowmen=^xj2o. 

No. shovellers to do the work in d days=^^r^ . . . (1)> 
«« barrowmen « « « =5^^ x 4' " ' <2). 

« pickmen « « « =5^^!---(3); 

Total no. days' work=3^+^. j2^ + ^.^ 



=3?oO-^iTo+^)--W- 



Example 1. Let a=60,000, ^=480, /?=3, «=:2, and d=20. 
From eqs. (1), (2), and (3), we have 

No. shovellers = =6, 

500x20 

D 2 
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No. barrowmen=6x j^=24, 

" pickmen =6xr=9. 

From eq. (4), we have 

rr . 1 J » 1 60000 /- . 480 , Z\ ^^^ ' 
Total no. days' work= -^^ (^1 +_ -fgj =780. 

2. Required the same as in the last problem, when the earth is 
first to be raised to the mean height of h feet by means of ramps, 
and afterwards transported to the horizontal distance of b feet. 

Here there will be h planks in the ramp ; 

/. Length of ramp =12 A; 
.% No. relays on the ramp=-gg^ = ~ ; 

.% Total no. relays^jg^^ 2o=n[20-' 
No. days' work shovellers =:g^, 

dp 

'* " pickraen='r7^ x -. 

'^ 500 s 

...Total no. days' work=3^(l+t+i^Vf). 

3. A cubic feet of earth are to be excavated and then trans- 
ported, by means of an engine, to the mean distance of m miles. 
The engine travels at the rate of r miles per hour with the full 
waggons, and returns with the empty ones at the rate of rj miles. 
There are a cubic feet of earth conveyed each journey ; and the 
material is such as to require p pickmen to s shovellers. It is 
required to find the time in which the excavation will be com- 
pleted, the number of men of each sort necessary to keep the 
engine going, and the cost of the excavation (exclusive of the 
engine), allowing s shillings per day of 10 hours long to each 
workman ; and that a shoveller can lift 500 c. ft. of the earth per 
day? 

rj,. 1 • m.m »i(r + r,) 

Time each j ourney = — H — == ; 

^ -^ r ri rri 
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.% No. journeys per day =10-*- time each journey 
_ lOrr, 



/. No. c. ft. conveyed per day, «= —. ^^ ; 

/. No. days to complete the transport, &c. = - ... (1). 

ft 

No. shovellers =_,.- . . . (2). 
oOO 

fi t) 
.*. No. pickmen=-— X^ ... (3). 

Total no. days' work=^+3^ x?, 

Example, Required the number of men of each sort, when 
m=4, r=8, 7-1=12, a=648,jo = 2, 5=3. 
Here by eqs. (2) and (3), we have 

No. 8hovellers=5^=^^^?!|^^ = 15.552. 

2 
No. pickmen= 15-552 x -^10-368. 



Work in overcoming the Resistance op Fluids. 

38. The resistance of the atmosphere to the motion of a body, 
within certain limits, varies as the square of the velocity : thus, if 
R lbs. be the resistance of the atmosphere to a body when moving 

— J will express the 

resistance when the body moves at the rate of m^ miles per hour. 

In a railway train the resistance of the air also increases with 
the frontage of the carriages as well as with the length of the 
train. If the frontage be constant, the resistance may be assumed 
to vary with the number of the carriages : thus if we take r (as 
determined by experiment) to represent the lbs. resistance of the 
atmosphere to a given train of n carriages mpving at the rate of 
10 miles per hour ; then the resistance to n^ carriages moving at 
the same rate may be expressed by 

D 3 
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where A is a constant which must be determined hj experi- 
ment. 

Let m be the rate of the Uy carriages per hour, then 

Resistance air=R{l-f-(W|--n)A} (tq ) > 

/. Work due to the resistance of the air per min. 
5280m 



^XR{l+(n,-n>}(^y 



60 

=-88m3R{l +{ny—n)k}y 

where it will be observed that the work varies as the cube of the 
speed. 

And the horse powers due to the resistance of the air 

Adding this to the horse powers due to gravity and friction, 
given in eqs. (l)or (2), Problem 1, Art. 36., we get 

If n^zsn, or what amounts to the same thing, if the resistance 
depending upon the length of the train be neglected, then this 
equality becomes 

^-3(lo{'»^(P±22-4aH^}...(2). 

Taking e=.0, and multiplying by 33000, this equality becomes 

t7=88{«.pT+^} ...(3), 

which is the work per min. on the level rail, due to the resistance 
of friction and the air. 

If T be required, from eq. (2), we get 

_30O0nw08w3r . 

^■"8w(j9±22-40 "• ^ ^* 

If the rail be level, then e in these expressions becomes 0. 
Example \, Let T=100, m=40, p=8, c=0, R=33 ; re- 
quired N. 

Here by eq. (2), we have 

Example 2. Let n=120, w=30, /)=8, e=0, r=33; re- 
quired T. 
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Here by eq. (4), we get 

3000 X 120--08 X 30« X 33 , ^^ ^ , 
^= 83^303^8 ='^^*^ *""" 

Work op a Fall of Water. 

39* When water, or any body falls from a given height, the 
work which it is capable of performing is obviously equal to that 
which would be done upon it in raising it to the height from which 
it has fallen. 

When a fall of water is employed to drive a water-wheel, or any 
other hydraulic machine, whose modulus is given, the work done 
upon the machine is equal to the weight of the water in lbs. x its 
fall in feet x the modulus of the machine.* 

Problems, 

1. The breadth of a stream is h feet, depth a feet, mean velocity 
of the water v feet per minute, and the height of the fall /* feet ; 
required the horse powers, n, of the water-wheel whose modulus 
is M. 

Wt. water going over the fall per min.=62*5a6v, 

/* Work water per min.=62*5a6t7A, 
,** Work wheel per min.=62'5a,6t;AM ... (1) ; 
_ 62'6abvhyi . 
•*• ^^ 33000 ' • • ^^* 
If h be required, then 

, 33000 N .^. 

Example I. Let a=3, ^=4, t7 = 15, A=20, and m=-7; re- 
quired N. 

Here by eq. (2)^ we have 

62-5x3x4xl5x20x-? . ^^ 
^ 33000 

Examptci2. Let N=3, a=i, 6=2, t;=20, m=-68; re- 
quired A. 

Here by eq. (3) we have 

, 33000 X 3 . . - - 

'*-62-5x4x2x20x-68-^^'^"- 

♦ Here the work accumulated in the water at its delivery on the wheel is 
neglected aa being comparatively small. 

D 4 
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2. To determine the number of cubic feet of -water, a, which the 
wheel in the last problem will pump per min., from the bottom of 
the fall to the height of h^ feet. 

Work in pumping water per min. =62.5 A A^ 

But this must be equal to the work of the wheel per min.; 
hence we have from eq. (1) of the last problem, 

62-5AAi=62-5a6t?AM, 

abvhvL ,,v 

.-. A=-^— ...(I). 

3. To determine the number of cubic feet of water, Ai, which 
the wheel will pump per min. from the top of the fall to the same 
height as in the last problem. 

No. c. ft. water going over the fall per min.=a6r— a,, 

/. Work wheel per min. = 62*5 {abv—A^hu. 

Work pumping water per min.=62*5Ai(A,— A). 

.-. 62-5Ai(A,-A)=62-5(a*t?-Ai)AM, 

__ abvhM. .V 

•'• ^»-"A,-A(l— M)'" ^^ 

This expression is greater than that of eq. (1) Problem 2 ; for 
M is always less than unitj. Hence it appears that it would be 
more advantageous to pump water from the top of the fall. 



WORK OF STEAM. 

Work of Steam, having a Mean Pressure. 

40. If steam in the cylinder ad eXert any constant, or mean effec- 
tive pressure upon the piston ab, say of l lbs. per 
square inch, then if a weight of l lbs. be placed 
upon every inch of surface in the piston, the elastic 
vapour would just be able to move the piston with 
its weights through the length of the stroke in op- 
position to gravity ; therefore the work performed 
upon 1 inch of the piston in one stroke will be the ^'^' ^^' 
pressure of the steam upon 1 inch multiplied by the number of feet 
in the stroke, and the work upon the whole piston will be the work 
upon I inch multiplied by the number of inches in the whole pis- 
ton. Moreover the work done upon the whole piston in one stroke 
multiplied by the number of strokes performed per minute will give 
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the work done per minute : Thus let K=rthe area of the piston in 
sq. inches, /=the length of the stroke in feet, and u=the work 
done per min., and N=the effective horse powers ; then 

Effective work steam on 1 inch piston in one stroke ■= l x /, 

„ „ on K inches „ „ =lx/xk, 

Effective work per min. or u=l x/xkx«...(1), 

- Lx/xKxn ,_. 
'*°'^^= 33,000 '••(^)- 

If we put E=the volume of steam, in cubic feet, discharged per 
minute, then 

__7xKxn 
""- 144 ' 

and by substitution eqs. (1) and (2) becomes 

u=144le . . . (a). 

144LE ,^. 

This mean effective pressure of the steam, l, is also called the 
itseful load of the engine. The whole pressure of the steam, p, 
must not onlj overcome the pressure arising from the useful load, 
but also certain useless resistances, which may be treated after tlie 
following manner. 

In the high pressure engine, the pressure of the atmosphere, — 
about 15 lbs. per sq. inch, — is opposed to the pressure of the 
steam. Besides this, a considerable portion of the pressure of the 
steam is required to overcome the friction of the parts of the 
engine. As a mean estimate, 1 lb. to the sq. inch is allowed for 
the friction due to the engine when unloaded ; and an additional 
friction of 1^ of the effective pressure, or useful load, for the resist- 
ance necessary to overcome the friction of the loaded engine. 

Thus, in this case, we have 

P = L-h|L+l-}-15. 

In the condensing engine, the pressure of the vapour in the con- 
denser (estimated at a maximum about 4 lbs. per sq. in. of the 
piston) must be used in the place of the atmospheric pressure 
Thus, in this case, we have 

p=L + |L-Hl+4; 
Or generally if we put /i for the constant ratio ^, and /^ for 
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1 -h 15 or 1 + 4, as the case may be, the resistances of the unloaded 
piston ; then 

p=L-f/,L+/3. .. (3); 

.•.L=^:...(4). 



Problems. 

1. To determine the effective horse powers of an engine, n, in 
in terms of the mean pressure of the steam, p, and the coefficients 
of friction, &c. 

Substituting in eq. (2), the value of l as expressed in eq. (4), 
we find 

^■"33000(1 +/0 • • • ^^^' 
If p be required, we have from this equality 

Example 1. Suppose the engine to be high pressure, and let 
K=500, /=6, p=40, w=16,/i=|,/j=l + 15; required n. 
By eq. (5), we have 

_ (40-16)x6xl6x 500_^^ ^ 
^"" 33000(1++; ^^'^• 

Example 2, Let k=3000, /=10, m=16, n=120, the constants 
being the same as in the foregoing example ; to find p. 
By eq. (6), we have 

33000x120(1+1) . ,, ^. ... 
^= 10x16x3000 -^^^=^^'41bs. 

2. What must be the pressure, p, of the steam, so that the 
engine may pump a cubic feet of water per min. from a mine 
whose depth is a fathoms, the modulus pump being m ? 

By problem 5, Art. 34., 

_ 375 a A 
^~33000m 

Substituting this in eq. (6) of the foregoing problem, we get 

InKM '•'* ^ ^ 

Example. Let k=:1000, /=8, »=20, «=120, a=:80, m=-66, 



Digitized by VjOOQIC 



CHAP. II.] 



WORK OF ST£AM. 



43 



and the constants /i and f^ as in the preceding examples ; to 
find p. 

375xl20x8Q(l-f|) 
8 X 20 X 1000 X -66 +A^-^^yA»s- 

Work op Steam, with a Mean Pressure, considered in rela- 
tion TO the Water evaporated. 

41. The true source of work in the steam-engine is the evapo- 
rating power of the boiler. The magnitude of the work not only 
depends upon the quantity of water evaporated in a given time, 
but also upon the temperature, and consequently the pressure at 
which the steam is formed. Experimental tables have been 
formed, giving the relation of the volume and pressure of steam 
raised from a cubic foot of water ; these tables will enable us to 
find the volume of the steam when its pressure and the volume of 
the water are given, and vice versa. 

The following table is given by Pambour : — 

Table. 

Volume of a cubic foot of water in the form of steam at the cor^ 
responding pressures and temperatures. 



p. 




v. 


p. 




V. 


Total 
pressure, 
in pounds. 


Corresponding 

temperature by 

Fahrenheit's 

thermometer. 


Volume of the 
steam compared 
to the volume 
of the water that 
has produced it. 


Total 

pressure, 

in pounds, 

per square 

inch. 


Corresponding 

temperature by 

Fahrenheit's 

thermometer. 


Volume of the 
steam compared 

to the volume 
of the water that 
has produced it. 


1 


102-9 


20954 


19 


225-6 


1342 


2 


126-1 


10907 


20 


228-3 


1280 


3 


141-0 


7455 


21 


231-0 


1224 


4 


152-3 


5695 


22 


233-6 


1172 


5 


161-4 


4624 


23 


236-1 


1125 


6 


169-2 


3901 


24 


238-4 


1082 


7 


1760 


3380 


25 


240-7 


1042 


8 


182-0 


2985 


2Q 


243-0 


1005 


9 


187-4 


2676 


27 


245-1 


971 


10 


192-4 


2427 


28 


247-2 


939 


11 


197-0 


2222 


29 


249-2 


909 


12 


201-3 


2050 


30 


251-2 


882 


13 


205-3 


1903 


31 


253-1 


855 


14 


209-0 


1777 


32 


2550 


831 


15 


213-0 


1669 


33 


256-8 


808 


16 


216-4 


1572 


34 


258-6 


786 


17 


2196 


1487 


35 


260-3 


765 


18 


222-6 


1410 


36 


262-0 


"46 
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P. 




V. 


p. 




V. 


Total 
pressure, 
in pounds. 


Corresponding 

temperature by 

Fahrenlieit'fl 


Volume of the 

steam compared 

to the vol ume 


Total 
pressure, 
in pounds 


Corresponding 
temperature by 
Fah renh ei t*8 


Volume of the 
steam compared 
to the volume 


per sauare 
inch. 


thermpmeter. 


of the water that 
has produced it. 


per square 
inch. 


thermometer. 


ofthe water that 
has produced it. 


37 


263-7 


727 


74 


308-0 


386 


38 


265-3 


710 


75 


308-9 


381 


39 


266-9 


693 


76 


309-9 


377 


40 


268-4 


677 


77 


310-8 


372 


41 


269-9 


662 


78 


311-7 


368 


42 


271-4 


647 


79 


312-6 


364 


43 


272-9 


634 


80 


313-5 


359 


44 


274-3 


620 


81 


314-3 


355 


45 


275-7 


608 . 


82 


3152 


351 


46 


277-1 


596 


83 


316-1 


. 348 


47 


278-4 


584 


84 


316-9 


344 


48 


279-7 


573 


85 


317-8 


340 


49 


281-0 


562 


86 


318-6 


337 


50 


282-3 


552 


87 


319-4 


333 


51 


283-6 


542 


88 


320-3 


330 


52 


284-8 


532 


89 


321-1 


326 


53 


286*0 


523 


90 


321-9 


323 


54 


287-2 


514 


91 


322-7 


320 


55 


288-4 


506 


92 


323-5 


317 


56 


289-6 


498 


93 


3243 


313 


51 


290-7 


490 


94 


3250 


310 


58 


291-9 


482 


95 


325-8 


307 


59 


2930 


474 


96 


326-6 


305 


60 


294-1 


467 


97 


327-3 


302 


61 


294-9 


460 


98 


328-1 


299 


62 


295-9 


453 


99 


328-8 


296 


63 


2970 


447 


100 


329 6 


293 


64 


298-1 


440 


105 


333-2 


281 


65 


299-1 


434 


120 


343-3 


249 


66 


300- i 


428 


135 


352-4 


224 


67 


301.2 


422 


150 


360-8 


203 


68 


302-2 


417 


165 


368-5 


187 


69 


303-2 


411 


180 


375-6 


173 


70 


304-2 


406 


195 


382-3 


161 


71 


305-1 


401 


210 


388.6 


150 


72 


3061 


396 


225 


394-6 


141 


73 


307-1 


391 


240 


400-2 


J33 



The Author has given a general formula expressing this relation 
with remarkable exactness, between the range of 5 and 200 lbs. 
pressure. This formula is 

v=a-h6p-... (1); 
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where v is the volume of a cubic foot of water in the form of 
steam at p lbs. pressure, a=12-5, A =20570, and a=— -9301. 

In order to show the application of this formula, let it be re- 
quired to find the volume of a cubic foot of water in the form of 
steam at 40 lbs. pressure per square inch. 

Substituting the value of the constants, we have 

v=12-5 + 20570p--«oi ... (2). 
In the case proposed p=40, 

/. v= 12-5 + 20570 x40--«»^ 
To calculate 20570 x 40-"®*^*, we have by logarithms, 
log. (20570 x40-*«^0=log. 20570- -9301 X log. 40 
=4-31323- -9301 x 1-60206 
=:2-823154; 

but this number is the logarithm of 665'6, which is the value of 
the quantity required. Substituting this, we have 

v= 12-5 +665.5=678. 

Now the volume in the table corresponding to 40 lbs. pressure 
is 677. 

Problems, 

42. Let K=the area of the piston in sq. inches ; /=the length 
of the stroke of the piston, or more strictly speaking the length of 
cylinder occupied by the steam ; p=the pressure of the steam per 
sq. in. of the piston ; c=the cubic feet of water evaporated per 
min. ; v=the volume of a cubic foot of water in the form of steam 
at p lbs. pressure ; and so on as before. 

1. To find n the number of strokes per min. given k, /, p, 
and c. 

When p is given v may be found from the table, or it may be 
calculated by the formula. 

Vol. steam evaporated per min.=cv, 

k/ 

vol. steam used each stroke =:rT.f 

144 

.*. „ „ „ in»strokes=— , 

but this is also the steam used per min., 

ukI 
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144cv ,-. 
.% n=-^^... (1). 

2. To find c, when n &c. are given. 

3. To find v and p, when k, /, «, and c are given. 

Kin ,^v 

Whence p maj be found from the table, or by substitution in 
eq. (1), Art. 41. 

Example. If k=120, /=6, w=24, and c=*2, required p. 
^ 24x120x6 ^_, 

V= — =-r-i s~- =600, 

144 X '2 ' 

whence we find from the table that p=46 lbs. nearly. 

4. To find the useful load l the pressure p being given. 
This is given in eq. (4), Art. 40. 

5. To find the useful horse powers, n, when e, /, n, and c are 
given, the clearance being neglected.* 

By eq. (2), Art. 40., 

LK^ 

33000 '"^^^ 
substituting the value of l, given in eq. (4), Art. 40., we get 
p-y, jKln 
"^"TTf ' 33000 • • ' ^^> 

Now when k, /, », and c, are given, p may be found by Prob. 3. 
To find N, when p, and c are given. 

Substituting in eq. (4) of the last problem, the value of n given 
in eq. (1), Prob. 1., and reducing, we get 

_ 144cLV . . 
^"" 33000 ^^' 

eliminating L by eq. (4), Art. 40., we get 

__ 1 44cv(p-/g) .^ 
^■"33000(1+/!) ••• v'> 

Where v may be determined from p by the table ; or substi- 
tuting the value of v given in the formula, we get 

* The clearance is that space in the cylinder lying beneath the piston, at the 
lowest point of its stroke. 
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144c(a-|-5p-)(p~/,) 

33000(1 +/i) •••V°> 

6. To find the useful work u performed per minute. 

In this case it is only requisite to multiply any of the foregoing 
expressions for n by 33000. 

It will be observed that the work, as expressed in these formulae, 
is entirely independent of the form or volume of the cylinder ; in 
fact the work depends upon p and c only, the other quantities 
being constants for any given engine. 

When the pressure P remains constant, the work increases with 
c the quantity of water evaporated ; and when c remains constant, 
it may be shown from eq. (8) that the work increases with p the 
pressure at which that water is converted into steam. Now it has 
been found, by experiment, that whatever may be the pressure at 
which the steam is formed, the quantity of fuel necessary to 
evaporate a given volume of water is always the same. Hence it 
follows that it is most advantageous to employ steam of a high 
pressure.* 

Example 1. In a high pressure engine, let P=s50, c=*335, and 
the coefficients of friction as before ; required l and n. 

By eq. (4), Art. 40., 

^^50^^29-75 lbs. 

By the table y=552 when p=50, therefore by eq. (6), we have 

144 X -335x29-75x552 „. 
^= 33000 =2^- 

Example 2, lu a high pressure engine, given k=144, /-3, 
p=48, %=20, &c. ; required J., c, and N. 
By eq. (4), Art. 40., 



Byeq.(4), 



48-16 ^o„ 
L=: =28 lbs. 



_ 28 X 14 4 X 3 X 20 \. ^ 
''-' 33000 =^'^- 



By the table y=573, when p=:48, therefore by eq. (2), 
Prob. 2., we have 

144 X 3 X 20 



144x573 



=ao4. 



♦ This principle was first demonstrated by the Author in the ** Mechanics* 
Magazine'* for the year 1841. 
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7. To determine the duty of an engine. 

The DUTY of an engine is the number of units of work which it 
is capable of performing -with a bushel of coals. 

Let u=the useful work performed by the engine per min. ; 
D=the duty of the engine ; c=the number of cubic feet of water 
evaporated per min. ; Ci=the number of cubic feet of water which 
1 bushel of coals has been found by experiment to evaporate. 
Work done by c cubic ft. water =u ; 

but this work is done by 1 bushel of coals, 
.M.=^...(9). 

This expresses the duty of an engine in terms of the useful 
work, the water evaporated, and the experimental constant Cj. 

Again, let 5= the number of bushels of coals actually consumed 
by the engine per hour ; then, in this ease, we have 

Work done by b bushels=60u; 
„ „ 1 bushel =-T- 5 

.-. D=-g- . . . (10). 

For the value of u in these expressions, see Prob. 6. 

Example. Required the duty of the engine of Example 2., 
page 47., supposing 1 bushel of coals to evaporate 11*5 cubic feet 
of water. 

Now in eq. (9), we have Ci = ll'5, and we have found, in the 
example referred to, 

u=28 X 144 X 3 X 20, c=*104 ; 

11-5x28x144x8x20 ^^ .„. , 

/. D= :rp^ =27 millions nearly. 

•104 



Locomotive Engine, 

43. In a locomotive engine, the pressure of the steam has to 
overcome the resistance due to the blast pipe, in addition to the 
resistances given in Art. 40. Now it has been found, by experi- 
ment, that the resistance due to the blast pipe increases with the 
speed of the engine : thus if m^^ihe speed of the engine in miles 
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per hour, pi=ihe resistance due to the blast pipe when the speed 
is 10 miles per hour, then 

Resistance due to the blast pipe=-^m|7i. 

Adding this to the right hand member of eq. (3), Art. 40., 
we get 

p=:L+/iL+/, + -Ar»»i>i . . . (1); 
here L is the efiectiye pressure of the steam per square inch of 
the piston tending to turn the crank fixed to the driving wheel of 
the engine. 

The notation of Art. 38. is adopted in the following problems. 

Problems. 

1. To find the pressure of the steam p, when w, t, /?, p^ and R 
are given, and also the diameter d of the driving wheeL 

Resistance to the train = resistance friction + resistance air 

=^^+160- 
Space moved over by the train in 1 revo. driving wheel=ir(f ; 

.% Work in 1 revo. driving wheel= ( P'^'^tf^ jird. 

Because each piston makes two strokes whilst the driving wheel 
performs 1 revolution, we have 

Eff*. work steam in 1 revo. driving wheel=L xkx/x4. 
Now as the work applied is equal to the work done, we have 

LXKx/x4=rpT-hj^V^; 
eliminating l between this equation and eq. (l)i we get 

""^-^ 4/K +/.+tV'»/'.-..(2)-: 

In this expression, we have five general quantities which may 
be supposed to change, viz. p, t, w, rf, and /k the volume of the 
cylinder ; and any four of which being given the remaining one 
may be found ; for example, let t be required, then 

4/K(p~/,-^TVm;?0 RW^ . . 

(}+fiydp I00;> ' • • ^''^" 
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. 2. To find the number of cubic feet e of water eyaporated, wben 
r, m, I, Ky and d are given. 

No. revo. driving wbeel per min.= — ^ — rtrd 

_88m 

, A No. strokes piston pee min. = — -r- x 4 ; 

-- , ^ - . kI 88m ^ 22mlK 

.% VoL steam used per min.=7-7-T x — ^ x 4= ^ , » 
'^ 144 wa 9nd 

voL steam used per min. 



'vol. 1 c. ft. water in the form of steam 
22 m Ik 



9ndy 



.(4); 



where v will be found from thd table when p is given* Or sub- 
stituting the value of v given in eq. (1)^ Art 41., 

_ 22mlK . . 

^"gndia+bF-y"^^^ 

The value of e substituted in eq. (10), Art. 42^ will give the 
duty of the engine. 

8. To find the speed of the train, m, when p, ( k, c( and e are 
given* 

Here from eq. (4), we get 

9ircrfv ... 
'^-'2211' • • • W- 

Example 1. Bequired p and e, when t=100, m=20, jd^T, 
B=3d, £^=5, K=:1109 /=|,/?i:f 1-759 and the coefficients/i and/, 
as before. 

Here by eq. (2), we have 

(l++)(7xlOO+??^')3-1416x5 

^ ^^ ^ +16+T\rX20xl-75 



4x|xll0 

=:25*45 + 16 + 3-5 s=45 Ibii. nearly. 

Now from the table we find v=s608 when p=45 ; hence by eq. 
(4), we have 

22x20x4x110 ^A xji jfA 
"= 9x3>1416x5x608 =^'^^ "^^" ^^ ^**^- 
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Example 2. Keqtiired m, when f=:50, /=:1^ k=90, d^5f and 

Now by the table v=:552, when p=50. 

By eq. (6), we have 

9 X 3-1416 X -7x5x552 ^^^ ., 
^= 22xlix90 =^^-^ °^^^^'- 

Example 3. Required T and c, when K=80, /=1:^ P=48 
<;=5, m=30, and the resistances being the same as in Ex- 
ample 1. 

By eq. (3), we have 

_ 4 X Ij^ X 80 X (48- 16-^x30x1-75) 33xaO» 
^ (l+|)x3-1416x5x7 ""100x7 

=42-6 tons. 
Now by the table v=573 when p=48. 
By eq. (4), we have 

_ 22x30xHx80 

^""9 X 3-1416 X 5 X 573"" 

4. To find the duty of the engine. 

The useful work u done per min. is given in eq. (3), Art. 38., 
and the water evaporated per min., c, is given in eq. (4), Pro- 
blem 2. ; substituting the values of these quantities in eq. (9) 
Art. 42., and reducing, we get 

CiV 
C 

- j^ . . . t7;. 



Work developed by the Condensation op Steam. 

44. When water is raised into steam at the boiling temperature, 
or 212**, its volume is increased 1710 times, or a cubic inch of 
water will very nearly form a cubic foot of steam. Now if steam 
at this temperature be allowed to enter the lower part of the 
cylinder, then the pressure beneath the piston will just counter- 
poise the pressure of the air upon the piston, and a small 
additional force will cause the piston to rise. If, then, the steam 
be condensed by a jet of cold water, a vacuum will be formed, and 
the piston will be pressed downwards with the whole weight of 

X 3 
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the atmosphere resting upon the surface of the piston. But it has 
been found that a perfect vacuum cannot be formed in this way, 
because water gives off vapour at all temperatures. Thus, at the 
temperature of 150**, the pressure of the vapour is 4 lbs. And if 
14*7 lbs. be taken as the mean pressure of the atmosphere, upon 
1 inch of surface, we shall have, hj the condensation of steam, 
upon an average, an effective pressure of 14'7 lbs. —4 lbs. = 10*7 lbs. 
upon each inch of the piston. 

Problems. 

1. To determine the work developed bj the condensation of a 
cubic foot of water in the state of steam at the boiling temperature, 
and also the duty of an atmospheric engine using steam in this 
manner. 

Let Pi=the pressure of the atmosphere, p,=the elasticity of the 

kI 
vapour after condensation, rTT-= 1710 the volume of the cylinder ; 

then 
Work of cond". of 1 c. ft. steam=(Pi— p,)k/ 

=(Pi-p,) X 144 X 1710 . . . (1). 
D=ci (Pi— Pa) X 144 X 1710 . . . (2). 

Example. If we take Pi=14'7, Ps=4, and Ci=ll'5; then we 
have 

Work 1 c ft. water=(14-7-4) x 144 x 1710. 

=2634768. 
And, D=ll-5 X 2634768=30 millions nearly. 

2. Given the number of cubic feet of water, c, evaporated per 
min., to find the horse powers n. 

u=c(p-p*)x 144x1710, 

. .._ <Pi-POx 144x1710 
• • '^ 33000 • • • ^'^^' 

Example. Let c='34, then we find n=30. 



Work op Steam used expansively. 

45. When steam is used expansively, it is allowed to enter the 
cylinder for only a part of the stroke, and then, for the remaining 
portion, the piston is moved by the expansive force of the steam. 
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This is the most economical way of employing steam power ; for 
ally or nearly all, the available work is taken out of the elastic 
vapour before it is condensed. Now when the volume 
of steam, — or any elastic fluid, — is increased, its elas- 
ticity or pressure is decreased nearly in the ^me 
ratio ; that is, if its volume is increased two times, its 
pressure will be about one-half of what it was at first, 
and so on. This is called Marriotte's law. Let the 
steam be cut off when the piston is at cd, and let the 
remaining part of the stroke be divided into any even c 



number of parts ; then the pressure of the steam upon | 

the piston when it arrives at the different lines, form- 
ing the division, may be ascertained by the law just 
explained. 

And the work done by this variable pressure may be found by 
formula (1) or (2), Art. 33- ; where p is the pressure of the steam 
when admitted into the cylinder ; Pi, Pj, . . . p^ the pressure at 
the end of the first, second, &c. divisions ; s the space through 
which the steam acts expansively. The work done before the 
steam is cut off, will be performed with a constant pressure p. 
The work in the former case, is said to be done by the steam 
acting expansively, and in the latter case it is done by the steam 
acting uniformly. The work done exansively added to the work 
done uniformly, will obviously be equal to the whole work of the 
st^am in each stroke. 

Let w^=:the whole work of the steam done on each inch of the 
piston in one stroke ; A=the whole stroke of the piston; /=the 
length of cylinder occupied by the steam at the moment the com- 
munication with the boiler is cut of; c=the clearance, or the 
space between the piston at its lowest point of the stroke and the 
bottom of the cylinder, so that l—e is the space through which 
the pressure of the steam acts uniformly; a=:the conmion distance 

a 

between the divisions into which s is divided, so that a=- ; 

n 

then 

tti=work expansively + work uniformly 

=w-hPC^-e) ... (1), 
where u is given in eq. (1) or (2), Art. 33. 

To find the values of the pressures at the different points of the 
stroke, we have by Marriotte's law, 

T^T original vol. . . , 

New pressure = — z — x original pressure. 

new vol. 

s 3 
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Now when the pressure of the steam is p, its volome is I, when 
Pi its volume is 2+a, when f, its volnme is l+2a, and so on; 
hence we have 

I _ I I I _ I 

^'-J+a^' l*-r+2l^' ^*~i+8Z^' ■ ■ * ' ^"~7+^^~A+/* 

Substituting these values in eqs. (1) and (2), Art. 3^ and re- 
ducing, we get 

I'V h+e' l+a l+2a /+«— loj ^ 

or, «=^{ 1 +^+4(^+^-^+ . . . +j^j-=L=:^) 

Either of these values of the work done expansively substituted 
in eq.(l) will give the work upon one inch of the piston in one 
stroke. It will be observed that eq. (3) is more accurate than 
eq. (2). 

. If p^ be put for the mean pressure of the steam, we have 

u' 
^ X h=.u', .\ p'=^ , . . (4). 

Substituting this value for the mean pressure of the steam for p 
in eq. (4), Art. 40., we get 

which is the useful load, where it is to be observed that f^ applies 
to the case of the condensing engine. 

Taking I according to the signification here affixed to it, eqs. 
(1), (2), and (3) of Art. 42. express Jhe values of n, c, and v, ui 
applied to the condensing engine. 

For the useful horse powers, we have 

T.Khn . 
'^"^33000' "W- 

Substituting the value of n given in eq. (1), Art 42., and re- 
ducing, we get 

144cAlv 
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where l is given in eq. (6), and v is found from the table when p, 
the pressure of the steam as it is admitted into the cjlinder^ is 
given. 

To calcnUUe u, the work done eaepansively^ by the experimental 

table. 

46. As the law of Marriotte does not exactly give the relation 
of the volume and pressure of steam, it may be requisite^ when 
great acauracy is to be attained, that the relation should be taken 
from the experimental table given at x>age 43. In order to adapt 
eqs. (1) and (2) to this mode of calculation, let £=the volume of 
the steam admitted into the cylinder at p pressure ; G= the number 
of cubic ft. of water from which this steam is formed; /=the 
length of cylinder which this steam occupies; v=the volume of a 
cubic foot of water in the form df steam at p pressure ; e', l\ and 
v' the corresponding notation when the steam is at p' pressure. 
Now it is an experimental fact, that the law connecting v and p 
holds true for the steam in the cylinder as well as for the steam in 
the boiler where it is in contact vrith the watar from which it is 
generated ; hence we have ^ 

v X c=E, and v' X c=:»' ^ 

v'_B'_r 

.\ v'=-^ . . . (IX 

This gives the value of v' in terms of p, for r is found from the 
table when p is given ; and in like manner p' is found from the 
table from the value of v'. 

From eq. (1) we have 



Vi- ^ -.V+ ^ , 

(/4-2a)v OY 

V,— I —v + z. ^, 

(/-h3a)v . « av 



&c.=&c. 
Now p is the pressure at v volume, Pj at Vi, p, at Vj^ and so on ; 
therefore from the table Pp p„ &c., may be found from calculated 
values of Vi, v„ &c. These values of Pi, p» &c, substituted in 
eq. (3), Art. 45., will give «, or the work done expansively, and so 
on, as in the foregoing case. 

x 4 
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Examples on Arts. 45. and 46. 
Example 1. Given p=48, /=2, A=8, «=0, «=6 ; required 

8—2 
the mean pressure of the steam. Here 0=—^= 1. 

First> by Marriotte's kw. 
Bj eq. (3), Art. 45., we have 

=133-2, 
which is the work done expansively. 

Substituting this result in eq. (1), we have 
tt'=133-2 + 48 X 2=229-2, 
therefore by eq. (4), we have 

p'=?^=28-81bs. 

o 

which is the mean pressure required. 
Let us now calculate u by formula (2) ; 

«=lx2x48{i(l4)+l+|-h^ + 14} 

= 158-7, 

which is greater than the value derived from eq. (3) ; but if n 
were taken greater, the results by these formulas would very 
nearly coincide. 

Second, by the method of Art. 46. 

Here by the table, when p=48, we find v=573; hence we 
have 

Vi=573+i^^=573+286=859, 

therefore from the table Pi;=31 nearly. 

v,=573 +2x286= 1146, 
therefore from the table p,=23 nearly. 

Y,=573 + 3x286=1131, 
therefore from the table, P8=18 nearly. 

Proceeding in this way, we find, P4=15, P6=13, Pe=ll. 
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Substituting these values in eq. (2) Art. 33., observing that 

s 

^=o, we get 

tt=| {48 + 11 +4(31 + 184-13)+2(23 + 15)} =128. 

Again we have 

w'= 128 +48x2=224, 

and p'=^=28 lbs. 

o 

-which nearly coincides with the value derived from Marriotte's 
law. 

Example 2. Given k=:1440, /=1, «=i, A=4|, p=30, elasti- 
city vapour in condenser or />,=4, ^='2, /i=-J, yi=l-f 4=5; 
required l and N. Here a=J(4f— f)=l. 

Taking «=4, we have by eq. (3), 

«=^-^iy^{l +i+4(i+i)+2 X i} =48-66. 

Substituting in eq. (1), we have 

tt'=48-66 + 30(1 -i)=71-16, 
and by eq. (4), we have 

p'=^J^=14-91bs. 
4f 

Again, by eq. (5) Art. 45., 

71-16-4|x5 _ 
^- 4K1+I) -8 71^8. 

Now from fhe table t=882, when p=30, hence we have by 
eq. (7), Art. 45., 

144 X -2 x4|x 8-7x882 „„ , 

«= 33^^a ^2°^^y- 

Example 3. K Ci=ll'5 ; required the duty of the engine in 
the last example. 

Here by eq. (9), Art. 42-, we have 

11-5x32x33000 ^^ .„. 
D= pr =60 miUions. 
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ACCUMULATED WORK. 

47. In order to give motion to a body, there must be work done 
upon it; the work which a body in motion contains has been 
called accumulated work. Thus we may give the velocity of 
32^ feet to a body weighing w lbs. by raising it to the height of 
l&x^ feet, and then allowing it to fall by the force of gravity; in 
this case the units of work accumulated in the body will be 
16^ X tr. Again, when a heavy fly wheel is in rapid motion, a 
considerable portion of the work of the engine, must have gone to 
produce this motion ; and before the engine can come to a state of 
rest, all the work accumulated in the fly, as well as in the other 
parts of the machine, must be destroyed. In this way a fly wheel 
acts as a reservoir of work. 

In order to estimate the work in a moving body, it is simply 
necessary to consider the height from which it must fall to acquire 
the given velocity, and then the work will be found, by multiply- 
ing that height in feet, by the weight of the body in lbs. ; because 
the work expended in raising the body, to the height necessary to 
communicate the given velocity, must be the same as the work 
which gravity will perform upon the body in its descent. 

Let u be put for the work accumulated in a body, whose weight 
is w IbSt, and velocity v feet per second. Put s for the height 
from which the body must fall in order to acquire the given 
velocity v ; then 

u=wa; 

but by eq. (5), Art. 26., 

that is to say, the wobk accumulated in ▲ moving body is 

EQUAL TO THE SQUARE OP THE VBLOCITT IN FEET PER SECOND, 
MULTIPLIED BY THE WEIGHT OF THE BODY IN UtS.f DIVIDED BY 

2x32^. 

The expression - . t^ is called the vis vrvA of the body ; hence 
it follows, that 

THE ACCUMULATED W0BK=^ THE VIS TTVA. 

48. If f> be put for the moving pressure, and s for the space 
moved ; then u =s ./>, and eq. (1), Art. 47.^ becomes 
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It may further be useful to obserre, that from the equality 
u=:8.p, we obtain 

that is to say, the moving pressure is equal to the accumulated 
foorh divided by the space through which that pressure is moved. 

49. To find the work gained or lost, as the case may be, by a 
body which paas^ from the velocity V| to v. 

Work in the body at fir8t=l^ , 
Work in the body at last=^ ; 

/, Work gained or lost, u=^,v*^ j 

2g 2g 

Where the + or — sign is taken according as v is greater or less 
than t^i ; this result is equivalent to eq. (10), Art 27« 

If p be the effective moving pressure and s the space through 
which it is moved, then eq. (9), Art. 27., expresses the relation of 
the quantities. If f>, in this equation, alternately, or periodically, 
accelerates and retards the motion ; then v=«i, that is to say, the 
work accumulated in thiis ease is equal to 0. This condition is 
fulfilled in most combinations of machinery, such as the crank and 
fly wheel. 

PBOBLEMS ON ACCUMULATED WOBK. 

1. A ball weighing w lbs. revolves round a vertical axis^ its 
distance from the axis is r feet, and it makes n revolutions per 
min. ; required the work accumulated in the ball. 

^ _ , , „ 27rrxn vnr 

Velocity ball per sec.= — gg — "^"30" * 

•*• ^^Tg ' "900"* 

2. Two equal balls are made to revolve on a vertical axis at the 
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distances of a and b feet from it ; required the point where we 
may suppose the weight of the two balls collected so that the 
work may not be altered. 

Let w=the weight of each ball; *=the distance from the axis 
required ; and suppose them to revolve so that a pqint at 1 foot 
from the axis has a velocity of v feet per second ; then 

Work ace. in the balls ==2- . (ai?)*+^ . (bvy, 

Omjj 

Work of the balls collected in A=-^ . (kvy^ 



The point here determined is called the centre of gyration. 

3. A ball vreighing wlha. is fired from the mouth of a cannon 
a feet long, with the velocity of v feet per sec. ; it is required to 
find the mean' pressure, p, of the elastic vapour upon the ball. 

Work accumulated in the ball=-r-. 

Work done by the mean pressures a je>, 

4. The weight, tr, of a fly wheel is collected in a point at the 
distance of k feet from the axis. The wheel makes n revolutions 
per min., the diameter of the axis is a inches, and the coefficient 
of friction on the axis /, How many revolutions, a:, will the 
wheel make before it stops ? 

Here proceeding as in Prob. 1., we find 

'2g ' 900 ' 
Resistance of friction =:/m?, 



Work accumulated in the wheel =i. 



Work destroyed by friction in 1 revo.==/trx ^r^, 

' lib 



in X revo.=/w x-^rt ^ *> 



and when the wheel stops, we have 
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5. Required the number of strokes, ar, which the fly wheel, in 
the last problem, will give to a forge hammer, whose weight is 
w lbs. and lift h feet, supposing the hammer to make one lift for 
every revolution of the wheel. 

Work due to raising hammer=wAic, 

„ „ friction =zftv X j^ x arj 

but the sum of these must be equal to the whole work accumulated 
in the wheel ; 

. , . /, wa to n^n^k^ 



' • i50g{l2wh+wafwy 

6. Two weights, p and q, are connected by a cord that goes 
over a fixed pulley, c ; through what space, s, must 

descend in order to acquire a velocity of v feet per Jl 
second? I o 

PV^ Qt?^ 

Woik accumulated in the weights= „ — ^ o^"' 

Work done on p by gravity =p . s, 

„ „ Q „ =Q . s, Fig. 12. 

/. Work accumulated by gravity in the wts,=p . s— q . s ; 

Motion on a horizontal plancy the resistance of friction being 

given. 

7. A ball weighing w lbs. is projected on a horizontal plane 
. with the velocity of v feet per second. What space, s, will the 
ball move over before it comes to a state of rest, allowing the 
coefficient of friction to be/? 
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Here, the retarding pressure, p^fuf^ 

/. Work destroyed by friction =/irs ; 
; but by eq. (1), Art. 47- 



|2 



The work in the balls •^— . 

Now when the ball stops, the work destroyed by friction must 
be equal to the work accumulated in the ball ; 

8. Required the time, ^ before the ball in the last proUem will 
come to a state of rest. 

Here the friction obviously acts as a uniform retarding force^ 
and consequently the motion of the ball will be uniformly re- 
tarded. The space, &, which the ball passes over before it comes 

to a state of rest, will be described with the mean yelocity ^ 
hence we have, (see Art. 26i eq. (2)), 

^_8^_.2s 
iv v' 

Substituting the value of 8 given in eq. {!), XVok 7., and re- 
ducing, we get 



Or thus. 
By eq. (1), Art. 27.> 

^*=£-^=^-^=-^^'- 
buti?=gif, 

9\ J 9 

9. A railway train, weighing t tons, has a velocity of v^ feet 
per second wh^n the steam is turned off; what distance/ s> will 
the train have moved over on a level rail, whose friction is|» lbs. 
per ton, when the velocity is v feet per second ? 
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Here> the work lost «=je>ts, 

Weight of the train in lb8.=2240T ; 
hence we have by eq. (1)^ Art. 49^ 

2240T(i7,2-r2) 
P^'^—2i ' ^ 

when the train comes to a state of rest v=0, and then the whole 
space moved over will be 

9P ^ ^ 

10. To find the time, t, at which the train in the last problem 
will hAve the velocity v. 

Here the mean velocity, with which the space s is described, is 

Substituting the value of s given in eq. (I), Prob. 9., and reducing, 
we get 

^ 2240(rr-v) 

P9 
Or thus, 
Eetarding pressure^ =pT, and weight mass moved=2240T ; 
hence we have by eq. (I), Art. 27., 

JPT_ ^^_P9_ 
y^ 2240 T* ^""2240' 

and by eq. (4), Art 27., we get 

v^ ~t; _ 2240(i?i - v) 

" 9x 7 P9 * : 

When i;=:0, the time which the train takes to come to rest is 
2240 t?i 

P9 ^ 

11« A pressure, p, acts upon a body parallel to the plane ; re- 
quired the space, s, moved over when the body has attained a 
given velocity, «. 

Work in moving over s ft.=p . s— /w . s, . • • (1) ; 



Digitized by VjOOQIC 



64 PRINCIPLES OF MECHANICAL PHILOSOPHT, [PABT I, 

mMfJ2 

Work accumulated =^r- 5 
/. P.s— /w.s=-2~, 



■' ^-2giv-fw) • • • (2)- 



12. Suppose the body in the last problem to be moved for 
t seconds; required the Telocity^ r, acquired, and the work, u^ 
accumulated. 

By eq. (2), Art. 26.^ we hare 



s=|.f, 



but the value of s is also given in eq. (2) of the last problem^ 



7> • *^~7 



■2^p-/u.)' 
p— /w ^ 



Or thus, 
Dividing eq. (1), of the last problem, by s, we get 

the moving pre8sure=p— /w; 
hence we have by eq. (1) Art. 27^ 

p "P—fw 

but v=^tgi 

=-^ 'tg . . . (1). 

Now u=z-^— ; hence we have by substituting the value of v, and 
reducing. 



Motion of bodies on an inclined plane, when its height is small 
as composed with its length. 

13. A train of t tons descends an incline of s feet in length, 
having a total rise of h feet ; what will be the velocity, v, acquired 
by the train, supposing the friction to be ^ lbs. per ton ? 
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Work done on the train = work gravity — work friction 

=2240 X T X h—p X T X s ; 

but we also have 

w 1 1 * J • ^1 X • v2 X T X 2240 
Work accumulated m the train= j= , 

• . 172x1x2240 -^.^ - 

•• 2 =2240xTxA~pxTXS> 

1 4. If the velocity of the train, in the last problem, be i?i feet 
per second when the steam is turned off; what will be its velocity, 
v, when it arrives at the bottom of the incline ? 

Work accumulated in the train when the steam is turned off 
_ t?tgxTx2240 

Work done on the train in de8cending=2240TA— |>ts; 

t;2xTx2240 



Total work accumulated in the train =- 



25- 



«,«XTX2240, „.-„. „„ t>«XTx2240 
2d +2240tA-pts= ^^ , 



••• t,=^V+2i/(A-^.|,8). 

15. How far will the train in the last problem, move along a 
horizontal plane ? 

Let 07= the distance; then 

Work destroyed on the horizontal plane =p Tar; 
but this must be equal to the work accumulated in the train, 

v2 X T X 2240 



.-. pTa;= 



«=- 



^9 
II2O172 



9P ' 
where v is determined in Problem 14. 

16. If the train ascend an incline, having a rise of e feet in 100 
feet, with the velocity r, feet per sec. when the steam is turned 
off; through what space, ar, wiU it move before it comes to a state 
of rest ? 

Bise of the rail in x ^^^-t^ 5 
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ex 



/. Work destroyed = t x 2240 x j^ -\-pTx; 

but this must be equal to the work accumulated in the train ; 

t7i2xTx224q 



.% Tx22'4xea:+/>Ta? 



«=- 



29 
1120r,a 



"^(22-4c+/>y 

17. Suppose the train, in Problem 13., to be attached to a rope, 
passing round a wheel at the top of the incline, which has an 
empty train of t^ tons attached to the other extremity of the rope : 
what velocity, 1?, will the train acquire in descending s feet of the 
incline ? 

Work done on the descending train=T(2240A— /?s) ; 

Work expended on the ascending train=T,(2240A-f/>s); 

now the difference between these must be equal to the work accu- 
mulated in the two trains ; 

.-. T(2240A-jps)-T^(2240A+j3s)= ''^ ^ (t+t0224O ^ 
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PART 11. 

STATICS. 



CHAP, in. 

STATICAL FORCES. rABALLELOGBAM OF FORCES. 

50. When two or more forces act at one time upon a particle, 
such that they do not destroy one another, it will move or tend to 
move in some particular direction, and with a definite force. Now 
the forces actually applied to the particle are called the component 
forces, and the single force which is produced by their combined 
action is called the resultant. 

Axioms. 

1. When forces act in the same straight line, and in the same 
direction, the resultant is equal to the sum of the component 
forces ; thus if a body be acted upon in the same direction by two 
pressures, one of 2 lbs. and the other 3 lbs., then the resultant 
pressure will be 5 lbs., that is to say, a single pressure of 5 lbs. 
will produce the same eiFect as the other two pressures acting 
separately. On the contrary, when some of the forces act in the 
contrary direction, the resultant is equal to the sum of the forces 
acting in one direction diminished by the sum of those acting in 
the opposite direction : thus if a body be acted upon in contrary 
directions by two pressures, one of 8 lbs. and the other 6 lbs., then 
the resultant pressure will be 2 lbs. 

If the forces which act in one direction be considered positive, 
and those in the other direction negative, the single or resultant 
force is equal to the algebraic sum of the components. 

Let a point a be acted upon by two forces p and Pi tending to 
move it in the same direction, 

viz. towards b. Take ap equal ^ ^^ 2 T 

to the units of pressure in p, ^V- 13- 

and A Pi equal to the units in Pj, then the units in the resultant 

=P-|-Pi=AP-f APi. 

p 2 
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Now if p, acts in a contrarj direction to p, the units in Pi or 
AP, must be taken e p a p 

negatively, that is -* • > < ' 

A Pj must be mea- ^^^* **• . - 

Bured in a direction contrarj to A p, in this case, therefore, the 
number of units in the resultant is equal to the algebraic sum of 
the lines representing the component forces. 

2. Two equal forces, acting in opposite directions, destroy each 
other. 

Hence we may add equal and opposite forces without affecting 
the equilibrium of a system of forces. And in like manner we 
may remove equal and opposite forces. 

3. A force may act on a rigid body at any point in the line of 
its direction, without altering the effect. 

The truth of this axiom depends upon observation and experi- 
ment. Thus a force p acting on a rigid surface, CD (supposed to 
be without weight) may be applied at any point, 
A or B, in the line of its direction a p without 
altering the effect. Thus, if a weight be sus- 
pended by a string, the tension of the string, or 
the force with which it is pulled, is everywhere 
the same, whatever may be its length. Thus the ^^9- i^* 

same force is required to push or to pull a boat in the direction of 
its length ; and the effect is the same, whether the steam carriage 
pulls or pushes the railway train forward. 

4. The resultant of two equal forces bisects the angle between 
their directions. For no reason can be as- 
signed why the resultant should lie more 
towards one force than towards the other. 
In this case the direction of the resultant is 
obviously in the diagonal, ar, of the paral- 
lelogram A B R D, constructed upon the lines 
A B and A D, representing the directions and 
magnitudes of the two equal forces. ^^9 i^- 

5. The resultant of two forces passes through the point where 
the directions of these forces intersect ; and conversely the direc- 
tions of the two component forces pass through a point lying in 
the direction of their resultant. 

6. If a uniform heavy bar be suspended by its middle point, it 
will hang in a horizontal position. For if the bar be placed in a 
horizontal position, no reason can be assigned why one extremity 
should preponderate more than the other. 
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The tension of the string from which the bar is suspended will 
be in proportion to the length of the bar. 

We proceed now to demonstrate the fundamental proposition 
relative to the resultant of parallel forces, as well as that of oblique 
forces.* 



Resultant of Parallel Forces. 

Prop. 1. — Tlie resultant of two parallel forces^ p and Q, is eqtml 
to the sum of the twoforceSy and acts parallel to their direction^ 
and also divides the line connecting their points of application 
in such a manner that the two component forces are inversely as 
their distance from this point. 

SI. Thus let the two parallel forces p and q be applied (see 
Jig. 18.) at the points a and b of a rigid surface kl without 
weight ; also let o be the point at which the resultant P+Q acts ; 
then p ; q: : bc : ac. See also/^. 17. 

Let JE and ed be two horizontal bars, or uniform rods, sus- 
pended from their middle points a and b (see Axiom 6.) ; and let 
p be the weight of the bar je, and Q the weight of ed ; then the 
bar JE will produce a force in the vertical direction al equal to p, 
and the bar ed a force 
in the vertical bn 
equal to Q. Now let 
the two bars be con- 
nected together at e, 
— this will obviously 
not at all affect the 
state of equilibrium. 
Let be the middle 
of the whole bar jd, 
and suppose a string cs to be attached to this point. Now, if we 
suppose the strings al and bn to be cut, the bar jd would remain 
suspended by the string cs, and the force exerted upon it would 
be equal to p+q, the weight of the whole bar. Hence it appears 
that the forces p and Q acting together are equivalent to a single 
force equal to P + Q, acting at the point c, or in other words the 
resultant of p and q is p fQ acting at the point c. 
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Fig, 17. 



* The following proof of the parallelogram of forces, was first giyen bythe 
Author in the "English Journal of Education." 
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To find the relation of AC and bc, we have 

p: q:: jE : ed, 

p JE_JD— i>e_ 2dc--'2db _ dc—db _bg 
** q'"ed"~ jd— je~2jc— 2ja"~ jc— ja~ac* 

which is the proposition enunciated, when the forces act perpen- 
dicular to the line a b, joining their points of application. 

Let the parallel forces p and q act in the plane rigid surface kl, 
which is supposed to be without weight, 
in the directions ap and b*q; and let 
AB* be drawn perpendicular to ap or 
b^ q ; then, supposing A and b^ to be the 
points at which the forces p and Q are 
applied, and c^ the point through which 
their resultant acts, we have by the fore- 
going result, 

p__b1c1 

Q^ AC^* 

From A draw any straight line ab cutting the direction of the 
force Q in b, and that of the resultant in c. 

Now, by Axiom 3., any one of these forces may act at any point 
of the line of its direction without altering the effect. Hence, 
therefore, we may suppose Q to act at b and the resultant at c. 

Since cc^ and bb* are parallel, we have on the principle of 
similar triangles, 

BC^B^C^ 
AC~"^ACr' ^ 

P_BC 

or p : q::bc : ac, 

which is the general form of the proposition. 

Resultant of Oblique Forces. The parallelogram of forces,^ 

52. The parallelogram of forces is this ; if the sides ad and ab 
(see^. 16.) of the parallelogram abrd represent (see Art. 21.) 
two forces acting on the point a, then the diagonal ab will repre- 
sent the resultant. We shall first prove that the diagonal is the 
direction of the resultant, and second that it represents the 
resultant in magnitude. 
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Prop. 2. — Tlie resultant of two forces ctcting on the same point is 
in the direction of the diagonal of the parallelogram described 
on the two sides representing the magnitude and direction of the 
two component forces. 

SS. Let AE and bl represent two parallel forces, p and q, acting 
at the points a and b, 
of a rigid surface, 
and SCD the direction 
of their resultant. In 
the line a b produced, 
let two equal forces, 
represented by ak 
and BF, each equal 
to Q, act in contrary 
directions. These ^- ^^* 

two forces, by Axiom 2., wiU not alter the direction scd of the 
resultant of the parallel forces p and q, therefore scd will be the 
direction of the resultant of all the forces now applied. Describe 
the parallelogram bfnl; draw the diagonal bn, and produce it 
until it intersects scd in d; then, by Axiom 4., nbd will be the 
direction of the resultant of the equal forces bf and bl. Join da 
and produce it to r ; then dr will be the direction of the resultant 
of the forces ak and ab; for since scd is the direction of the 
resultant of all the forces applied, and nd is the direction of the 
resultant of bf and bl, it follows, by Axiom 5., that the resultant 
of ak and ae must pass through the point d. Draw kr parallel 
to AE, and join re. 

By geometry, 

Z.CDB=Z.LBN, and Zcbd=Zfbn, 
but Z.LBN=Z.FBN, •% Z.cdb=Zcbd; 

,% CD = BC; 

by the similar triangles akr and a DC, 

KR_CD_BC , 
AK~A0"~AC' ' 

Now, by Prop. 1., we have 

P_BC 

q""ac' 

P_KR 
but AK=Q, /. kr=p=ae; 

T 4 
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coQsequentlj AKBE is a~ parallelogram described on the sides A e 
and AK, representing the forces p and q respectively, and the 
diagonal ab is the direction of their resultant. 



Fbop. 3. — The resultant of two forces acting on the same point is 
represented in dibection and magnitude b^ the diagonal of the 
parallelogram described on the two sides representing the mag* 
nitude and direction of the two component forces, 

54. Let AF and ab represent the two component forces, p and q, 
acting on the point a, and let ad re- 
present a third force b, which, acting 

at A, maintains p and q in equilibrium ; 
then this force, b, must be equal to the 
resultant of p and q, and must act in a 
direction contrary to it. Moreover, 
the resultant of q and b must be equal 
and contrary to p. Complete the pa- 
rallelograms ABEF and A BCD; then, 

/u o\ . XI. J- X- Fig, 20. 

Since (by prop. 2,) ae is the direction ^ 

of the resultant of p and q, it must be in the same direction as ad, 
that is, AD and ae are in the same straight line; and for the same 
reason, ac and af are also in the same straight line ; hence acbe 
is a parallelogram, and therefore ae=cb=ad=b, that is to say, 
the diagonal ae represents the magnitude of the resultant of the 
forces p and q. 

We shall now give Duchayla's proof of this important proposi- 
tion. 

Duchayla^s proof of the Parallelogram of Forces, 

55. First, to prove that the diagonal of the parallelogram is the 
direction of the resultant. 

Suppose the proposition to be true for two forces p and Pj, and 
also for p and p, ; then we shall show that it will be true for p and 
p,+p,. 

Let A be the point at which the forces are applied, viz., p acting 
in the direction ap, and Pi+p, in the direction AC. 

Take af equal to the units of pressure in the force p, ab equal 
to Pi, and bc equal to Pg; and complete the parallelograms afeb 
and bcde. 
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We may suppose (Axiom 3.) Pj to be applied at a and p, at b. 
By hypothesis the resultant 
of p and Pj applied at * a is 
in the direction ae, but these 
two forces may act at e in the 
directions be and fe respec- 
tively*, that is to say, P in be 
and Pi in fe; now as forces 
may act in any line of their di- 
rection, p may act at b in the direction be, and Pj at d in the direc- 
tion FED. 

By hypothesis bd is the direction of the resultant of p and Pj ap- 
plied at B in the directions be and bc respectively ; these two 
forces may be applied at d in the directions CD and ed respectively, 
that is to say, P in CD and p, in ed. 

Now we have transfen*ed all our forces from a to d, that is, 
p originally acting at A in the direction af to d acting in the 
parallel direction CD, and Pi-hPj originally acting at A in the direc- 
tion AC to D acting in the parallel direction pd; consequently d 
must be a point in the line of the resultant's action, and therefore 
AD is the direction of the resultant. We have therefore proved, 
that if the proposition be true for the forces p and Pj, and also for 
p and pj, it is true for p and Pj + p,. 

But, by Axiom 4., it is true for any equal pair of forces p and p, 
and also for another pair p and p, therefore by the preceding 
investigation it is true for p and 2p ; and since it is true for p and 
p, and also for p and 2p, it is true for p and 3p ; and so on, it is 
true for p and tip. Again, since it is true for nv and p, and also 
for wp and p, it is true for wp and 2p, and so on generally for wp 
and 9np, where n and m are any whole number. But as p may 
be any whole or fraction quantity, the. proposition is true for any 
commensurate forces whatever. 



* Suppose two forces p and Pj to be applied to the point A of a rigid surface; 
now as these forces must have a resultant, 
let AE be the direction of this resultant, and 
since it may be applied at any point of its 
direction, we may suppose it to be applied 
at E ; but this resultant would be produced 
by the forces p and Pj acting at e respec- 
tively parallel to their original directions; 
hence it appears that we may transfer the 
two forces p and p^ to any point b in the 
line of their resultant without altering their 
eflfect. The converse of this proposition also holds good. 




Fig, 22. 
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We now proceed to show tliat the proposition extends to 
incommensurable forces. Let ab and ^^ 
AF represent two such forces acting 
at A; completethe parallelogram abef, 
and if A E is not the direction of the 
resultant let it be in some other di- 
rection A J. Suppose A B to be divided 
into a number of equal parts, each less ^if- ^' 

than JB, and let these divisions be marked off along be, then one 
of these divisions must fall between j and e, suppose at c ; com- 
plete the parallelogram abcd, then AC is the resultant of the 
commensurable forces ab and ad; but AC lies further away from 
ab than aj does, although the component force ad is less than 
AP, which is absurd; therefore A J is not the direction of the 
resultant, and it may in like manner be shown that no other line, 
except AE is in that direction. Hence the proposition is true as 
well for incommensurable forces as for commensurable ones. 

Secondly, to prove that the diagonal of the parallelogram repre- 
sents the magnitude of the resultant when the sides are respec- 
tively taken to represent the component forces. See Prop- 3. 
Art. 54. 

" Applications. 

56. By the parallelogram of forces we are enabled to compound 
two forces into one, and also conversely to resolve any single 
force into two, or, in other words, to find two forces which shall 
produce precisely the same effect as the given force. The former 
operation is called the composition of forces, the latter one the 
resolution of forces. 

57. Before proceeding to any other general investigations, we 
shall take a few examples of the parallelogram of forces. 

Ex, 1. Two forces, equal to 6 lbs. and 8 lbs. respectively, act 
upon a particle a, at right angles to each other ; required to find 
their resultant. 

Draw AC and ab at right angles to each other ; from a scale of 
equal parts take AC =6, and ab=8; complete 
the rectangle abbc; then ab will represent 
the direction and magnitude of the resultant. 

From the right-angled triangle abb, we 
have Fiff, 24. 




AB= Vab2 + Bk2=:^/82 + 62=10, 

that is, the force of the resultant is measured by 10 lbs. 
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Ex. 2. In pulling a tree, ab^ down bj means of a rope ca, a 
force of 6 cwt. is applied to the rope ; it is required to find the 
effective force tending to draw the tree over, when the horizontal 
distance CB=30ft., and ab=:40 ft 

Here the effective force must act perpendicularly to ab. Take 
AR=6, and complete the rectangle apre; 
then the force represented hy ar will be 
resolved into the two component forces repre- 
sented by AE and af, the former acts in the 
direction of the length of the tree, and there* / 

fore has no tendency to pull it over ; but the — ^ — b 

latter acts perpendicular to the length of the 
tree, and is therefore the effective force tend- *^* * 

ing to pull it over. 

To find A p or RE, we have from the similar triangles are and 

ACB 

CB . AR 

RE= , 

AC * 

but CB=30, AB=40, AR=^, and ac=a/cb^+ab^=50, 

/, R E = — ^j=r — =: 3 '6, 

that is, the effective force is 3*6 cwts. 

£x. 3. Required the effective force, p, as in the last example, 
when Z.CAB=6, and r is the force applied to the rope ac. 
Here by trigonometry, 

ER or AP=AR sin cab, that is, 
p=R sin 6 . • . (1). 
K 0=30°, then sin 0=^, and 

/• P=|fR, 

that is to say, the effective force in this case is only one-half the 
force applied. 

The Triangle of Forces. 
58. If three forces, p, q, and r, act upon a point A in the direc- 
tions AC, AD, B A, and keep it in equilibrium, 
the sides of the triangle abc, formed by 
drawing bc parallel to ad, will respectively 
represent the three forces. For if ac and 
AD represent p and Q respectively, the diago- 
nal ab, of the parallelogram adbc, will re- 
present r; but CB is equal to ad, therefore 
the three forces p, q, and R, will be respec- 
tively represented by ac, cb, and ab. This proposition is called 
the triangle of forces. 
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It follows from the triangle offerees, that any properties relative 
to the sides and angles of a triangle, applies to the magnitude 
and directions of three forces in equilibrium. 

Thus if 6=ZCAi> the angle between the directions of the 
forces ; then, from the triangle abc, we have hy trigonometry 

Ab2=AC2-|-BC2— 2 AC . BC . cos ACB, 
but cos ACB=— cose AD=— cos 0, 

.% R«=p2-|-Q2^.2 PQ cos . . . (l> 

Polygon of Forces. 

59. In like manner it may be shown, that if any number of 
forces, acting on a point, are in equilibrium, they may be respec- 
tively represented by the sides of a polygon, formed by lines 
parallel to the directions in which the forces act 

Let AP„ AP» APj, AP4, APg, represent the forces Pj, p„ Pj, p^, p^- 
acting at the point A, as in the 
figure. Complete the parallelo- 
grams AP,CP3s,ACDP3, ADEP4, draw- 
ing the^ diagonals AC, ad, ae; 
then A c is the resultant of Pj and 
Pj, AD of AC and Pj, and ae of ad 
and P4 ; and since the forces are in 
equilibrium ae is equal and oppo- ^V- ^' 

site to p^; therefore the sides of the polygon aPjCDB respectively 
represent in order the forces in direction and magnitude, that is, 
Pi is represented by aPj, p, by PjC, p, by CD, P4 by db, and Pj by 
AE. It will be observed from the foregoing demonstration, that 
it is not necessary the forces should lie in the same plane. This 
proposition is called the polygon of forces* 




Parallelopiped of Forces. 

60. Let the three edges ab, ao, and ad of a parallelopiped 
represent three forces applied at a, 
then the resultant of these three 
forces will he represented by the 
diagonal af. 

The resultant of the forces ac 
and AB is ae the diagonal of the 
face AC EB; and compounding this 
with the force ad, we have af, the Fig. 28. 

diagonal of the parallelogram adfe, for the resultant. 
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Exercises for the Student, 

1. Three forces of 5 lbs., 3 lbs., and 2 lbs. respectively, act upon 
a point in the same direction, and in the opposite direction two 
other forces of 8 lbs. and 9 lbs. act ; what single force will keep 
the point at rest ? Ans. 7 lbs. 

2. Two forces, of 5^ and 3^ lbs., applied at a point, have a 
resultant of 9 lbs. ; in what direction do the forces act ? Ans, In 
the same straight line. 

3. Two forces, whose magnitudes are as 3 to 4, acting on a 
point at right angles to each other, produce a resultant of 20 lbs. ; 
required the component forces? Ans, 12 lbs. and 16 lbs. 

4. Two forces, of 9 lbs. and 12 lbs., act at right angles on a 
point ; required the magnitude of their resultant. Ans. 15 lbs. 

5. If three forces acting on a point keep it at rest, when their 
intensities are doubled they will still keep it at rest if their direc- 
tions be not changed. 

6. Let ABC be a triangle, and d the middle point of the side 
BC. If the three forces represented in magnitude and direction 
by AB, AC, and ad act upon the point a; find the direction and 
magnitude of the resultant. Ans, The direction is in the line ad, 
and the magnitude represented by 3 ad. 

7. If two equal forces, p, act at right angles to'each other, show 
that their resultant =pV2, 

8. If two equal forces meet at an angle of 120°, show that their 
resultant is equal to either of them. 

9. What is the magnitude of the resultant jn eq. (1), Art. S8., 
when 6=0? Ans, p+Q. 

10. If Zp and Ap be the magnitudes of two component forces 
acting at right angles to each other, then 6p will be the magni- 
tude of the resultant, 

11. If two equal forces, p, meet at an angle 0, show that their 

resultant r=2p cos ^. 

12. A boat is fastened to a fixed point by a rope, and is at the 
same time acted on by the wind, with a force p, and by the cur- 
rent with a force Q ; required the tension of the cord when the 
two forces act at right angles to each other. Ans, Vp^-j-qs. 
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GENERAL PKOPOSITIONS RELATIVE TO FORCES. WORK OP FORCES, 

ETC. 



Forces acting in the same Plane. 

61. Any number of forces acting on a rigid surface may all be 
transferred to one point without altering their effect. 

Let the forces Pj, p» Pj, p*, be applied respectively to the points 
tiy bf Cy dy in A plane rigid 
surface. Let a be the inter- 
section of Pi and Pg, and let 
AB be the direction of their 
resultant r, ; let b be the in- 
tersection of Ri and p„ and let 
BC be the direction of their 
resultant r, ; let o be the in- 
tersection of R, and P4, and let 




Fiff. 29. 



CD be the direction of their resultant ; and so on to any number of 
forces. Now since ab is the direction of the resultant of Pj and Pg, 
they may be transferred from the point a to b (Art. SB^ foot note) ; 
in like manner, since bc is the direction of the resultant of r, and 
Pa, or what is the same thing, of Pj, p^ Pj, they may be transferred 
from B to c ; thus al^the forces are transferred to the point c acting 
respectively parallel to their original directions. In the same man- 
ner R, may be combined with Pj„ r^ with Pg, and so on to any 
number of forces. From this proposition it follows, that any for- 
mulae which may hereafter be established relative to forces acting 
at a point in a plane, will also apply to forces acting at any points 
in a plane. 

62. To resolve a given force p into two component forces x and 
Y acting at right angles to each other, so that the direction of x 
shall form a given angle, a, with the direction of p. 

Let AR represent p; from a draw ab making 
the angle rab equal to a ; draw ac perpendi- 
cular to ab; from r draw rb parallel to AC, 
and RC parallel to A B ; then from the parallelo- 
gram of forces, ab will represent x, and AO 
will represent Y. 




Fiff. so. 
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Hence, by trigonometry, we have 

AB=AB X cos a, and AC=AR X sin 06, 

.\ x=p cos a, atid T=p sin ». 
Moreover we also have 

tan «= -, and x2+t2=p2. 

X 

63. Any number of forces, represented by Pj, Pg, P3, &c., in the 
same plane act at the point a ; to find the direction and magnitude 
of their resultant r. 

Through A draw any rectangular axes ax and Ay ; complete the 
parallelograms aXiPiTj, aXjPjTj, 
&c. By this construction each 
force is resolved into two compo- 
nent forces, one acting along the 
axis AX and the other along At/ ; 
thus Pj is resolved into aXj and 
AYp and so on to the others. 
Let AX be the algebraic sum of 
the resolved forces acting along 
the axis ax, and at the sum of 
the resolved forces acting along 
Ay ; complete the parallelogram A yrx ; then ab is the resultant of 
the whole system of forces. 

Put «i, oEg, &c., for the angles which the direction of the forces 
Pi, Pj, &c., respectively make with a a?, that is, Z.PiAa?=«i, ZPjAa: 
=»» APzAx=«^ and so on ; also put x=AX, y=at, r=ab, and 
0= Z. RAa? ; then we have, observing that the forces which act in 
one certain direction are positive, while those which act in the 
contrary direction are negative, 

X=AXj + AXj— AXj + AX^ . . . &C, 

T=ATi-fAT,-|-AT8— AT4 . . . &C. ; 

but by Art. 59., AXi=PiCOSai, AXj=:P,COSaj, — AX3=P3COS«4 

(observing that a^ is an angle greater than 90° and less than 180°), 
and so on ; also aTi=Pi sin a^ ATj=Pa sin »» at8=P3 sin a^ — at^ 
=P4 sin oc^ and so on ; substituting these values, we have 

x=Pi cos »! +P2 cos «»s+P3 cos 03+ &c. . • . (1), 
Y=Pi sin «! +P2 sin «2+Pa sin «8-|-&c. . . . (2). 
The two components of the resultant r being determined by (1) 




Fig. 31. 



Digitized by VjOOQIC 



80 PRINCIPLES OP MECHANICAL PmLOSOPHT. [PART H. 

and (2), the magnitude and inclination of this resultant may be 
found from the right angled triangle axr, thus 
r2=x2+y2 . . . (3), 

tan0=- .. . (4). 

The eqs. (1), (2), (3), (4) determine all the conditions of the 
problem. 

64. If the forces p„ p» &c., mutually destroy one another, that 
is, if they are in equilibrium, then ax or x=0, and ay or y=0, and 
hence eqs. (1) and (2) become 

PjC0Sa,+P2^OSa2 + &C.=:0 . . , (5), 

Pi sin «j-f PjSin a2-^&c.=0 . . . (6). 

65. Let there be three given pressures Pi, p» Pj to determine an 
expression for the resultant. 

Squaring eqs. (1) and (2), and substituting in eq. (3), observing 
that sin*a-|-cos'«=l, we find 

r2=Pj2 ^ Pj2 -|-Pj2-|-2PiP, (coS «i COS aj + sin aj sin a,) 

+ 2p, Pg (cos «i cosag + sin aj sin a,) + 2p^8 (cos Oj cos «3 + sin a, sin «,) 

=Pi2+p,2+p324.2piPj cos (ai—«i)+2PiP8 cos (»!—«,) 

+ 2PjP3 C0s(a2— as) ... (7) 

vtrhere it will be observed that »^^»^ is the angle which Pi makes 
with p,, and so on to the others. This is only a particular case of 
a general formula applying to any number of pressures. 

If P3=0, then this expression becomes the same as that given in 
eq. (1) Art. 58. 

The Equality of Moments. 

66. Definition. The moment of a force about a given point is 
the product of the force by the perpendicular let fall from the 
given point upon the direction of the force. This moment, as we 
shall shortly prove, measures the tendency of the force to turn the 
body round the given point as a fixed axis; and hence if the mo- 
ments which tend to turn the body from right to left be called pos- 
itive, those which tend to turn it in the contrary direction must be 
taken negative, and therefore the algebraic sum of a series of mo- 
ments must be understood in this sense. 

The principle of the equality of moments is this : 
The sum of the moments of any number of forces acting on a 
rigid body is equal to the moment of the resultant of these forces. 
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Or, when equilibrium takes place, the proposition may be stated 
as follows : 

The sum of the moments tending to turn a rigid body in one 
direction^ is equal to the sum of the moments tending to turn it in 
the opposite direction. 

Let the forces p, and Pj acting at A be represented by ap, 
and APj, and their resultant b by 
AB. Take any point o as the 
axis of moments ; draw Ay per- 
pendicular to Aoa;; complete the 
parallelograms as in Art. 63.; and 
from o draw ojpi, or, opf respec- 
tively perpendicular to the direc- 
tions of the forces Pj, b, p,; then 
hj Art. 63., 

AT=ATi+ATj ... (1) 

by the similar triangles Aor and A by 

or 

AT=ABX — , 
AO' 

by the similar triangles aoj^j and aP|Y| 

opi 




AT,=APiX 



AO 



and by the similar triangles xop^ and aPsT, 

AT,=AP, X — , 
* * AO ' 

substituting these values in eq. (1), and multiplying by the com« 
mon divisor AO, we have 

AEXOr=APiXO/?, + AP,XOj»^ 

or putting b=ab, r=or, Pi=ap„ Pi=opi, and so on, we have 

B.r=Pi.;?,+Pj.;),, ..(2), 

but B . r is the moment of b, and p, . pi is the moment of P|, and 
so on, 

•% moment B= moment Pi-f moment Pg* 

We have here taken o, the centre of moments without the angle 
formed by p^ and p^now we shall take it within this angle, as in 
the annexed figure. In this case 

AT=ATi— AT,, 

a 
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Fig. 33. 



and, proceeding as before, we find 
R . r=Pi . pi — P2 . Pf 

Here the moment of Pj is negative, be- 
cause it tends to turn the system about o in 
a direction contrary to the other forces. 
Hence the proposition id true- as applied to 
two forces. 

If in the last case, Pi and p, are in equili- 
brium, B . r=o, and 

Pi . pi==Ps .;>,... (3), 

that is, in this case, the moment of the one force is equal to the 
moment of the other. 

Let Fi, p„ p, be three forces acting at any points in a plane 
rigid surface, and let any point o 
be taken as the axis of moments. 
The forces P| and p, will have a 
resultant Rp in the direction ar^ 
(see Art 54.), which being pro- 
duced will intersect the direction 
of Pg in a point b ; now Rj and p, 
acting at b will have a resultant 
Rj acting through the same point ; 
therefore by eq. (2), Art, 66m, jy^, 34. 

»i •n=i*i./?i+P2.ps, 
and in like manner, because R, is the resultant of Ri and p,, 

Rj.rj=Ri. n+Pg.p,, 
therefore by substitution, 

R . r,=p, . Pi-\-Pi . /?,+P8 . P3. 
In like manner r, will be the resultant of R, and P4, 
.•. R,.r8=R,.r,+p, .;?4, 
and sustituting as before^ we have 

Rj . r8=Pi . p,+Ps . ;>2 + P3 . Ps + ^4 . PiJ 

and so on generally, hence we have, putting r for the last re- 
sultant, 

R.r=Pi.;)i+p, ./)j+p, ./)8+&c (4); 

but R . r is the moment of the resultant r, and Pi .p^ is the result- 
ant of the force Pi, and so on, 

.% moment r=:: moment Pi + moment p, + &c. 
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It further appears, from Art. 61., that eqs. (1), (2), (3), and (4), 
of Art. 63., also apply to the present case. 

67. If the forces are in equilibrium, then b . r=0, and 

Pl . ^l + Pg . jPa+Pg . />3 + &c.=0 . . . (5). 

Here some of the moments must be negatiye ; hence bj trans- 
posing these negative moments, we shall have the sum of the 
moments turning the body in one direction equal to the sum of the 
moments turning it in the opposite direction. 

68. If the point o, forming the centre of moments, be taken anj 
where in the line of action of the resultant, then r=0, and eq. (4) 
becomes the same as eq. (5), which has just been found from other 
considerations. 

When the forces acting upon a body are in equilibrium, and a 
point in it is fixed, the resultant of the forces must pass through 
this point. 

69. In order to give a fuller exposition of some of the foregoing 
results ; let Pp Pj, &c., be forces acting on 
any points in a plane rigid surface ; A| the 
point at which Pj is applied ; oy, ox rect- 
angular axes; opi the perpendicular on 
the direction of AjP, ; AjXj and a,Ti the 
components of AjPi resolved in the direc- ' ^* 

tions of the axes. A sinular construction Fig. 35. 

will apply to all the other forces. 

Now, as in Art. 63., the sum of the forces resolved in the direc- 
tion of oa? will be equal to the force of the resultant resolved in 
the same direction, and so on similarly with the resolved forces in 
the direction oy, hence we have 

x=XiH-Xg+X8+&c. . . . (1), 

and T=Ti-|-T2+T3+&c. . . . (2); 

but from the right angled triangle A, x, p,, we have 

A,x,=A,Pi X cos a„ and AiY, = AiPi X sin a„ that is 

Xj=Pi cos a„ and ri=Pi sin «„ 

and similarly x^rsPjCOsaj, T,=P2sinas, and so on to the other 
forces; therefore by substituting in the preceding expression (1) 
and (2), we obtain (1) and (2) of Art. 63. ; and hence, also, eqs. 
(3) and (4) of Art. 63., hold true. Moreover, since Pi x ojo, is the 
moment of Pj, and so on to the other forces, therefore the general 
equation of moments (4) Art. 66., also holds true. 

o 2 
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Work op Forces acting in the same Plane. 

70. To estimate the work of a pressure, when its line of action 
is not in the direction of the line in which the point of application 
moves. 

Let PA represent the pressure, and let the point of application a 
move from a to o by the action of this pres- 
sure constantly acting parallel to itself. 
Complete the parallelogram AxPY,and draw 
iLp perpendicular to op' or ap. The pres- 
sure AP is equivalent to the two pressures a x 
and AT, but the latter pressure does no work ^^ gg 

because no motion takes place in its direc- 
tion, therefore the whole work is performed bj the pressure ax ; 
«*, work done from a to o= pressure x space 

=AXXAO. 

But from the similar triangles apx and OA/?, 
A X X A0= AP X o/> ~ p X o/>, 
.% work done from A to o=p x 0/> • • • (1). 

Now op may be regarded as the virtual motion of p, or the 
motion of p estimated in the direction in which it acts, hence if we 
call op the space described by p, then Txop will be the work of 
p ; taking this aspect of the subject the preceding result may be 
expressed as follows : the work of a pressure in moving the point 
of its application over a given space, not in the line of its action, is 
equal to the work of the pressure estimated in the direction in 
which the pressure acts. 

If u:athe work done from a to o; Z pax = »; 5=0|); and 
s=AO; then 

u=p . « . . . (2) ; 

but «=s . cos a, 

/, u=p . s . cos » « • . (3). 

71. To estimate the work of any number of pressures applied 
to a point 

Let Pi, Pj, &c., be the pressures applied to the point A (see^^. 
33. Art. 66»), and let A be moved to o, while the pressures remain 
constant and, parallel to themselves, then we have, by eq.(l), 
Art 62; 

x=Pi cos «i -f Pj cos a,-|-&c. 

Multiplying by A o> we. have 

X . AO — Pi . AO . COSai + P, . AO . C0Sa, + &C., 
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but AO . COS »i=jLpi=:Si, AO • COS a z=ijLpi=:s„ and so on ; hence 
we h&ve, putting s for AO, 

X . s=Pi . «iH-P, . «j-f &c. .••(!). 
Here x . s is the whole work of the pressures estimated in the 
direction of motion, Pj . s^ is the work of Pj estimated in the direc- 
tion in which it acts (see eq. (2), Art. 70.), and so on to the other 
products. Hence the whole wobk done is equal to the sum 

OF THE WOBKS OF THE DIFFERENT PRESSURES ESTIMATED IN 

THEIR RESPECTIVE DIRECTIONS. Or WO may more simply express 
this result by saying, that the work of the resultant is equal 
TO the sum of the works of the different components. 

It is to be observed that each term in eq. (1) is to be taken 
positively or negatively, according as the direction of the corre- 
sponding pressure acts towards the direction of motion or contrary 
to it. 

72- Tq estimate the work of any number of pressures applied to 
any points in a plane rigid surface. 

Let Pi, Pj, &c. be any number of 
pressures acting at the points a^, a,, 
&c. of a rigid surface, let it be 
moved over the space AO in the 
direction ax, while the pressures 
remain constant and parallel to 
themselves ; then the points of 
application, Aj, Aj, &c. will be re- 
spectively moved over the spaces 
AjOi, A^o^ &c., and which are re- 
spectively equal and parallel to AO. 
Art. 69., 

X=Xi + X, + &C* 

multiplying by AO, we have 

X . AO=Xi . AO+X, . AO+&Q* 

Bat from the similar triangles a^ Pj x^ and Ai o^ pi, 

A,XiXAiO,=AiPiXAi;)».; 
that is, 

XiXAO=Pi . «i; 

in like manner from the similar triangles a^i^x, and J^o^pt, 

x,x A0=P, . s^ and so on ; 

.% X . S=P| . *i+P» . 5,+&c. . . . (I), 

which is the same result as that of eq. (1), Art. 71. 

o 3 




Fig.sr, 
Hence we have, by eq. (1), 
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73- If u represent the whole work or x . s, and u, the sum of 
the works done by the different pressures in the same direction, 
and n, those done in the contrary direction ; then eq. (1), Art. 72. 
becomes ^ 

U=Ui-U, ...(1> 

If the pressures are ^in equilibrium^ then x=:0, and eq. (l). 
Art. 72., becomes 

Pi . Sy+T . #,-f&c.=0 . . . (2). 
or u,— u,=0. 

74. Principle of virtual velocities* — When the displacement 
Ao or s is very small, «i, s^ <&c. are called the virtual velocities of 
the pressures p,, p» &c., and then eq. (1), Art. 72., represents the 
equation of virtual velocities, where it is now to be observed that 
the pressures may vary both with respect to direction and intensity, 
but that they are regajded as constant just for the instant at which 
the equality holds true. 

75. To estimate the work of a pressure when the rigid surface 
turns about a fused centre. 

Let o be the fixed centre, Pi the pressure applied to the point 
A in the direction Pi p^ a^ ; let a 
be moved through the small arc 
AAi, then the resultant pressure Bi 
will be in the direction aA|; from o 
and Ai let fall the perpendiculars 
o^i and AiOi. Now because aa^ is 
very small^ it may be regarded as a 
straight line perpendicular to oa ; 
hence the triangles AA^ai and Aopi are similar. 

As no motion takes place in the direction oa, therefore no work 
is done in this direction, and therefore the whole of the work is 
done by b, in the direction aa^ ; 

/. Work done from a to Ai=Ri x aAi ; 
by the equality of moments, 

RiXOA=PiXOj[>i; 
and by the similar triangles aAi<7i and aoj9i, 

AAi_Aa, ^ 

OA ~o]5i' 
therefore, by multiplying the last two equalities, 

RiXAAi=P,XAO, ; 

that is. 

Work done from A to Aj=Pj x Aa, 

=p,x «,...(!); 




JF%r.SS. 
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which is the same result as eq. (1)> Art. 70., the space *, in this 
case being taken very small> or, what is the same thing, *i being 
the virtual velocity of Pj. 

76. The principle demonstrated in 
the preceding article holds true for 
any angle of rotation. 

As OA revolves let the pressure p, 
act constantly parallel to its ^st direc- 
tion ; let A, Ai, A^ &c. be the consecu- 
tive positions of the force ; draw A^ aj, 
A,a» &c. perpendicular to PiA pro- 
duced, the direction of the force Pi; 
then by eq. (1), Art. 75-, 

Work done from a to Ai=Pi x aoj, 

„ » »» Ai to Aa=P, X Aj 5=Pi X O, a» 

„ „ „ A, to Ag=PiXA,c=Pixa,aj, 
and so on ; 

.% Work done from a to As=p, x AOj-fPi x a^a^+i?^ x «,«, 

=:Pi (Aai+aiOj+ajflj) 
=PiXAa8» 
and so on to any number of consecutive positions ; hence we have 
generally, the work done by the parallel pressure P| in turning o a 
ihrotigh any angle is equal to the pressure multiplied by the space 
through which it moves injthe line of its direction. 

77. The propositions contained in the two foregoing Articles 
may be extended to any number of pressures, Pi, p,, &c. 

By eq. (4), Axt. 66., we have 

R . r=Pi . j^i-f Pa . j9,+&c. 

Suppose the whole rigid plane, in which the forces act, to be 
tumed^through a small angle A0Ai=9, see^^. 38., then the lines 
drawn from o to the different points of application of the forces 
will all move through the same angle ; also let s^^ s^ ...^ «, be the 
virtual velocities of Pi, p,, . . ., b respectively. Now from the simi- 
lar triangles AO/?i and aAi^i, we have 

OA AA, OAXd' 






in like manner, p^ 



-^ 



a 4 



and r— -; 
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hence bj substitutioD, 

/. B . «=Pi . ^jH-Pa . *2+&C. . • . (1), 

where each of these different products represents the work of each 
pressure done through the virtual space over which it moves. By 
reasoning as in Art. 76., it follows that the preceding formula is 
not limited with respect to the angle of rotation. 

Paballel Pbessubes. 

Although the fundamental proposition relative to parallel pres- 
sures has been demonstrated in prop, L, Art. 51., yet it will be 
instructive to show how this proposition may be derived from the 
parallelogram of forces. 

78. Let two parallel pressures p and Q act at the points a and b 





Fiff, 40. 



Fiji. 41. 



respectively of a rigid plane ; it is required to find the direction 
and magnitude of their resultant. 

At the points A and b let equal and opposite forces s be applied 
acting in the line ab ; these forces will obviously not affect the 
system, p and s acting at A will have a resultant in the direction 
AD, and Q and s acting at b will have a resultant in the direction 
BO. In the second figure the forces act in contrary directions, and 
Q is supposed to be greater than p ; and therefore in this case the 
resultant bd must lie nearer to Q than the resultant ad does to p^ 
and hence bd and ad must meet at some point. Suppose these 
resultant forces to act at d, and let them be resolved into their 
original components, viz., the resultant in ad into p and s, and 
the resultant in bd into q and s; the portions s and s will destroy 
each other, leaving the resultant p+q acting in the direction DC 
in the first figure, and the resultant Q— p acting in the direction 
CD in the second figure. 
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Now from the triangle of pressures (see Art. 58.) we haye, first 
from the triangle acp, 

p : 8 :: CD : AC; 

and second from the triangle bcd, 

s: q::bc : CD; 

therefore, compounding these proportions, 

p:q:: bc : ac; 

/. PXAC=QXBC .. . (1). 

When AB is perpendicular to the direction of the forces^ AC and 
BC become the arms of the forces, and then this equality expresses 
the equation of moments. 

79. If G be a fixed point or fulcrum, its resistance will destroy 
the resultant, in dc, passing through it, and p, q will be in equili- 
brium about this point when their moments are equal to each 
other. This is the principle of the lever. 

80. Let Pi and p, be two parallel pressures^ acting at Pj and p, 
in the line oa?, and Ri their resultant ; then by eq. (1), 

PiXPiRi=PjXPaBi, 
/. PiX(ORi-OPi)=P,X(OP,-OR,), / / / 

/. (Pi4-P,)XOR,=PiXOP,+P,XOP» o ^i/ /^i ^ ^ 

/. R X ORi=Pi X OPi-fP, X OPj . . . (2). ^* 

81. To find the resultant of any number of parallel pressures, 
Pi, Pj, &c., acting at any point in a plane. 

Take ox any line in the plane, and produce the pressures until 
they intersect this line, as 
shown in the figure ; now as /^ / / /^^ ^ 

these forces may act at any / / / 

point of their direction, we o"^^ ^ 7i ?^ S~~^ 

may suppose Pi to be applied ^' ^^' 

at/>i, p, 2Xpv and so on. Let Rj be the resultant of Pi and p» r, 

the resultant of Ri and Pj, and so on. Then by Art. 51. or 78. we 

haye 

B,=P|+P„ 

R,=Ri+P8=Pi+P8+Pa, and so on. 
Put o/>iS=;?i, 0Pi=Pf, and so on ; orj=ri, or,=rj, and so on ; 
then by eq. (2), Art. 80., 

Ei.ri=Pi.i?i + P, .pr 
In like manner 

Rj. rjSsRi .ri+Pg'i's 

=Pi ./?i+P, ./^a+Ps/'s; 
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and so on to any number of pressures. Hence we have generally, 
putting B for the resultant of the whole pressures, and r for its 
distance from o, 

R , r=Pi . J3|+P, . j[>,+&c. . . . (I) ; 

but R=Pi-f P,+&C., 

A (Pj+Pj-f&c.) r=Pi . J9,+P, . J3,+&C (2) ; 

• • P|-fP,+&C. 



(3), 



which gives the distance at which the resultant acts from o. 
When some of the pressures in the foregoing formulas act in oppo- 
site directions thej must be taken negative ; and also when some 
of the forces act on the left side of o, their moments must be 
taken negative. 

82. To find the resultant of any number of parallel pressures 
p^, p„ &c. acting at any points in space. 

Let Pp p» Ps, &c. be the points of application ; let oa; and oy be 
the rectangular axes in any assumed 
plane xoy^ and 02; an axis perpendi- 
cular to this plane ; join P| and p,, 
and produce the line until it cuts the 
plane xoy\VLQ\ let Ri be the result- ' 
ant of Pi and p, ; join b^ and p,, and 
let B3 be the resultant of Ri and p, ; 
and so on ; from Pi, B^, Pj let fall the 
perpendiculars Pij^i, Bi r^^ P,j9j on the plane xoy ; then by eq. (2), 
Axt. 80., we have 

Bj X CB,=Pi X CPi+Pj X CPj, 




JY^r. 44. 



_ CPi , CP, 



Now by the similar triangles, cPi/?„ CBjri, and cp,/?» 



CP|_Pi^i 
CBi B, tI 

therefore by substitution, 



CB, Bjri' 



."^tp^ 



R-P^x^i^+p,x:^^; 

/. Bi X Bir,=P, X Pi J[>,+P, X P,/>a- 

Or putting Zj for Bir„ z^ for Pj |)|, and z^ for Pj{P« 
Bj . Zi=Pi . 2r,-|-Pj| . 2r,. 
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In like manner we haye for the resultant b, of the pressures 
Ri and Pa, 

Rj. Z,=B, . Zi+Pg. z^ 

=Pi.2ri+Pj.2rj+Pa.2r„ 
and so on to the resultant b, and p^, &c.y so that, putting 9 . z for 
for the moment of the last resultant, we have generally 

R . Z=Pj . 2?i + P, . 2r,-f &C. ... (1), 

where the pressures which tend to move in a contrary direction 
must be taken negative. • 

In like manner we have for tiie planes zox and zoy respec- 
tively 

R . Y=p, . y,+p, . y,+ &c. . . . (2), 

and R . x=p, . a?,+Pj . Xj-f &c, . . • (3), 
Now as in Art. 8L, we have 

R=Pi + P,-f&C., 

therefore from eq. (1) 

,_ Pi'^i-hP, .g«+&c. . . 

^~ P, + P,+ &c. W, 

which determines the distance of the point at which the resultant 
acts from the plane xQy\ in like manner y is found from eq. (2) 
and X from eq. (3), which give the distances of the point at which 
the resultant acts, measured in reference to the planes xoz and 
yoz respectively. 

83. The point at which the resultant acts is called the centre of 
parallel pressures. The product of a pressure by its distance 
from a plane is called the moment of that pressure in relation to 
that plane; according to this definition, therefore, eq. (1) shows 
that the sum of the moments of the different parallel pressures^ 
considered in relation to a given plane, is equal to the moment cf 
the resultant. 

84. Now the value of z given by eq. (4) is independent of the 
directions of the parallel pressure. Hence it follows that the 
position of the centre of pressure will remain unchanged whatever 
may be the direction of the pressures, provided that their magni- 
tudes and points of application remain the same. 

Work of parallel Pressxtres. 

85. Let the pressures p^, p„ P3, &c. act perpendicular to the 
plane xoy {see^g. 44.), suppose Pi to be moved through the space 
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hiy Pa through h^ and so on, and b through h; then by eq. (1), 
Art. 82., 

R . Z=Pi . Zi +P2 . Z,+ &C. 

But we have for the new position of the forces, e, Pp p» &c. 
respectively z+h, 2?i-fAi, z^-^h» &c, 

subtracting the first equality from the second, 

. B . A=Pi . Ai-f Pj . A,-f &c., 

/. (Pi-fP84-&c.)A=Pi . Ai-fPj . A,+&c. ... (1). 

but the different products in this expression are respectively 
equal to the work of their corresponding pressures; hence the 
work done by the sum of the parallel pressures is equal to the sum 
of the works severally done by the pressures ; observing that the 
works done in a contrary direction must be taken negatively. 

86. If u be put for the work of the resultant, u^ for the sum of 
the works of the pressures done positively, and u, for those which 
are done negatively $ then eq. (1) becomes 

u=Ui--u, . . . (1). 

87. If the pressures Pi, p» &c. are in equilibrium, then u=0, 
and 

Ui— u« =0, or Ui=Uj . . . (1). 



Limiting Angle op Friction. 

88. Let A be a material particle (see j^. 36.) moved on a rough 
plane AO by the action of a pressure p represented by ap, then by 
Art. 70., AX represents the effective force tending to give motion 
to the particle, and ay the effective pressure on the plane. Let 
/=the coefficient of friction (see Art. 23.), and Z.pa.y=6, then 
we have 

Pressure on the plane=AT=AP • cos 6=p cos 6; 

/, Resistance of friction==/*p cos 6 ; 

Effective pressure tending to move the particle in opposition to 
the resistance of friction=Ax=p sin 6. Now motion will or will 
not take place, according as this pressure is greater or less than 
the resistance of friction ; and when motion is upon the point of 
taking place, the one must be equal to the other, and then the 
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angle 6 is called the limiting angle of resistance; in this case 
therefore, we have 

/p cos 0=p sin 0, 

, ^ sin . „ 
•^ cos 

The magnitude of this angle has been determined by experiment 
for different rubbing surfaces (See "Moseley's Engineering," 
p. 149.). 

This result shows that the coefficient of friction is equal to the 
tangent of the limiting angle of resistance. If the pressure p be 
applied within this angle, then no motion can take place, however 
great that pressure may be ; and on the contrary, if the pressure 
be applied without this angle, then motion will take place, how- 
ever small that pressure may be. 



CHAP. V. 

CENTRE OP GRAVITY. 



89. Every heavy body is composed of an indefinite number of 
particles, each of which is acted upon by the force of gravity in a 
direction perpendicular to the horizon. The sum of all these 
parallel forces is evidently the weight of the body. Now there 
must be a point, where a single force, equal to the weight of the 
body, being applied, will produce the same effect, as the force of 
gravity acting upon the various particles composing the body ; — 
this point is called the centre of gravity of the body. 

If the pressures Pi, p^ &c. in Art. 82., be produced by a 
system of heavy particles whose weights are respectively repre- 
sented by the units in these pressures, then the centre of gravity 
of the system will correspond with the centre of parallel pressures 
there determined, and the equations (1), (2), (3), (4), &c. will 
hold true in relation to the position of the centre of gravity of any 
system of bodies or parts of the same body. Hence it follows that 
a body or a system of bodies can only have one point as the centre 
of gravity, which in general lies in the intersection of three planes 
perpendicular to one another. Since the centre of gravity of a 
body or a system of bodies lies in the direction of the resultant of 
the parallel pressures of the parts composing the system, it 
follows, — 1. That if the centre of gravity be supported the 
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system will remain at rest, and vice versd, 2. That if any body, 
acted upon by the force of gravity, tend to turn a lever, we may 
regard the weight of the whole body to be collected in its centre 
of gravity. 3. That the centre of gravity will always descend to 
the lowest point possible. 4. That the centre of gravity of all 
regular, or symmetrical bodies is in their centre of magnitude. 

90. To find the centre of gravity, g, of two weights, Pj and p» 
connected by a rigid rod supposed to be 

without weight. 9 9 ^ 

If the point G be supported, the bodies 
will be in equilibrium ; then we have by ^*^' ^^* 

the principle of the equality of moments, expressed by eq.(l), 
Art. 78-, 

p,XPiG=PjXP,G. 

Let p, P,=^ the distance between the weights; and a?=PiG, 
the distance of the centre of gravity from the weight Pj ; then 
p,G=/— a?, and the preceding equality becomes 

Pj X a'=Pj X (/—a?) ; 
p* X / 

Or thus, 
Taking any point o, in the direction of the rod, as an axis of mo- 
ments ; put o Pi=Pi, 0P,=j[>2> and OG=a?. ^^ ^ 

Here by eq. '(2) Art. 80., the moment of ^ ^ ^ ^— - 

the sum of the weights acting in their Fiff* 46. 

centre of gravity, g, is equal to the sum of the moments of the 
weights taken separately. 

Now when o is taken at P|, we then have^ op,=0, and in this 
case the expression becomes 

Pj-fp, p,-fp,' 

which is the same result as before determined. 

91. If «ii be put for the volume of the weight p^ m, for that of p» 
and so on, and m for the volume of the whole body making up the 
weights p„ Pj, &c., then when the material composing these bodies 
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is the samey thdr weights will be proportional to their volumes, 
and consequently in determining the centre of gravity of a body, 
or of a system of bodies, composed of the same material, we may 
use the volumes of the bodies in the plaee of their weights. 

92. To find the centre of gravity of any number of bodies, con- 
sidered as points, in the same plane. 

Let Wi, w» Wg, &c., be the weights of the bodies ; take any two 
straight lines A Xy and Ay at right angles 
to each as axes of co-ordinates. Join 
Wi W2, and let g, be the centre of gra- 
vity of Wi and w,; join Gj w» and let 
Ga be the centre of gravity of the three 
weights Wi, Wj, Ws ; and so on. From 
Wi, Gi, w„ Ga, &c., let fall, Wja, G^i, 
WaC, Ga^ii^ &c., perpendicular to Jlx. 
I^et 2fi^ y^ y^ &c., be the distances of Fig. 47. 

Wp Wa, w^ &C., from ax, and or,, a^, x^ &c., their distances from 
Ay ; also let y and x be the distances of the centre of gravity of 
the system from a a? and Ay respectively. Now if we find ex- 
pression for y and acy the centre of gravity of the system will be 
determined. 

By the equality of moments, 

W, X W, G,= Wa X W,Gi, 
w. w-Gi ch . . ., IS 

""a^— a?i ' 
solving for A 6, we get 

^ t Wi a?i -j" Waa ?a 

"" Wi + Wa 

Now in finding the centre of gravity of the three bodies w„ w,, 
Ws, we may suppose the two former to act in their centre of 
gravity g, ; hence we have 

Ad=(n±5M±Zs£», substituting for Kb, 

"P^i + Wa + Wa *=* ' 
W| X^ -f- Wa3?a "h ^3*^8 , 

" Wi+w,-fw, • 
and so on for any number of bodies ; hence we have generally, 

^__ Wia?i+W2a?a+ . . . -f w^a^n /jx 
Wi+Wa+ . . . +W„ • • • ^ ^' 
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which gives the distance of the centre of gravity of the system 
from Ay. If the system be conceived to turn round on Ay as an 
axis of motion, the numerator of the right hand member of this 
expression will be the sum of the moments of the weights, and 
then the whole formula becomes an obvious application of the 
simple principle of the equality of moments. 

In precisely the same way, we find 

•^iyiH-w,y8+ . . . +w^yn ,o\ 
^ Wi+w^-f . . . +w« • • • ^ ^ 
which gives the distance of the centre of gravity of the system 
from XX, In this case we may conceive the system to turn round 
on A or as an axis of motion. 

^ When the bodies are not in the same plane ; if we conceive 
three planes perpendicular to each other to be drawn on which 
we may conceive the weights to be projected perpendicularly, the 
three edges formed by these planes, will become three axes of 
motion about which the moments of the weights are to be taken, 
so that, in this case, we derive three equations of precisely the 
same form as (1) and (2). See eqs. (1), (2), and (3), Art. 82. 

93. To find the centre of gravity of a triangle. 

Let ABO be the triangle; bisect ab in d, and join CD. Now 
CD will bisect all lines, such as be^ drawn 
parallel to A b. A 

The triangle may be conceived to be made / / i\ 

up of a series of lines, such as he^ drawn / ^l « V 

parallel to ab, having their middle points or / / l/f 

centres of gravity lying in od. Hence the / ^/Jw* \ 
triangle would be balanced upon an edge £y^ W\ \ 
lying along CD; that is, the centre of gravity a d *a b 

of the triangle lies somewhere in this line. ^*^* ^^' 

In like manner the centre of gravity of the triangle must also lie 
somewhere in the line ae bisecting the side bc; but it has been 
shown, that it also lies in cd, therefore it must be in the point a, 
where these two lines intersect 

Join DE, then because ce is equal to eb and ad to db, the line 
DE is parallel to ac, and the triangles doe and ago are similar ; 
hence 

CG_AC 

gd^de' 



but AC is double de ; 



cg=2gd; 

GD=^CD. 
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Let ADE be a plane 




Thus the distance, gd, of the centre of gravity from the middle 
of the base is one-third the whole line CD. 

Further, if gA and ca be drawn perpendicular to the base, the 
triangles dgA, Dca will be similar ; and since dg is one- third DC, 
therefore Gk will be one-third ca. Hence the distance of the 
centre of gravity of a triangle from the base is one-third the 
whole elevation, 

94- To find the centre of gravity of a pyramid having a tri- 
angular base. 

Let A BCD be the triangular pyramid, 
passing through the edge ad and bisecting 
cb; a the centre of gravity of the face 
ABC, and r that of bcd; join J>a and Ar, 
intersecting each other in g ; then g will 
be the centre of gravity of the pyramid. 

We may conceive the pyramid to be 
made up of thin plates, such as cfm, 
parallel to abc. Now because »i/is pa- 
rallel to CB, and cb is equal to eb, there- 
fore mn ia equal to nf\ let Da meet en 
in e, then because cw is parallel to ae, the 
line Dea will divide these two lines pro- ^'^- '*9- 

portionally, that is, since Aa=2aE, so therefore ce=2e9ii hence 
e will be the centre of gravity of the triangle cfm. In like 
manner it may be shown that the centre of gravity of every 
section parallel to abc is in the line Da ; therefore the centre of 
gravity of the whole pyramid must lie in the line Da ; and for the 
same reason it must also lie in the line Ar; therefore it must be 
in the point G, where these two lines intersect. 

Since Ea=^EA, and Er=^ED, Art. 93, therefore ar is paralle 
to AD, and the triangles arE, ade are similar, 

AD_AE^ 

ar aB 
but AE is three times as ; 

.•. AD is three times ar. 
Also the triangles agd, aGr are similar, and 

GD__AD 

Ga~ ar 
but AD is three times ar; 

/. GD=3Ga; 

.', Ga=jDa. ^-j* W - 
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Thus the distance, a a, of the centre of gravity from the base is 
one-fourth the whole line Da. 

Further, if perpendiculars be drawn from g and d upon the 
base ABG, these perpendiculars will have the same ratio to each 
other, as the lines ao and ao; hence it follows, that the distance 
of the centre of gravity of a pyramid from the base is one-fourth 
the whole elevation. 

95. The above rule holds good whatever may be the form of 
the base of the pyramid or the conical body. 

As every conical body may be conceived to be made up of an 
infinite number of three-sided pyramids of the same height, and 
having their centres of gravity at the same distance from the base, 
that is, at one-fourth the whole perpendicular height, it therefore 
follows, that the centre of gravity of the whole conical body must 
also lie at this distance from the base. 

96. To find the centre of gravity of a frustum ^ 
ABED of a cone. A 

Let ACB be the complete cone, g its centre of /|\ 

gravity ; G, the centre of gravity of the top cone 
cde; and G| that of the frustum; then taking o 
as the centre of moments, we have. Art. 91., ^i 

CG X cone ABO=CG, X cone decH-cGi x frust. abed, m 

CG X cone ABC— CGjX cone dec ^ 



CGi 



frustum abed 



Put co = a, CR==ai, and »i=cone abc; then og=2«> cg, 

3 

= - fli ; and as similar solids are to each other as the cubes of 

a^ a ' 

their like dimensions, cone dec=-^ w, frustum abed=w — \m 

a^ ' a* 

=wf 1 — ^ j ; therefore by substitution 

3 3 fli^ 
^ 4 ^ a« 3 a'-a ,^ 

which is the expression required. 

This formula will obviously hold good for any truncated pyra- 
jiiid, whatever may be the form of its base. 
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97. To find the height of the centre of gravity of any frustum 
of a pyramid. 

Let A^zrthe area of the base ab (see^^. 50.); Ai^=the area of 
the top DEi A=the height of the frustum; a:=CR the height of 
the top pyramid ; then (Tate's " Geo. and Mensuration," p. 75.) 
we have 

Now taking the moments with reference to the base ab, we 
have 

Moment whole ^jTSimid=^k^{h-\-x)xj{h-\-x) 

1 h^k' 



""12 {k^k,y 
Moment top pyramid = -k^^xx (j x-\-h J 

""12 • {k-k.y ' 

.'. Moment frustum = Moment whole pyr. — Moment top pyr. 

"12 {k-k,y 

Let ^=the height of the centre of gravity of the frustum ; 
then 

Moment frustum =y x solidity frustum 

=y>i\[k\h+x)-k,^x) 

hence we have, by equating this expression with eq. (1), 
h k'+2kk,^^k,' 

This formula also holds true when k^ is greater than k, which 
may be readily verified by subtracting y from h, 

98. When the solid is a frustum of a cone, the radii of whose 
ends are r and 7\^ then k^^rrr^^ and k^^^irr^ ; in this case, tiiere- 

H 2 / 
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fore, the above expression holds good by merely substituting r for 
k and r^ for h^, 

99. To find the centre of gravity of a trapezoid abcd. 

Let DC and ab be the parallel sides ; bisect dc in m, and ab in 
L ; join ML ; then the centre 
of gravity of the trapezoid 
must lie in this line. From 
D draw DK parallel to cb. 
Let Gi be the centre of gra- 
vity of the parallelogram 

DCBK, and Gj that of the 

triangle adk; join GiGj; 

cutting ML in G; then G *^' 

will be the centre of gravity of the trapezoid. 

Let fall GgF, GN, and GjE, perpendiculars to ab ; then taking ab 
as the axis of moments, we have 

GNxarea trap. abcd=g,f xarea ADK+GjEXarea dcbk. 

Now put A=the perpendicular distance between A b and DC; 
AB=i; DC=fti; then, Art. 93., GgF =^^ ; GiE=.-|A; area adk 
=AKxiA=(6— fti)x^A; area DCBK=AiA; area ABCD = (i+ii) 
y.\h\ therefore, by substituting these values in the above 
equality, we have 

GNX (5+^02 = 3 x(*-*i)2+2^^*^' 

3(5 + ^) ' 

which gives the distance of the centre of gravity of the trapezoid, 
from the side ab. 

100. To find the centre of gravity of a trapezium by geometri- 
cal construction. 

On the sides DC andAB produced, take cq=ab, and ar=dc ; 
join RQ, cutting ml in G ; then G will be the centre of gravity re- 
quired ; which may be readily proved from the expression for gn 
just determined. 

101. The formula here found also gives 
the height of the centre of gravity of an 
embankment, having its end sections pa- 
rallel to each other, as shown in the an- 
nexed figure. 

102. To find the centre of gravity of a 

"V^f^^e ABODE. 

*~"i:etji>GS be a plane section parallel to the end cbp; then dbg 



GN = 




Fig. 52. 
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7^ 



Fig. 53, 



will be a prism, whose centre of gravity is at one-third the per- 
pendicular height; and asd will be a 
pyramid, whose centre of gravity is at 
one-fourth the perpendicular height. 

]^ut L=:the length ab, /=the length ^^<fi:^....y/...'..X ?.( 

of the edge dc, B=the breadth of the 

base AE, A=the perpendicular height 

of the wedge; and y= the height of its 

centre of gravity ; then the solidity of 

the wedge=^BA(/+2L). See "Tate's Geo. and Mensuration," 

p. 170. 

Momt. wedge =Momt pyr. ASD+Momt. prism dbg 

But, Momt. wedge =y x ^ b A (1+ 2 l) ; 

Momt. pyr. asd=:J^Ax^Ab(l--/) 

Momt, prism DBG=^ Ax I^A/b, ' * 

=iA^/B; 

•• ^"■2(/+2l)* 
This formula holds good when the edge is longer than the base. 
The distance of the centre of gravity from the edge dc will be 



h 



"2(/+2l) 2(/+2l)* 



103. To find the centre of gravity of a pontoon or rectangular 
prismoid abode, whose parallel faces ap 
and dh, are dissimilar rectangles. 

Here the solid will be divided into two 
wedges by a section edcp passing through 
the opposite edges do and ep. 

Put L=AB, /=DC, b = ae, i=DF, A=the 
perpendicular height of the pontoon, y=the 
height of its centre of gravity. 

Momt. pontoon=yx solidity, 

=y X ih {LB+Z6+(L+r)(B+^)} * 




Fig, 54, 



• See Author's " Geometry and Mensuration," p. 171. 
H 3 
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and by Art. 102., 

Momt. wedge abce= .^^ ^ x-^bA(Z+2l), 



y=^ 



=^ . b(l+0, 
Momt. wedge edhp= ^ ^ x^bh(i.+2l) 

=^2 . 6(3 Z+L). 

Hence we have, hj making the moment of the whole pontoon 
equal to the sum of the moments of the two wedges, and reducing 

h b(l+/)+^(3/+l) 

'2 ' LB+lb + {l. + l)(B + b)' 

This formula holds good whatever may be the relative dimen- 
sions of the parallel faces, which may be verified after the manner 
explained in Art. 97. 

104. To find the centre of gravity of any curved space abrn, 
bounded at the extremities by two vertical straight lines ab and 

NR. 

Draw the horizontal line aj, intersecting nr produced in the 
point J ; divide aj into n equal parts, ak, kl, . . ., tj; draw the 
vertical lines kd, lp, . . ., 
TS, cutting off the trape- 
zoids abbo, cdfe, . . ., 
tsrn. Putao=-A.B, «!= 

CD, flf,=EP, . . ., NR=a^ 

a=AK=KL=&c., and let 

ffi> 9» " -9 ^ft> l)e put for 

the respective distances 

of the centres of gravity 

of the Ist, 2nd, . . ., nth 

trapezoids from A; also, 

let g be the distance of 

the centre of gravity g of 

the whole surface abrn from a ; then, we have, by the equality of 

moments, 




Fig, 55. 



9 



__g^tXABDC-t-^gXCDEF-t- . . . +g^xn%i^'s 



abrn 



But by Art. 99., g^=z 



__a aQ-\-2a^ a ai + 2as 



3 ao + a, 



^2=« + 



3 a|-|-a. 
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= Q • — -T — -\ and so on; a„=(w— l)a+K • . 

^« ^ (3w~2V^^-^(3y^-^lX 

3 ' «»_!+«„ 

Again, ABDC=(ao+«i)5; CDEF=(ai+a2)o' and so on; 
RSYN=(a^i+a„)|;and, 

ABRN=|{ao+an+2(oi + aj+ . . . +a„„i)}.* 

Hence we have, by substituting these values in the above ex- 
pression for gy 

a (go-h2fl^) + (4a^ + 5a8)+ > .. + {(3w-2)a^i4-(3w-lK} 
^ 3 • «o + «n+2(ai-h«2+ . . • +«n-i) 

_a go+(3»--l)gn+6{fl^+2a,+ . . . +(n-l>,^i} /^n 

The Author first gave this theorem in his " Exercises on Me- 
chanics." 

Example, If «=4, then, 

__a flo + llg4-f6(ai4-2fla+3fl3) 
^ 3 ' ao4-«4 + 2(a, + a8-f-«8) 

105. Let M„ be put for the moment of the surface abpn about 
A ; then we get from eq. (1), 

M„=area abpn xg 

2 

=-^C«o+(3/i-lK+6(a,+2a,+ . . . +«-la^j)] . . . (2). 

This formula may also be established by the following method 
of proof. 

Let Ai, Aj, . . ., A„, be put for the areas of the spaces abdc, 
ABFE, . . ., ABRN respectively, and m , Mg, . . ., m» for their re- 
spective moments about a ; then, 

a, ^ a aQ'\-2ai 

= «-(«o+2ai); 



See the Author's " Geometry and Mensuration," p. 160. 
H 4 
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MjrrAiX^i+AjX^a 

= g(«,+2«,)+2(«.+«.)(«+3 • ■^^) 

a* 
= g-(«o+5a2+6a,)- 

Assume the law for the value of m^ exhibited in eq. (2) to be 
true, then we shall show that it is also true for M„+i, 

M„+l=Mn-l-A„+i X^a+1 

=M„+|'{(3»+lK+(3»+2K+J 

= g [«o+(3w+2)«„+i+6(ai+2a,+ . .. + «««)] 5 

hence the law assumed for Mn is also true, for m„+i ; but we have 
shown the law to be true for Mj and Mg ; therefore it is true for Mg, 
and being true for M3 it is also true for M4, and so on generally. 

106. It will be observed, that in arched structures, the ordinates 
AB, CD, EP, &c., towards the spring, vary much more in their 
length than the ordinates, ts, &c., which lie towards the crown ; 
it is desirable, therefore, in order to secure a greater degree of ac- 
curacy in the calculation, that the equidistant spaces towards the 
spring should be taken less than they are taken towards the crown. 

Let DVRN be a portion of an arch. Divide dq into three equal 
parts, of which dm is one; and let dm and mq be each divided 
into n equal parts, and proceed as in the foregoing construction. 
Put io> ^i> • • •> ^n> for the ordinates of the portion d b, Ai its area, 
Mj its moment about d ; a^ ai, . . ., a„, the ordinates of the portion 
AR, A its area, m its moment about a ; A* the area of the whole 
portion dr, m^ its moment about d; a the distance between the 
ordinates on the portion ar; then, by the principle of moments, 

m1=Mi + a X (dm+ A^) 

=Mi+M + A . DM . . .(3). 

Now M is given in eq. (2) ; and similarly, 
and from eq. (3), by substitution and reduction, we get 
. . . +(w-l)(i^i+4a^0}]+^xi^« • • • (4), 
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which gives the moment of the surface dvpn about d, whence 
the distance of its centre of gravity from d is readily found by 
dividing by a+Aj or A^ 

107. Let vnrhe the extrados of an arch ; Dn and mr joints of 
the arch stones ; nt and rs verticals. Put s=nty />=the distance 
between the verticals dv and nt; 5'=the moment of the area t>y tn 
about D ; Q=the moment of dnr^w about d ; then, 

Now, area D«^RN=A+Aj+^(io+*)> 

/. Distance centre gravity of the mass dts^rn from d, 



Q 



Mi-^(fto+20 



"area dw^rn 



l/>/ 



.(6). 



A+A,+|(fto+*) 

These formulas are useful in finding the point of rupture in an 
arch. 

108. Given the centre of gravity of a circular arc, to find, 
(1.) The centre of gravity of a sector of a circle ; (2.) That of a 
circular ring ; (3.) That of a segment of a circle. 

If DE be the arc of a circle, G its centre of gravity, and c the 

centre of the circle ; then, 

radius CD x chord de ,. , 

CG= . . . (1). 

arc DE ^ ' 

(1.) Let it be required to find the centre of gravity of the sector 

ABC. 

Conceive the sector to be divided into an infinite number of 
triangles, by lines drawn from the centre c to the arc ; then the 
centre of gravity of each triangle will 
be at a distance from c equal to \ the 
radius of the arc a b, and therefore the 
centres of gravity of all the triangles 
will lie in a circular arc de, whose 
radius CD is equal to f CA ; now as we 
may suppose, the weights of all the 
triangles to be collected in this arc de, 
and so uniformly distributed through it, 
that the centre of gravity of the whole 
sector CAB will coincide with the centre of gravity G of this 
circular arc de. 




Fig, 56. 
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Now we have, radius cd=|. radius ga, chord DE=f chord ab, 
and arc i)E=f arc ab; therefore, by substitution in eq. (1), we 
get, 

2 radius CAX chord A B ... 
CG=:x . . . . (2), 

3 arcAB ^ ^' 

which gives the distance of the centre of gravity of the sector 
from the centre measured on the line cf bisecting the arc. 

Let CA=:R, angle acb=20 ; then chord ab=2r sin 6, and arc 
ab=2r0 ; substituting in eq. (2), we get, 

2 R sin ... 

CG=3.— g— ...(3). 

(2.) To find the centre of gravity of a cir- 
cular ring ABFE. 

Draw CE bisecting the arc ab, and on this b, 
line, let G be the centre of gravity of the 
sector ABC, Gi that of ced, and g that of the 
circular ring abed. 

From the principle of moments, we have, 

sector CAB X CG=sector cde x cGi 
+ring ABEDXC^; 

sector CAB xcG — sector cdexcg, 

/, Cflr= -. - 

^ ring ABED 

Let CA=R, CD=r, Z.ACB=20; then, 

sector cab=r2 6, sector CDE=r2 0, 

ring ABED=R2d— r2 0, cGis given in eq. (3), and CGi=5 . — z — 5 

3 

hence, we find by substitution in eq. (4), and reducing, 

2 R^—r^ sin .^. 

which gives the distance of the centre of gravity of the ring from 

the centre c. 

(3.) To find the centre of gravity of the segment a f b (see ^. 

56.). 

Taking c as the centre of moments, we have, 

Momt. sector c A f b = momt. triangle c A b + momt. segt. A f b. 

2 R sin 2 

r20 X 5 g =R2 sin COS d X 5-RCOS 0+(r20— r2 sin e COS 0)x, 

_2 R sin3 e . 

•'• ^-3 • 0-sin cos • • • ^^^' 
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109. To find an approximate formula for the height of the 
centre of gravity of any solid, having 
its parallel sections similar to one 
another. ^if 1 IM^ 

Let the perpendicular height be di- Rii i- l|fflF 

vided into n equidistant sections. Put M j M 

h = the perpendicular height of . each %^ \""'j 

section; Aq'-^, ^i^ . . ., ^„2=:the area of ^^^ "^ — ^^^ 

the successive sections ; then, regarding ^^9- 58. 

each slice of the solid as a truncated pyl'amid ; we have, by eq. 

(2), Art. 97. 

Moment of the wth or last slice, 




{ 



= g {(4«-3)A_,H (4«-2)A^A+(4«- 1)V} . 

Now this moment is a type of all the others ; hence, therefore, 
by taking n successively equal to 1, 2, 3, ...,«, we obtain a series 
of terms for the moments of the 1st, 2nd, 3rd, . . ., «th slices com- 
posing the solid, the sum of which will be equal to the moment of 
the whole solid ; but the moment of the whole solid will be ex- 
pressed by y X whole solid ; 

_sum of the moments of all the slices 
* * ^~ whole solid 

hence, we find, by summing up and reducing, 

y=jCV + (4/i-l) A„2-f 8{^,2+2V+ . . . + (7i~l)^„-^,2} 
-h2{AoAi+3M2+ . . . -f-(2w-l)A^x^„}] 

Example, If w=3, then 

■^ {V+^3'+2(V+^2')+^A+^A-hM8} 

If the solid be formed by the revolution of the curve lhdb 
about the axis ww, then k^—irr^^ &c. ; and hence, the ^'s in the 
foregoing formula must be taken to represent the radii of the 
sections. 

This theorem is given here for the first time. 
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Work in moving the Centre of Gravity of Bodies. 

110. If in Art. 72., the difierent pressures be regarded as the 
weights of the part^ of a system of bodies, and the resultant x the 
weight of the whole system acting in its centre of gravity, then 
eq. (1) may be interpreted as follows: the sum of the works 

DONE IN MOVING THE PARTS OF THE SYSTEM, THROUGH ANY VER- 
TICAL SPACES, IS EQUAL TO THE WORK REQUISITE TO MOVE THE 
WHOLE SYSTEM OVER THE VERTICAL SPACE THROUGH WHICH THE 
CENTRE OF GRAVITY OF THE WHOLE SYSTEM IS MOVED. 

This proposition is important in its application to industrial 
mechanics: thus, for instance, it enables us readily to find the 
work required in raising the materials of any structure ; in pump- 
ing water from a well into a cistern ; or in transferring materials, 
having a given form, from one place to another. 

HI. In like manner Art. 76., shows that when any heavy body, 

WHOSE PARTS ARE RIGIDLY CONNECTED, IS TURNED ROUND A FIXED 
CENTRE IN OPPOSITION TO GRAVITY, THEN THE WORK DONE IS EQUAL 
TO THE WORK REQUISITE TO RAISE THE WHOLE BODY OVER THE 
VERTICAL HEIGHT THROUGH W^HICH ITS CENTRE OF GRAVITY IS 
RAISED. 

For instance, let it be required to find the work requisite to 
overturn the body ab v, standing on the horizontal plane ab. 

Let g be the centre of gravity of the body, and a 61; its position 
when it is about to fall over, n being its centre of gravity in this 




Fig. 59. 
position. Now aw must be a vertical line, and if ^r be drawn 
parallel to ab, the centre of gravity of the body will have been 
elevated through the vertical space rn. 
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/. Work in overturning the body = weight body x rw. 

Put y=^T>g the height of the centre of gravity of the body ; 
a?=tAD ; and w=the weight of the body in lbs. ; then a^= 

/. Work in overturning the body=w(A^a?*H-y*— y) . . . (1.) 

This work may be taken as a measure of the stability of a body ; 
in this sense, the resulting formula is said to be an expression for 
the dynamical stability of the body. 

112. If a machine^ the pieces of which move without friction^ 
be in equilibrium in all positions, under the action of weights 
suspended from any parts of the machine ; the common centre 
of gravity of the system (supposing motion to take place) will 
neither ascend nor descend. 

For since the system is in equilibrium in all positions, it follows 
that no work can be done by changing the relative position of the 
parts, that is to say, the aggregate amount of work of all the parts 
must be equal to zero, and consequently the common centre of 
gravity will neither ascend nor descend. 

The example given at page 125. is a good illustration of this 
general principle. 

Exercises for the Student. 
Centre of Gravity^ 

1. K three equal heavy particles be connected so as to form a 
triangle, their centre of gravity coincides with that of the triangle. 
Required the proof. 

2. If G be the centre of gravity of the triangle abc, and ga, 
GB, GC be joined, then three forces which are proportional to ga, 
GB, GC, will maintain the point G in equilibrium. 

3. Four bodies whose weights are 3, 4, 5, and 6 lbs., are places 
at the successive angles of a square whose side is 9 inches, show 
that the distance of the centre of gravity from the greatest weight 
is ^ a/ 130 inches. 

4. Three bodies, considered as points, are placed at the angles 
of a triangle ; their weights are proportional to the opposite sides 
of the triangle ; show that their centre of gravity is the centre of 
the inscribed circle. 

5. If the sides of the triangle abc be bisected in the points d, 
E, and F, and these points be joined, then the centre of the circle 
described within the triangle def is the centre of gravity of the 
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three sides of the triangle arc considered as three uniform rods. 
Prove this by means of the property given in Problem 4. 

6. Two isosceles triangles, abc and abd, are described upon 
the same base ab and on the same side of it ; required the centre 
of gravity of the surface acbd included between the sides of the 
triangles. Ans, Distance centre of gravity from the base = J 
{a-\-b), where a and h are put for the perpendicular heights of the 
triangles. 

7. If two circles touch each other internally; find the centre 
of gravity of the surface included between the two circles. 

8. Triangles are described in a given circle upon a given chord 
as a base, the locus of their centres of gravity is an arc of a circle. 

9. A square board is placed with one side on a horizontal table, 
how must the board be cut by a plane extending from one of its 
upper corners to meet the base, so that it may just be upon the 
point of falling ? 

10. A heavy triangular plate is suspended in a horizontal 
position by three threads attached to its corners ; prove that the 
threads will all have the same tension. Also show that, if the 
threads are of the same strength, the best part of the plate to put 
a heavy weight is at the centre of gravity of the plate. 

11. A regular hexagonal prism is placed upon an inclined plane 
with its end faces vertical, what must be the inclination of the plane 
so that the prism may just trundle down the plane ? Ans. 30**. 

12. A regular polygon just trundles down an inclined plane 
whose inclination is 10° ; how many sides has the polygon ? 

Ans. 18. 

13. Kg be the centre of gravity of the sector cab (see Jig, 57., 
Art. 108.), G, that of cde, and g that of the ring abed ; prove 
that r2 X Gg^r^ x Gig, 

14. The distance of the centre of gravity of a semicircle is at 

4 r . . 

- . - from the diameter, r being the radius of the circle. 

15. Construct for the centre of gravity of two of the sides of a 
triangle. 

16. A side and the centre of gravity of a triangle is given, to 
construct it. 

17. On a horizontal base to construct a triangle, having a given 
perpendicular height, such that the vertical line through its centre 
of gravity shall pass through one extremity of the base. 

18. One-fourth of a parallelogram is cut off by a line parallel to 
one of its diagonals. Find the centre of gravity of the remainder. 
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19. From a square abcd, whose diagonals intersect in n, the 
triangle anb is cut out; find the centre of gravity of the re- 
mainder. 

20. If two bodies approach each other with velocities which are 
inversely as their weights, their common centre of gravity will re- 
main stationary. 

21. Two bodies a and b move in the same straight and in the 
same direction with the velocities v and v respective ; to find the 
velocity v* of their common centre of gravity. 

Let a, by c, be the distances of the bodies A and b, and of their 
centre of gravity, measured from any fixed point in the line of 
motion, at any instant ; and let «!, b^y c^, represent the same quan- 
tities after the bodies have moved for t seconds. 
Now by the equality of moments, we have 
(A-|-B)c=Aa-|-Bi, 
and (A-f B)ci=Aaj4 b^,, 
.'. (a + b) (ci-c)=:A(ai— a) + B (i,~ft); 
but Cj— c=^v*, Oi— a=^v, and b^ — b^=tv\ hence by substitution 
and reduction, we get 

^'-'■^m^ ■■■»)■ 

22. When the bodies move in opposite directions, show that 
, A.v— B.t; 

A+B 

23. When the bodies are equal, show that the velocity of the 
centre of gravity is equal to the mean velocity of the two bodies. 

24. Two bodies a and b move uniformly along the adjacent 
sides of a rectangle ; required the locus of their common centre of 
gravity, when they start from the same angle at the same instant 
A along the one side and b along the other. 



CHAP. VI. 

MECHANICAL POWERS. 



113. The mechanical powers are certain simple machines or in- 
struments commonly used for raising heavy weights ; it is custom- 
ary to call the movin*^ pressure the powery and the body which is 
moved the weight. The advantage gained is the number of times 
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that the weight is greater than the power. There are six me- 
chanical powers, — ^the Lever, the Wheel and Axle, the Pulley, the 
Inclined Plane, the Wedge, and the Screw. 



Br 



The Lever. 

114. A lever is a rigid rod, moveable about a fixed point, called 
the fulcrum or centre of motion. Li 
fig, 59., F is the fulcrum or centre of 
motion, w is the weight or resistance 
to be moved, and p is the power. 

Levers are divided into three kinds 
according to the relative positions of Fig. 60. 

power and weight with respect to the fulcrum. 



fr 



d) 



© 



Fig. 61. Fig. 62. 

Fig. 60. represents a lever of the first kind ; fig. 61. a lever of 
the second kind ; and^^. 62. of the third kind. 

The equation of equilibrium, demonstrated in Art. 78., applies 
to all these cases of the lever ; thus we have 
PXAP=WXBP . . . (1), 
and for the mechanical advantage, we have 

P BF ^ ^ 

It will be observed that these equations hold true for all direc- 
tions of the forces p and w, provided that they act parallel to each 
other. 

115. When a series of weights, Pi, p» &c., Wi, w,, &c., are 
suspended from a lever, we have on the ^ ^^ a, f b, Ba 
principle of the equality of moments, 
A];^. 81., for the condition of equili- 
brium. 

Pi X AjP+P, X A,F4-&C.= Fig. 63. 





P3 



^ wi we 



Wi X BiF+W, X B,F-f &C. 
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Fig, 64. 



Compound Lever, 

116. In fig. 64. AC, BiQ, DiB, represent a series of levers, turning 
upon the fixed centres of motion 
B, Q, R. Let p be the power ap- 
plied at A, and w the weight acting 
at E. Put R for the force pro- 
duced at B or Bi, and Ri the force 
produced at d or Dj ; then in the 
lever AC, we have 

PXAC=RXBC; 

in the lever BiQ, 

RXBiQ=RiXDQ; 

and in the lever DiR, \ 

RiXDiR=WXER; 

multiplying these equations together, and striking out the factors 
common to both sides of the equation, we find 

PXACXBjQXDi R= W XBCXDQXER, 

and for the mechanical advantage 

W_ ACXBiQXDiR 

P 

117. Prop. 




(1). 



BCXDQXER 

To find the conditions of equilibrium, S^c.when the 
direction of the forces are not perpendicular to the lever. 

Let AB be the lever, c its fulcrum, sb the direction of the force 
w, and TAthe direction 
of p. From c let fall 
the perpendiculars CQ 
and CR upon the re- 
spective directions of 
the forces p and w ; then 
we have by the equa- 
lity of moments 

PXCQ=WXCR •..(1). 

Let a= Z c AQ, and ^9= Z Cbr ; then 

CQ=ACsina, and CR=BCsin5; 
substituting these values in eq. (l), we get 

PXACsin»=wxBCsin/S . . . (2). 
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To find the pressure on the fulcrum and its direction ; let the 
directions of the pressures f and w intersect 
in d; join D and C; then do will be di- 
rection of the resultant of p and w, for it 
must be destroyed by the reaction of the 

fulcrum. Put R for this resultant, then by —j^ ^ — 5 — 

Art. 58., we have 2?v^. ee. 

R2=:p2 + w^+2P . W . COSADB; 

but ADB=180 — (a+5), 

.•. R2=p2+w«— 2p . W . COS(a+iS) . . . (3). 

whence the pressure, r, upon the fulcrum is determined. 

To find the direction of the pressure upon the fulcrum: let 
^=/.DCA. Taking r as the reaction of the fulcrum opposite to 
the resultant of p and w, and resolving the pressures p, w, and r 
horizontally, we get 

p resolved horizontally=Pcosa, 

w „ „ =wcosft 

R „ „ =RCOS0; 

but as the lever has no motion, these forces mutually destroy one 
another, or in this case, the difierence of the resolved forces of p 
and w must be equal to the resolved force of r ; hence we get 

W cos 0—F cos a=R COS 0. 

In like manner resolving the forces perpendicularly, we get 

p sin a+Q sin P=ir sin ; 

hence we have by division 

^ ^ Psina+Qsin/3 ... 

tan 0= ^ '— . . . (4). 

^ wcosp— PCOSa ^ ^ 

which gives the inclination of the resultant. 

Similar expressions may be found when the lever is of the 
second kind. 

The Lever when its weight is taken into account 

118. Here the weight of the lever acts in its centre of gravity. 
Let c be the centre of gravity of the lever sr (see^gs. 60. and 61 .), 
then we have by the equality of moments : 
For the first kind of lever (see^^. 60.), 

p X AF+wt. lever x cf=w x bf ; 
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and for the second kind of lever (see^. 61.) 

pxAP=wxBP+wt. lever xcp. 

Put AF=a, BF=6, 8V=qy RF=r, and the weight of a unit of 
length of the lever=w; then wt lever=wxsR=w(5' + r), and 
cv=:sF^SQ=g—i(g-\-r)=^\(q—r). Hence we find by substi- 
tuting in the preceding equations of moments ; 

Pa+iw(9«-r2)=w6 . . . (1), 

which is the equation of equilibrium for the lever of the first kind ; 

pa=w6+^w(92_^) . . . (2), 

which is the equation for the lever of the second kind. 

In eq. (2), if p is applied at the extremity s and the fulcrum f 
is at the extremity r, then g=a, and r=0; and in this case we 
have 

pa=:w6+^wa>, 

andp=~^+^tro...(3).* 

119. If we suppose sr (see^^. 61.) to be a beam supported by 
props at F and a^ and loaded with a weight w at b; then the value 
of p determined from eq. (3) will give the pressure on the prop 
at A. 

To graduate the Lever of the Safety Valve, 



"1 \ ,r""(9; 



120. Let RB represent the lever ; b its centre of motion ; c its 
centre of gravity ; v the valve ; and l * ^ ^ d b 

the load. 

For the condition of equilibrium, we 
have by the equality of moments Fig, 67. 

LXAB+wt. lever xCB 

= {pressure steam on valve— wt. valve) xdb. 

* Prop. To find a when t is a minimum. 
By differentiation, we have 

rfp wb , 

w 



.: -y 



2wi 
I 2 
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Put q =RB, the length of the lever; then ^^'=03 ; 
„ a =A B, the distance of the load from b ; 
,, h =DB9 the distance of the head of the valve from b ; 
„ h =the section of the valve in sq. inches ; 
„ p =the pressure of the steam in lbs. per sq. inch ; 
„ W7i=the weight of the valve ; 
„ w =the weight of each linear inch of the lever. 
Hence we have, 

wt, lever =5' w ; pressure steam on valve=Ap ; 

and substituting in the equation of moments we get for the con- 
ditions of equilibrium 

i'a+i9^«^=(*P— ^i)^ • • • (!)• 

(1). To determine the load so as to produce a given maximum 
pressure of the steam. 

In this case the load must be placed at the extremity of the 
lever, and therefore «=5', hence we have from eq. (1) 

L=(*p~ti;i)^-i^w;...(2). 

(2). To determine the point a on the lever so that the load l 
may produce any given pressure p of the steam. 
Hence from eq. (1) we have 

"~ L 

where it is to be observed that l is given by eq. (2). 

Example, Let br=5'=20 inches ; db = 6=2 inches ; A=6 sq. 
in.; p=501bs. the maximum pressure of the steam; ti7=;^lb.; 
IT, =4 lbs. 

To find L. By formula (2) 

L=(6x50-4)3^-ix20xi 
=27-1 lbs. 
To find a or the point on the lever which will give, for example, 
a pressure ""of 30 lbs. of the steam. Here in eq. (3), we have 
L=27-l, and p=30, 

. (6x30-^4)2-ix20^xj _ 
.. «- 27^ -iliin., 

which gives the distance of the point from b as required. In like 
manner the point corresponding to any other pressure may be de- 



(3); 



Digitized by VjOOQIC 



CHAP. VI.] MECHANICAL POWERS. 117 

termined ; but the following method of graduation is much more 
elegant and expeditious. 

121. New Method. From eq. (1) we get 

a-{ i-j_2_i — _. — p. 

L L ' 

bk - bwi+ig^w 
or putting e= — , and c= — - — ^^ — , 

L L 

this equation becomes 

«-|-c=cp . . . (4). 

Let a„ be the distance of the load from b, when the pressure is 
«p, and «„+! the distance when the pressure is («+l)p, then we 
have by eq. (4) 

«»+c=c«p, 

anda„+,+c=c(n-|-l)p, 

/. «„+i-a„=ep 

bk ,-. , 

which expresses the interval on the lever between the pressures 
«p and («+l) p. But this expression, being independent of w, 
shows that the intervals on the lever between the pressures p, 2p, 
3p, &c. are equal to one another. Having determined the point 
on the lever corresponding to any proposed pressure of the steam 
by either of the first two equations, the interval on the lever cor- 
responding to any given interval of pressure may be found from 
eq. (5). 

Taking the data in the foregoing example, let it be required to 
find the interval on the lever corresponding to every 5 lbs. pressure 
of the steam. 

Here by eq. (5), we have 

bk 
The interval of 5 lbs.= — . p 

L 

=1^x5=2-214 in. 

Now we have already found that the load placed at the ex- 
tremity of the lever produces a pressure of 50 lbs. ; therefore, by 
marking off 2-214 in. along the lever from its extremity, we shall 
find the points corresponding to the pressures of 50 lbs., 45 lbs., 
40 lbs., 35 lbs., &c. 

I 3 
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122. To determine the true weight of a body by means of a false 
balance. 

In a false balance the arms of the beam are of unequal length. 
Let a =the length of the long arm ; 
„ 6 = „ „ short arm ; 

„ w=the true weight of the body ; 
„ p =the weight of the body when placed in the scale 

attached to the long arm ; 
„ j:>=its weight when placed in opposite scale. 
Now as w is balanced in both cases^ we have by the principle of 
the lever, 

wxa=pxft, 
and wxb=pxay 
multiplying these equations together 

'W*ab=Fpaby 
.\ w=Vtp, 

which give the true weight required. 

123. To find the force necessary to draw a carriage over a 
small obstacle. 

Let o be the centre of the wheel, f the 
obstacle, w the weight of the carriage 
acting through the axis o, op the direc- 
tion of the traction p. From p draw 
FA, FB, perpendicular to the direction of 
the forces p and w. Now, in order that 
the wheel may turn over the obstacle, it 
must turn round f as a centre of motion ; 
hence we have, by the quality of moments. Art IIT., 

PXPA = WXFB, 
PB 

FA 

Here p will be a minimum when fa is a maximum, that is, 
when FA equals fo or when op is perpendicular to FO* 

Put r=OF the radius of the wheel, and h=j>B the weight of the 
obstacle, and a=Z foa ; then the preceding condition becomes 

p= ^^ ^ . w 

r sm a 




w 

sin a 



A/ -(2 — ] = — • -7^, nearly, 

V r\ r) sm a ^r 
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because k is small as compared with r. Hence it appears that the 
power necessary to draw the carriage over an obstacle (other 
things being the same) varies inversely as the square root of the 
radius of the wheel- 

124. The principle of the equality of work as applied to the 
lever. 

(1). Let pw be a straight lever acted upon by the pressures 
p and w applied perpendicularly « ^ 

to the lever. Now when the T c ..-■c:^'''''''^ 

lever is moved to the position ^ / ,.j§)^4==i 

pw, the pressure p has moved \ ,...:-/-'-^'''' 

over the arc pj», while W has p\:;^' 
moved over yrw ; jY^^ 68. 

A Work of p=p X arc p/?, and work of w=w x arc wm? ; 
but by the principle of the lever, Art. 114., 

p_cw_arc WM7 
w CP arcpp' 

/. p X arc p/>= w X arc wtr, 

that is, work of p=work of w. 

(2). Let the bent lever AC b turn upon its centre c, by the action 
of the forces p and w applied ob- 
liquely to the arms ca and cb. 

Let CQ and CR be perpendiculars 
from the centre of motion c, upon 
the directions of the forces, and let 
the lever acb be moved into the 
new position ach very near to the 
first. From a let fall ae perpen- 
dicular to PA produced ; then while 
the extremity A of the arm CA describes the arc a a, the force p 
will have moved, in the line of its action, through A e. Now when 
the change of position is indefinitely small, the circular arc A a be- 
comes a straight line perpendicular to CA, and A^a is a right-angled 
triangle ; moreover, if A a be the space moved over by the ex- 
tremity of the arm ca, the space moved over by p, in the direction 
pe of its action, will be Ac. 

Because Z.CAa is a right angle, the Z.^^ Ac is equal to the 
Z.ACQ, and the triangles Lea and acq are equiangular, 

Ka_xe _ space moved by p 
•* ca^cq" cq 

I 4 
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In like manner we have 

bA_ space moved by w . 
ci CR 

but since Z.ACa=ZBc6, we have 

bA_ c Aa^Bb. 

Aa^CA* CA CB 

space moved by p __ space moved by w ^ 

•• CQ CR ' 

now by the equality of moments, Art. 117., we have 

pxcq=.wxcr; 

multiplying these equations together 

p X space moved by p=w x space moved by w, 

that is, work of p= work of w. 

Now as this equality will be true for any number of small 
motions that may be given in succession to the lever, provided 
only the forces are constantly in equilibrium, it follows that the 
equality will hold true for any definite motions that may be given. 

Wheel and Axle. 

125. This mechanical power is only another form of the lever, 
where the power is made to act without intermission ; in its most 
simple form, it consists of a horizontal 
axle A and large wheel R, which turn 
upon two pivots supported in gud- 
geons. A cord wrapping round the 
axle A sustains the weight w, and 
another cord wrapping round the 
wheel R, in a contrary direction, sus- 
tains the power p. These forces al- 
ways act in the direction of a tangent 
to the circle. Here the leverage of ^'^- *^^- 

the power is the radius of the wheel, and the leverage of the 
weight is the radius of the axle ; hence we have 

p X rad. wheel =w x rad. axle, 

and for the advantage gained, 

w__rad. wheel , . 

p rad. axle ' ' ' ^ ^' 
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126. This figure represents a combination of wheels and axles* 
p is a wheel, to which the power 
p is applied, and bc its axle 
turning upon a common axis; 
AD another wheel, with its axle 
E sustaining the weight w. 

Let B=the radius of the wheel 
F, and r=the radius of its axle 
B c ; Ri=the radius of the wheel 
AD, and ri=the radius of its axle 
E; Q=:the force of tension pro- 
duced on the cord c a ; then we have for the conditions of equili- 
brium 

p X B=Q X R, and Q X Ri=W X ri, 

and multiplying these equations together, 

PXRXQXRi=QXrXWXri, 




Fig. 71. 



/. PxRXRi=wxrxri 



(2); 



thus it appears that the power multiplied by the radii of the 
wheels is equal to the weight multiplied by the radii of the axles. 
127- In the compound wheel and axle, represented in fig^ 72. 
let R=the radius of the large axle a ; 
r=the radius of the small axle d; 
and Z=the length of the handle po. 
Now as the weight w is suspended by 
the two cords CD and ab, they will 
each have a tension of \ w, hence we 
have by the equality of moments 
p X /+^w X r=^ w X R, 







Fig. 72. 



R~r 



which is the expression for the advantage gained. This evidently 
increases with the smallness of the difference of the radii of the 
axles. 



Cogged or Toothed Wheels* 

128. Let D be a cogged wheel turning upon the same axis as 
the wheel c ; Q another cogged wheel, acted upon by the former. 
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and turning upon the same axis as 
the axle i. From the wheel o is 
suspended the weight p, and from 
the axle i the weight w; then 
while P descends, the wheel C and 
the cog D will be turned from right 
to left ; but as every tooth in the 
cog D is being turned round, a cor- 
responding tooth in the cog Q will 
be turned in the contrary direction, and thus the cord iw will be 
coiled up upon the axle i, and the weight w will be raised. 

Let R=the radius of the wheel, a ; r=the radius of the toothed 
wheel D ; Ri=the radius of the toothed wheel Q ; ri=the radius 
of the axle i ; then proceeding as in Art. 126., we have for the 
conditions of equilibrium 

PXRXRi=WXrxri ... (1), 
and for the advantage gained, 

!^=Ll^^..(2). 

p r . rj ^ 

Let n=the number of teeth in d, and 7}i=the number in q; then 
since the number of teeth in the wheels are proportional to their 

radii, we should have — =— ; hence eq. (2) becomes 
r n ^ V / 

p Ty . n ^ ^ 

The principle of the equality of work applied to the wheel and 
axle, 

129. As an example, let us take the combination of wheels and 
axles described in Art. 128., see,/?^. 73. 

Let the axle i, with its toothed wheel Q, turn round once ; then 

adopting the notation of Art. 128., we have 

-KT J. D -xu .X :i 1 , No. teeth in Q 

No. turns of A with its cogged wheel i>^^ — : — ir-: 

^^ No. teeth m d 

circum. Q__Ri 



circum. D r 
/. Space moved over by w=2wri, 

R 

and „ „ „ by p=2 rR X A 

r 

.*. Work w=w x2vrif 

and Work p=px K 

r 

2w 
Now by multipl3drig each side of eq. (1), Art. 128., by — , we get 

r 
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2wRBi ^ 

PX -*=wx2wri; 

that is, Work p=work w. 

If the weightSy in the foregoing problems^ be moved^ their com- 
mon centre of gravity will neither ascend nor descend, 

130. Suppose the weights to be placed so that their centres of 
gravity shall lie in the same horizontal line, then their common 
centre of gravity will also lie in this line. Now when they are 
moved from this position, we have, by the equality of work just 
established, 

p X space moved over by p=w x space moved over by w ; 

hence it follows, see Art. 92., that the common centre of gravity 
of the two weights, in this new position, must lie in the horizontal 
line in which they were at first placed. 

The same principle may be demonstrated for any other com- 
bination of wheels. 



The Pullet. 

131. A pulley consists of a small wheel having a round groove 
made in its circumference for receiving a cord; this wheel is 
placed in a frame called the block, and turns on an axis resting 
between the sides of the block. The pulley is said to be fixed or 
moveable, according as its block is fixed or moveable. There are 
various combinations of pulleys ; in all of them a force called the 
power (p) is applied to the first string, and this sustains another 
force, called the weight (w), applied to the last string. 

132. In the annexed system, there are ^ 
two moveable pulleys, a and b, and one 
fixed pulley q. Here the string to which 
the power is attached passes over the fixed 
pulley Q, then round the moveable pulley 
A, and has its extremity fixed at t. Ano- 
ther string is attached to the block of the 
pulley A, then passes round the moveable 
pulley B, and has its extremity fixed at N. 

Here pqrat, being a continuous cord, 
will be stretched equally throughout the 
whole of its length ; and the cords ar and 
ST will each have a tension of p lbs. ; and 
therefore a weight of 2p lbs. must be 
suspended from d ; in like manner, since 




Fig, 74. 
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DBLN is a continuous cord, LNand bd will have the same tension, 
that is, each of them will have a tension of 2p lbs. ; and therefore 
a weight of twice 2plbs., or 4p lbs., must be suspended from k * 
that is to say, in the system represented in^^. 74., we have w= 4 p. 
Thus it appears that every successive moveable pulley doubles the 
weight that would be sustained by the preceding pulley. If n 
therefore, be put for the number of moveable pulleys, we have 
w=2'»p . . . (1). 

133. Let us now take the weights of the pulleys into account ; 
and, for this purpose, put W7=the weight of each moveable pulley; 
then 

Weight suspended from d, or tension cord dbln=2p— ir, 

„ „ K, „ „ ■i:2(2p— w?)— M7 ; 

hence we have in this case, 

w=2(2p — w)— w 
=22p-(22-l)M?... (2). 
And if there were n moveable pulleys, we should have, 
w=2»p- {1+2+22+ . . . +2"-U«' 
=:2«p-(2«-l)w..,(3). 

134. In this system (see ^^.75.) a single or 
continuous cord passes round the wheels, there- 
fore every portion of the cord must have the 
same tension ; but w hangs by six cords, there- 
fore each cord will carry one-sixth of the weight 
w, and consequently the power p must also be 
one-sixth of w ; that is, w=6p. 

For other systems of pulleys, see the Author's 

" Elements of Mechanism," and " Exercises on 

Mechanics." „. ^^ 

Fig, 75. 

135. To find the relation of p and w in a single moveable pul- 
ley A, when the cords AC and ab are not parallel to each other. 

Here as the cord pcab is continuous, it must have the same 
tension in every part, therefore the cords 
AC and AB must each have a tension of 
p lbs., and the vertical line ak, in which 
the weight w acts, must bisect the angle 
CAB. Puta=Z.PCA=Z.CAK ; then the 
force P, acting byAC, resolved in the ver- 
tical direction ak is equal to P cos a, and 
the force p acting by ab, when thus re- 





Fig, 76. 
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solved, will produce the same result. But w, acting vertically, 
will be equal to the sum of these resolved forces ; hence we have 

W=2PC0Sa ... (1), 

which is the equation of equilibrium. 

The Principle of the Eqtuility of Work applied to the Pulley. 

136. As an example, let us take the system of pulleys repre- 
sented in^i^r. 74. See Art. 132. 

Let w, with its pulley b, ascend h feet ; then, because of the 
double cord, ln and bd, the pulley A will ascend 2 A feet, and 
therefore the cords st and ar will each be shortened 2 A feet, and 
consequently p will descend 4 A feet ; hence we have, 
Work p=px4A=4p xA; 
Work w and the blocks=wA+«7A+w x2A 
=(w+3w)xA, 
but by eq. (2), Art. 133., 

4p=w+3w; 
/. 4pxA=(w+3w)xA; 
that is. 

Work p=work w and the blocks. 

137. If the weights in the foregoing problem he moved, their 
common centre of gravity will neither ascend nor descend. 

We shall here show this to be true, independently of the prin- 
ciple of work. See Art. 112. 

Assume h j as the axis of moments ; put q for the distance of 
w from H J, 6 for the distance of the pulley b, a for that of a, A for 
the distance of p, and x for the distance of the common centre of 
gravity. Suppose w to be raised A feet, then b will rise A ft ; A 
will rise 2A ft. ; and p will descend 4 A ft. Let Xj be put for the 
distance of common centre of gravity in this position, and m for 
the weight of the whole mass ; then we have, by the equality of 
moments, 

X X m=W5'+w^+w«+pA, 
XiXM=w(^-A)+M<6-A)+M;(a-2A)+p(A-f4A) 
=w^-f w?ft+w7a+pA+4p X A — (w+Str) x A 
=xXM+0; 

/. Xi X M=x X M, or Xi=x ; 
that is to say, the distance of the centre of gravity from hj re- 
mains the same. 
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The Inclined Plane. 

138. When a heavy body rests upon a hard horizontal surface, 
the force of gpavity, acting vertically upon the body, produces a 
pressure perpendicular to the plane; in this case the whole weight 
of the body is expended in pressing upon the surface of the plane. 
But if the plane be inclined to the horizon, the force of gravity, 
acting vertically upon the body, will give rise to two forces, one of 
which acts perpendicular to the plane, and thereby produces a 
pressure upon it ; the other acts parallel to the plane, and tends to 
move the body down it. 

139. To determine the perpendicular pressure which a body 
produces on an inclined plane, and also to determine the tendency 
which the body has to descend the plane, the friction of the plane 
being neglected. 

Let a be the body placed on the inclined plane abc. Put w= 
the weight of the body, p=the pressure necessary 
to keep the body from descending, R=the perpen- 
dicular pressure on the plane, a=the inclination of 
the plane, or the angle bac. Draw the vertical 
line ac ; take the units in ac equal to the units of 




weight w; draw ak perpendicular to AC, and ck ^•8* ^'' 
parallel to it, and complete the parallelogram of pressures akce; 
then the vertical pressure produced by the weight of the body 
represented by a c is equivalent to the two pressures ae and ak, 
the pressure ae being the force which urges the body down the 
plane, and ak that which produces the perpendicular pressure on 
the plane. 

By the similar triangles aec and abc, we have 



but €c=ak=:iiiy and ac=w. 



AB ... 

.% R=w. — . . . (1). 
AC ^ '^ 

AB 

but — =cos a, hence we also have 

AC 



ec_ 
ac" 


AB 

'Ic' 


R 


_AB 

""ac 



R=w cos a . . • (2), 
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which give the expressions for the perpendicular pressure of the 
body on the plane. 



In like manner^ 



but ac=p, and ac=w, 

•*• P=BC" 



ac AC 



length of the plane 
'height of the plane 



BC 

p=w. — 

AC 



_ height of the plane 
~~ length of the plane 



(3). 



(4), 



BC 



but — =sin a, hence we also have 
AC ' 



p=W sin a 



(5); 



eq. (3) is the expression for the advantage gained ; and (4) and 
(5) are the expressions for the tendency which the body has to 
descend the plane. 

140. To find the condition? of equilibrium when a body^ whose 
weight is w, is supported on an inclined plane by a force p whose 
direction makes a given angle /3 with the plane. 

Let ac represent the weight of the body in direction and mag- 
nitude, and av that of the pressure 
p. Draw ak perpendicular to the 
plane, and complete the parallelo- 
grams of pressures shown in the 
figure ; then by resolving the pres- 
sures, p and w, parallel and perpen- 
dicular to the plane, we have ^- 78. 

p resolved in the direction of the plane=ar=p cos /3. 

w „ „ „ =ac=W sin a. 

p resolved perpendicular to the plane— a* =p sin /3. 

w „ „ „ =aA=w cos a. 

/. Perpendicular pressure on the plane=«A— a*, 

that is, B=w cos a— p sin /3 . . . (1). 
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And when the body is in equilibrium the resolved pressures, 
ar and ae^ must destroy each other, that is, they must be equal ; 

.•. Pcos /3— w sin a=0, 

cos /3 



or -=- 
P sm a 



(2). 



Eliminating p from eq. (1), we have 



R=w cos »— w- 



^ ^ cos («+g) 
cos P 



sin a • sin jS 
cos^ ' 

(3). 



141. To find the conditions of equilibrium when a body is sup- 
ported on an inclined plane by a pushing force (p) acting hori- 
zontally. 

Let ac represent the pressure pro- 
duced by the weight of the body in 
direction and magnitude; draw ak 
perpendicular to AC ; and complete 
the parallelogram of pressures ; then 
a e will represent the pressure p ; and 
the pressures p and w, acting so that 
the body may neither move up the 
plane nor down the plane, will pro- 
duce the resultant ak perpendicular to the plane. Because the 
line ae is parallel to ab, the triangles akc and abc are similar, 
and 




Fig, 79. 



ck 



AB 



but ac=w, and cA=a6=p, 

base of the plane 



AB 

— =— » or 



w 
p 



c b' height of the plane 



0); 



but — =cot «, 

CB ' 



In like manner, 



"W 

/. — =cot « . . . 



(2). 



ak 



AB 

'Ic' 



base of the plane 



^, ^. W AB 

that IS, — = — , or ^ - , „. — . - 
^ -R AC length of the plane 



:cos a 



,.(3> 
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142. To find the conditions of equilibrium when two weights, 
p and w, rest on two inclined planes, ac and bc, 
having a common summit c, the weights being 
connected by a cord going over a pulley at c. 

Here the tensions of the cords^ cp and cw, 
must be equal, and consequently the tendencies 
of p and w down their respective planes must 
be equal ; hence we have, by eq. (4), Art. 139., 

BC 

Tendency of p down ca=p . — , 

AC 
BC 

Tendency of w down cd=w . — , 



Fig. 80. 



w 



BC BC 

— =p . — , 

DC AC 



•• P AC'"^*''' 

that is, the weights are proportional to the length of the planes 
on which they respectively rest. 

The principle of the equality of work applied to the inclined 
plane, 

143. First, let the cord, dw, by which the weight is sustained, 
be parallel to the plane ac. Now let w move 
from A to c ; then w will have moved through 
the space bc in opposition to gravity; at the 
same time p will have descended a vertical 
space equal to ac ; hence therefore 

Work of w=w X BC, and work of p=p x ac 

W AC 

But we have by eq. (3), Art. 139., —=— -> 

P BC 
or, PXAC=WXBC, 

that is, work p=work w. 

144. Supposing motion to be given to the weights, their common 
centre of gravity neither ascends nor descefids. 

Suppose the weights to be placed so that their centres of gravity 
shall be in the same horizontal line, then their common centre of 
gravity will also lie in this line ; now when they are moved from 
this position, we have, by the equality of work just established, 

PX vertical space moved over by p:=wx vertical space moved 
over by wj 

K 
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hence it follows by Art. 90., that the common centre of gravity of 
the two weights must lie in the horizontal line in which they were 
at first placed. 

145. Second, suppose the cord dw to form 
any angle dwc (/3) with the plane. Let w 
move over the very small space ww; from d 
describe the arc wq, and draw wk parallel to 
AB and wk perpendicular to it; then the cord 
WD will be shortened a space equal to wq, and 
p will therefore descend a space equal to w^; 
but w will ascend a vertical space equal to wk. 

Now when ww ib indefinitely small, the arc 
wp becomes a straight line perpendicular to 
WD ; hence we have ^' ^^' 




Vertical space through which p descends =W5' 

=C08Pxww; 
Vertical space through which w ascends=«rA 

=8inaXW«7; 

/. Work p=p cos X ww?, and work w=w sin a x ww. 
Now we have by eq. (2), Art. 140., for the equation of equili- 
brium 

p X cos /3= w X sin a ; 

/. p cos/3xw«r=w sinaxww; 

that is, work p=work w. 



The moveable Inclined Plane, or Wedge. 

146. Let ABC represent a moveable inclined plane, or wedge, 
sliding along the surface hb by the 
force of a pressure p applied to the 
back BC of the wedge in a direction 
parallel to h b ; and let w be a heavy 
rod resting upon the inclined side 
AC, and constrained to move in a 
vertical direction. 

Here the weight w acts vertically, 
and the power p horizontally ; hence we have, by eq. (1), Art. 141., 
for the conditions of equilibrium. 




Fiff. 83. 
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w__ A B _^ length of the wedge , ^ 

p ~c B ""thickness of the wedge * ' ' ^ ^' 

X47- If we suppose the direction, wdk, of the resistance to be 
at right angles to the inclined side AC, 
then we have, by resolving the force 
w into the horizontal direction hr, 

WCOSZWKA=P; 

BC 

butcos Z.WKA=sin ZBAC= — ; 

AC' 

BC 




w__AC__ length of the side 
p ""sc^thickness of the back 



(2) ^zt^ 



The Principle of Work applied to the Wedge. 

X48. Here, in^^. 83., whilst the power p moves over, ba, the 
weight w moves over bc ; hence we have 

Work p=p X ab, and work w=w x bc ; 

but by eq. (1), Art. X46., we have, for the equation of equilibrium, 

pxab=wxcb; 

that is, work p=work w. 



IThe Screw. 

X49. In this simple machine, the power moves in a circle whoae 
radius is the length of the lever, or arm of the screw, whilst the 
weight or resistance is moved in a right line, having the direction 
of the SfcXis of the cylinder on which the threads of the screw are 
formed. A. screw may be regarded as a moveable inclined plane 
formed upon the surface of the cylinder ; for if we suppose one 
revolution of the thread to be unwrapped it will form an inclined 
plane, in which the circumference of the cylinder will be the 
length of the plane, and the distance between the threads the 
height of the plane. 

Let cname be a spiral groove cut upon a cylinder after the 

K 2 
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manner just described ; CD the axis upon which the cylinder turns ; 

AB a rod parallel to the axis 

CD, and having a pin or tooth a I ^^^ « 

c fitting the groove of the 

screw. Now when the handle 

OP is turned in the direction 

of the arrow, the pin c, with 

its rod AB, is moved towards ^" 

the right ; so that in one revo- ^*9' 8^* 

lution the pin will have moved from c to a, the distance between 

the threads of the screw, and in the second revolution it wiU have 

moved from a to ^, and so on. The rod ab will thus be moved in 

a rectilinear path, parallel to the axis CD. * 

Let p= the power applied to the lever cp; w=the resistance 
acting in the direction ab; Q=the force equivalent to p which 
must be applied at the surface of the cylinder ; r=:the radius of 
the cylinder; a=the length of the lever cp; then we have, by 
the principle of the moveable inclined plane. Art 146., 

w length of the plane 

Q "distance between the threads 

circum. cylinder 



distance between the threads ' 
and by the principle of the lever. 






therefore by multiplication, we get 



w r 



- X circum. cylinder 



p distance between the threads 

__ circum. described by p 
"distance between the threads' 



Now, in this investigation, we have supposed the whole of the 
resistance to be applied at one point of the thread of the screw ; 
but it is obvious, that we may suppose this resistance to be spread 
over the thread without in the least affecting the result. 



The Endless Screw. 
150. When the threads of a screw are made to act upon the 
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teeth of a wheel, as in^g. 86., the « 
mechanism is called the endless 
screw. Let a = the length of the 
lever a p ; £? = the distance be- 
tween the threads of the screw; 
Bi, ri = the radii of the first wheel 
and pinion ; r,, r^ = the radii of 
the second; Eg, r, = the radii of 
the third ; then 

The advantage gained by the 

screw =—-j-9 
The advantage gained by the 
first wheel and pinion = — , 

and so on. 
•*• Total advantage gained or 

W__27raRjB,B3 

p" dviT^r^ * Fig. 86. 



Exercises for the Student. 

On the Mechanical Powers. 

1. A uniform lever I feet long has a weight w lbs. suspended 
from its extremity ; it is required to find the position of the ful- 
crum, when the long end of the lever balances the short end with 
the weight attached to it, supposing each unit of length of the lever 

to be w lbs. Am. jr-. — -7 — r the short arm. 

2{w-^lw) 

2. A lever, I feet long, is balanced when it is placed upon a 
prop J of its length from the thick end ; now when a weight of 
w lbs. is suspended from the small end the prop must be shifted 

- feet towards it, in order to maintain equilibrium ; required the 

weight of the lever. Ans. ^w. 

3. A lever, / feet long, is balanced on a prop by a weight of 
w lbs. ; first, when the weight is suspended from the thick end 
the prop is a feet from it ; secondly, when the weight is suspended 

K 3 
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from the small end the prop is b feet from it ; required the weight 
of the lever. Arts. ^C« + ^) \^^^ 

4. The forces p and Q act at the arms a and &, respectively, of 
a straight lever. When p and Q make angles of 30^ and ;90° with 

2bw 

the lever, show that p= when equilibrium takes place. 

5. Supposing the beam of a false balance to be uniform, a and 

b the lengths of the arms, p and q the apparent weights, and w 

the true weight ; then when the weight of the beam is taken into 

a p— w 

account 5- = . 

b w— Q 

6. If a be the length of the short arm, in Example 1., what 
must be the length of the whole lever, when equilibrium takes 

place? Arts, « + a/ 1-«^. 

7. A beam, I feet long, and weight w lbs., is supported at its 
extremities by two props, A and b; a weight of wlbs. is suspended 
at a feet from a, and another weight Wi at a i feet from a ; re- 
quired the pressure on each prop. 

Ans. Pressure on b= ^ ^ H-j-«^? and 

» » ^— 7 r^w. 

8. Two given weights, p and q, hang vertically from two 
points in the rim of a wheel turning on an axis ; find the position 
of the weights when equilibrium takes place, supposing the angle 
contained between the radii drawn to the points of suspension to 
be 90°, and that 6 is the angle which the radius, drawn towards 

p's point of suspension, makes with the vertical. Ans. tan 6=-. 

9. What is the ratio between the radii of a wheel and its axle, 
when a lb. balances a cwt. ? Ans, 112 to 1. 

10. In the combination of wheels and axles represented \>j fig* 
128., if a be the advantage gained by the first wheel and axle, and 
tti the advantage gained by the second; show that the whole 
advantage gained is a x a^. 

11. Show from eq. (1), Art. 127., that the principle of work 
applies to the compound wheel and axle. 

12. Demonstrate the principle of work (see Art. 136.) as applied 
to some other system of pulleys. 
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13. In the pulleys represented in Jig. 76., Art. X35., if the cords 
going round the moveable pulley, form an angle of 120^ then 
p=w. 

14. In the annexed system of two moveable pulleys, the cords 
at each pulley are inclined 60° to each 
other ; show that w=3p. 

Derive the same result on the principle of 
work. If there are n such moveable pulleys, 

show that w=3*P 

15. A power of p lbs., acting parallel to 
an inclined plane, sustains a weight of 
2p lbs. ; required the inclination of the 
plane to the horizon, and the pressure on the 
plane. Ans, Inclination =30^, and pressure ^. g,^^ 
=l-733plbs. 

16. What must be the inclination of an inclined plane so that 
the pressure upon it may be equal to one half the weight ? 

Ans. 60^ 

17. The base of an inclined plane is 8 feet, the height 6 feet, 
and w=10cwts. ; required p, and the pressure on the plane. 

Ans* 6 cwts., and pressure =8 cwts. 

18. A weight is supported on an inclined plane by a cord as in 
Jig. 78., Art. 140. ; when the inclination of the plane to the horizon is 
30°, and the inclination of the cord to the vertical 30°, show that 
w=p a/3. 

19. In the common vice, if a be the advantage gained by the 
lever, and ai by the screw ; show on the principle of the equality 
of work, that axa^ is the total advantage of pressure gained, 
friction being neglected. 

20. Demonstrate the formula given in Art. 150., assuming the 
principle of the equality of work to be true. 

21. Two given forces, p and q, acting at the extremity of a rod 
moveable freely round its other end, keep it at rest. When the 
direction of one of the forces is given, show how the direction of 
the other may be found. 

22. A uniform heavy rod, weighing wlbs., is supported in a 

horizontal position by two equal strings attached to its extremities 

and to a fixed point, the rod and the strings forming an equilateral 

w 
triangle. Required the tension of one of the strings. Ans. —^ . 

V 3 

23. The directions of two forces, p and q, which act on a bent 
lever and keep it at rest, make equal angles with the arms of the 

K 4 
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lever, which are a and h feet respectively ; required the ratio of p 
to Q. Ans. -=^- 

24. Two weights keep a horizontal lever at rest ; the pressure 
on the fulcrum is 10 lbs., the difference of the weights is 4 lbs., 
and the difference of the lengths of the arms is 9 inches ; required 
the weights, and the arms of the lever. Ans. The weights 3 lbs. 
and 7 lbs. ; and the arms 6f in. and 15f in. 

26, A weight of 15 lbs. is supported on an inclined plane bj a 
power acting parallel to the plane. The pressure on the plane is 
91bs. ; required the power. Ans. 12 lbs. 

26. A weight of wlbs. is sustained on an inclined plane by a 
string parallel to the plane and fixed to the extremity of one of 
the equal arms of a horizontal lever, to the opposite extremity of 
which is attached a weight of Qlbs. ; required the inclination, a, 

of the plane. Ans. sin a= — . 

^ w 

27. A weight of wlbs. is suspended from the block of a single 
moveable pulley, and the end of the cord in which the power acts 
is fastened at the distance of b feet from the fulcrum of a hori- 
zontal lever, a feet long, of the second kind ; required the force Q 
which must be applied perpendicularly at the extremity of the 

lever to sustain w. Ans. q=t;- . 

2a 



CHAP. VII. 

applications. — TENSIONS OF CORDS, ETC. THRUST OF BEAMS. 
PRESSURES OF ROOFS. EQUILIBRIUM OF STRUCTURES. THEORY 
OF ARCHES. WORK IN MOVING A BODY ON AN INCLINED PLANE. 
WORK IN RAISING MATERIAL HAVING A GIVEN FORM. WORK IN 
OVERTURNING BODIES. RELATIVE TO THE ANGLE OP FRICTION. 



151. TENSIONS OF CORDS, bto. — THRUST OF BEAMS, btc. 
1. A platform ab, turning on a hinge at b, is supported from 
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Fig, 88. 



falling by means of a chain or cord 
AD, fixed to a hook at d in the same 
vertical line with b ; a weight Q is 
placed on the platform : it is required 
to find the tension of the chain, or 
the force tending to break it. 

Here the platform ab may be re- 
garded as a rod or lever turning on 
B as a centre of motion. The pres- 
sures tending to move the lever downwards are the weight Q, and 
the weight of the lever itself acting in its centre of gravity or 
middle point c. The pressure tending to move the lever upwards 
is the force p stretching the chain ad, acting with the effective 
leverage bo, the perpendicular let fall on ad from the centre of 
moments b. Now as these forces are supposed to balance each 
other, we have, by the equality of moments. Art. 1X7., 

Tension chain or p x BO=wt. Q x QB-f wt. platform x cb. 

Let a=AB, ^=QB, A=BD, «(7=the weight of the platform, 

p=the tension of the chain ; .% cb=^ AB=^a, and by the similar 

^ . , - ABXBD o.h . . ^ 

triangles, abd and aob, bo= — ^-^^^ — =-^^===; hence by sub- 



AD Vd^^h^' 



stituting these values, we have 
ah 



PX 



Va^+h-^ 



==Q . q-^f^ . i «, 



^= 2ah (gQ'^-H^'^)' 



Or thus, 
Let 0=Zbad, then BO=a sin 0, and in this case the equation 



of moments becomes 



pxa sin 0=Q . ^+w . ^dy 

_ 2(^q-\-aw 
•*• ^~ 2a sine ' 

To find Q when the tension of the chain is given, we have 

. . 2Q£+af^_ 



sin 



2ap 



2. To find the^pressure on the hinge in the last problem. 
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Fig, 89. 



Let c be the common centre of gravity of 
the platform and the load placed upon it. 
Put w=the weight of the platform and the 
load upon it, a=AB, A=bd, c=bo, /. ac 
=a— c. 

Draw CO perpendicular to ab cutting ad in 
o ; then as Co is the direction of the pressure 
w and OD that of the force stretching the 
chain, bo will be the direction of the pressure on the hinge (see 
Art. 68-). Take on equal to the units in w, and construct the 
parallelogram of pressures nreo, then the units in or will give 
the amount of the pressure on the hinge. 

To find the angle a bo. 

From the similar triangles abd and Aco, 



CO 



_ ACXBD _ (fl— c)A 

AB "~ a ' 
co_(g— c)A 



/, tan ABo==^^ 

BC ac 

which gives the direction of the pressure on the hinge. 

To find the value of or. 

Bo= v'b c^ + c o2 = - \^a^c^ + (a — cfh^, 
and from the similar obd and ore, we have 



crxBo w 



BD 



^^/aM^-(a-c)2A3, 



which gives the amount of pressure upon the hinge. 

3. A rope ad supports a uniform pole od, resting on the ground 
at o, and carrying the weight w, suspended 
from D ; it is required to find the tension of 
the rope, &c. 

Let OP be perpendicular to ad, cr and 
DN perpendicular to an ; 

then taking o as the axis of moments, we 
have 

tension rope xop=wxoN4-wt. pole x o r. 

Put AO = 6, 0D=O, 0a=Z.NOD, «=Z.ODA; 
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then OP=a sin <», ON=a cob 6, OR=^ON=^acos d, and wt. pole 
=tr ; hence we have, by substituting these values and reducing, 

tension rope=^^(w-|-^w) . . . (1). 

When the rope Ap is horizontal, as in^. 91., a=d, and — — ^ 

= cot 0, in this case eq. (1) becomes ^ ^ 

tension rope = cot Q (yr-^-^w) . . . (2). ^ 

This expression increases as 6 is decreased,' 
and when Q is very small the tension of the 
rope becomes very great, which shows the __ 
danger there is in breaking the rope whan the ^ ^ n 

inclination of the pole to the horizon is small. ^^' ^^' 

To find the thrust upon the pole, when its weight is neglected. 

Here the three forces which maintain one. another in equilibrium 
are, the weight w acting in the vertical line dn, the tension of the 
cord DA, and the thrust on the pole do. Take Dn equal to the 
units in w, and construct the parallelogram of pressures J) me-, 
then the units in De will give the tension of the rope, and the 
units in di the thrust upon the pole. 

Now from the triangle d »i, we have 

Di_sinZ.iwN__cosZ.OAD ^ 
J>n sinZ.Di»""sinZ.ODA * 

put a=Z.ODA, and j3=/.oad, then 

w cos Q 

DI = — , ^, 

Sin ot 
which gives the thrust on the pole. . 

When the cord ad is horizontal /3=0, and then 

w 

DI=-: 

sin a 

This expression is a minimum when sin a is a maximum, that 
is^ when a =90° ; and as a is decreased the pressure on the pole 
is increased, which shows the danger there is in breaking the pole 
when its inclination to the horizon is small. 

4. A beam fb is suspended by two cords, pa and bh ; it is re- 
quired to find the tensions of the cords when the beam is at rest. 
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Fig. 92 



Let c be the centre of gravity of the beam ; pro- 
duce the directions of the cords until they intersect 
in E ; join EC ; then this line will be vertical, being 
in the direction of the force of gravity acting on 
the beam. Take ki equal to the units of weight in 
the beam, and construct the parallelogram of forces 
INKV; then the units in kn will give the tension 
of the cord af, and the units in ey that of the 
cord HB. 

Put «7=Ki the wt. of the beam; <»= Z.AKC, and /3=/ hkc ; 
then from the triangle ien, we have 

EN__8inZ.KIN^ 

KI sinZ.iNA' 

butZ.EIN=ZHKC = /3, and Z.INA=:a-f-/3, 

__ «7 sin /3 
sin(a-|-/3) 

which gives the tension of the cord a p. Similarly we have for the 
tension of the cord hb, 

w sin « 
'sin(«-f/3y 

5. A gate ah is supported by a pin turning in a socket at o, 
and prevented from falling in the direction a d by a hook and loop 
at A ; it is required to determine the pressure on the pin o, &c. 

Let DC be a vertical line passing through the 
centre of gravity of the gate, and ad the hori- 
zontal direction of the force tending to draw the 
hook out of the wall. Join do, then this line will 
be the direction of the pressure on the pin (see 
Art. 68.). Take DC=tr the units of weight in the 
gate, and construct the parallelogram of pressures ; 
then the units in dq will give the pressure on the 
pin. 



KV=- 




Fig, 93. 



Now from the similar triangles dop and dqc, we have 

DCXOD 



DQ=- 



OP 



Put A=0P, ft=PD, and w=dc the wt. of the gate; then 
OD= \^b^^h\ and 

which gives the pressure on the hinge. 
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If e= Z.i>OF, then tan e=Y- 
n 



isa. STABILITY OF STRUCTURE. 

1. Let AC be the vertical section of a pillar, having a square 
base, acted upon by a horizontal pressure p 
applied at the upper edge, to determine the 
conditions of equilibrium, supposing the pillar 
to be overturned on the edge a. 

Let G^ be a vertical line passing through a s? b 
the centre of gravity g; put a=AB the side of ^^9- ^• 

the base, A=bc the height, and w=the weight of each cubic foot 
of the material ; then we have, by the equality of moments, 

p X BC= wt. pillar x a^, 
or PxA=a2Awx^, 

Now as this expression is independent of A, it follows that all 
square pillars standing on equal bases require the same force to 
overturn them, whatever may be their perpendicular heights, pro- 
vided that force is applied at the top or at the middle of the pillar. 
Hence the force of the wind, tending to overturn a structure, 
increases with the height ; because the pressure of a given wind, 
other things being the same, is applied at the middle of the pillar, 
and its force is proportional to the height of the pillar. 

2. To find the point at which the pressure p must be applied, so 
that the pillar in the last problem may be upon the point of sliding 
at the same time that it is upon the point of being overturned on 
the edge a, the coefficient of friction being/. 

Let w=the wt. of the pillar, a=the side of the base, and ar= 
the height at which p must be applied ; then as p must be equal 
to the resistance to friction, we have 

P=/w; 
and from the equality of moments 

pxa?=wX2> 
aw aw a 



2p 2/w 2/ 
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3. Suppose the ba^ of the pillar in Prob. 1*, Art. 152., to be a 
rectangle, whose area ssa, and breadth AB=a; then we get 

a 



Fxh=zAhwx 



2' 




;•. P=r|Atira. 

Here the force necessary to overturn the pillar increases with 
the breadth of the base when its area is constant. 

4. Let OBHF represent a pillar acted upon by a pressure p, in 
the direction py, to determine the con- ^ 

ditions of stability, &c., supposing the 
pillar to be overturned upou the edge o. 

Take ev a vertical . line, passing 
through the centre of gravity of the 
pillar, and cutting the direction of the 
force p in A; from o let fall oy perpen- 
dicular to PY. Put a==ov=RE, e=EP, 
A=OR, 6=Z.EAP, and w=the wt. of 
the pillar ; then by the principle of the 
equality of moments, we have 

Momt. p=p X o Y, and momt. pillar 
=wxov. . 
But RS=RP X cot B^(a-\-e) cot 6, 
so=RO— RS=A— (a-f e) cot 0, 
OY=sb xsin 6= (A— (a-f c) cot 6} sin 6 
I .^=?A sin 0T-(a-f-e) cos^ .. 

A M<Mnt. p=J»{A sin d— (a-f ^) cos ^}, 
and momt. pillar =wa. 

Now when the moment of p is less than the moment of the 
pillar, it will stand, and vice versa ; but if these moments are equal 
to each other, the pillar will be upon the point of overturning ; in 
this case, we have , 



Fig, 95. 



i*=l 



(1), 



~h sin Q—{a-\-e) cos Q ' 

which gives the value of p when the pillar is upon the point of 
being overturned on the edge o. 

The investigation may also be conducted in the following 
manner. 

Take ab equal to the units in w, and AC equal to the units in 
p; construct the parallelogram of pressures abdc, then ad will 



Digitized by VjOOQIC 



CHAP. Vn.] APPLICATIONS. — STABILITY OP STRUCTURE. 143 

be the amount and direction of the resultant tending to overturn 
the pillar. If ad produced intersect the base within the edge o, 
the pillar will stand ; and on the contrary if the point of inter- 
section, M, fall without the base, the piUar will fall ; but if it 
intersect at the edge o, then the pillar will just be upon the point 
of overturning. 

153. Modulus of Stability.. — ^A structure will be more or less 
stable, according as the point of resistance, m, is more or less dis- 
tant from the edge o. Hence the modulus of stability may be 
defined to be, the ratio that om bears to ov. 

1. To determine the point of resistance 9f. 

Let fall DN perpendicular to e v ; then by the similar triangles 
avm and and, we hav6 

AVXDN 
MV= . 

• AN - 

But AV=EV— EA=A— C cot 0, 

DN=DBXsinDBN=p sin 0, 

AN=:5AB + BN^Vr + P COS 0; 
{h—e cot 6)p 8in0 

W-fPCOS0 



, MV 



(Ji sin d — e cos 6) p 
■ W4-P cos Q 



(2). 



Here the stability increases as the value of mv is decreased, but 
this will take place when the value of e is increased, the other 
quantities remaining the same ; that is to say, the stability will be 
increased as the point of application of the force, p, is removed 
from R. 

When MV=ov=a, the pier is upon the point of falling, and 
then this expression may be reduced to the form given in eq. (1). 

Or thus, 

The following method of investigating this problem is highly 
instructive. 

As the point m lies in the line of the resultant, we may take it 
as the axis of moments (see Art. 68.). Put m=OM, and let p be 
calculated for one foot of length of the pier, then, putting w for the 
weight of each foot of the material, we have w=2aAM?. Let fall 
M» perpendicular to py, and o^ perpendicular to M», then Mn=: 
OY+M^. But OY has been found in Art. 152., and 

M^:=0M cos OM^=m cos ; hcncc by substitution we find 
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Mn=A sin 0— (a + c) cos d-\-m cos d 

=h sin 0— (a+e— wi) cos 6 ; 
/. Momt. p=PXMn 

=p {h sin 6— (a+e— «i) cos 0} . , . (3). 
Momt. pier=wt. pier XMV 

:=2ahwx(a—m). 

.\ p {A sin 0— (a+e— w) cos 0} =2aA«7 (a—m) . . . (4). 
which is the general equation of stability. Eq. (2) may be reduced 
to the same form. 

To find the height of the pier when it has a given stability, 

0M=9n. 

Solving eq. (4) for the value of A, we find 

""psinO— 2a«7(a— wi) * * * ^ ''' 

When i»=0^ the pier is on the point of being overturned, and 
then 



j,_ Pcos e(a-\-e) .^v 
'*~psin0-2a2t^ • • • W> 



which expresses the greatest height of the pier. 

2. To find the thrust upon a shore jl when the pier is upon the 
point of being overturned. 

Let 0K=|> be the perpendicular on the shore; and Q=the 
thrust upon the shore ; then we have by the equality of moments, 

p X O Y=W X O V + Q X OK ; 
.% Q=-(PXOT— WXOV), 

hence we have, by substituting the values of or and ov given in 
problem 4., Art. 152. 

Q=- [p{Asin 0— (a+e)cosO} — wa] . . . (7). 

3. The stability of a wall a dp supported by buttresses of equal 
heights and bases. 

Conceive the buttresses to be reduced in height and extended 



Digitized by VjOOQIC 



CHAP. VII.] 



STABILITY OP EMBANKMENTS. 



145 




along the wall with the breadth, od, of their bases unchanged, 
and let OD BR be the section of the buttress 
thus formed. Put df=c, od=c?i, da=A, 
OR=DB=Ai, 5=the perpendicular distance 
of the point p from or produced, w=the wt. 
of each cubic foot of the material, »t=OM the 
modulus of stability, and so on to other nota- 
tion adopted in Art. 153. ; then m being a 
point in the resultant of the pressures, the o m 

sum of the moments, about m as an axis, of Fig. 96. 

the parts of the structure will be equal to the moment of the 
pressure p. 

The moment of p is given in eq. (3), Art. 153 , where s must 
be put for a-\-e. 

Moment ADP=wt. adp x distance of its centre of gravity from 
M=cAwx(ci— w+^c). 

Moment odbr=CiAiW {^Ci — m), 
/. p {h sin 0— (5— »i) cos 0} =c A w (ci — »i + \c) -f c^ Aj w(^Ci — w), 
which expresses the conditions of stability. 

By making m=0 in this formula, we obtain an expression 
giving the relation of the elements when the structure is upon the 
point of being overturned on the outer edge o. 

4.. The stability of an embankment whose section has the form 
of a trapezoid aorh. 

Draw HB parallel to the vertical side RC ; let Q be the centre of 
gravity of the triangle abh, and g 
that of the rectangle br ; draw 
Q^ and Qg perpendicular to AO. 
Put AC=a, HR=6, CR=A, the 
perpendicular let fall from m on 
the direction of p=j», w=the wt. 
of each cubic foot of the material 
p=the pressure calculated for each ^^9- 97. 

foot of length of the embankment, /ra=AM ; hence we have 

Momt ABH=Wt. abhxm^ 

^^{a-b)hwx{l{a-b)^m]i 
Momt. BR=Wt. BR X m^ 

^hhw X (a— w— ^6) ; 
and Momt. p=p ./> ; 
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which gives the conditions of stability. 



[part it. 
...(1), 



THE LINE OF RESISTANCE. 

154. To determine the equation of the line of resistance, 
PAMMi, of a rectangular pillar acted upon by a pressure p, as in 
Art. 152., Prob. 4. 

Let op be any horizontal joint of the pillar, and m the point of 
resistance (see Art. 153.), then the value of mv 
is given in eq. (2), Art. 153. 

Put y for MT, and x for A or ev ; that is let 
us take e v and e r as the axes of coordinates. 
Moreover, let «7=the weight of each unit of 
surface of the pillar*; then w=2awx; substi- 
tuting these values, we get 

X sin B—e cos 



y=p. 



(1) 




Fig. 98. 



" 2awx-\-T cosS 
V7hich is the equation of a hyperbola. 

If a?=0, y=— e=EP, that is to say, the curve passes through p 

• !• J Ti* cos 

the point where the pressure is appued. If yrsO; x=e. —, — = 

EA, that is to say, the curve passes through A the point where the 
direction of the pressure p cuts the vertical through the centre of 
gravity of the pillar. 

If p be applied perpendicularly to the side of the pillar, 6=90% 
and then eq. (1) becomes 



y= 



2aw 



= a constant. 



in this case, therefore, the locus is a straight line parallel to e v ; 
and consequently the modulus of stability of the pillar would be 
the same whatever might be its height. 

The mass rop would slip upon the joint of, if the angle which 
the resultant pressure, am, makes with the vertical, is greater than 
the angle of friction. In stone and brick structure this is a con- 
dition which very rarely takes place. 



* If the length of the pillar be 1 foot, then w will represent the weight of 
each cubic foot. 
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THEORY OF ARCHES. ' 

155. The highest stone in an arch is called the kej-stone, and 
those which rest upon the abutments or piers are called the spring- 
ers. An arCh is usually included between two curves called the 
intrados and extrados. Experience has shown that arches almost 
always give way by certain portions rotating or turning round 
upon the inner edge of the joints*, and not by slipping, as some 
authors have assumed in their investigations. We shall therefore 
only consider the conditions of equilibrium in reference to the 
former assumption. 

Line of Resistance in the Arch. Point of 
Rupture. 

Let A BCD represent any arched structure; f a pressure ap- 
plied at the joint dc ; Ee, f/, Sec, 
the joints of the arch stones ; Ki a^ 
the direction of the resultant of 
the pressure p and the weight of 
the mass ed acting through its 
centre of gravity ; .R2a2 t^^** of 
the pressure p and the weight of 
the mass fd; n^a^ that of the 
pressure p and the weight of the 
mass flaD ; and so on : then the ^^T^f^ 

curve passing through the points ^^9- 99- 

p, «!, 02, flg, &c., is the line of resistance. If this curve lies 
entirely within the face of the arch stones the structure will stand, 
and on the contrary it will fall if the curve of resistance cuts the 
intrados or extrados ; but if the curve of resistance touches the 
intrados, as represented at a^^ then the structure will be upon the 
point of turning on a^, and this point is called the point of Kt^TURE, 
or the place where the arch first yields under the circumstances 
of pressure. Hence it appears that the rupture of an arch takes 
place at the point where the line of resistance touches the intrados, 
or, what amounts to the same thing, where the resultant of the 
pressure p and the weight of the mass, acting through its centre 
of gravity, touches the intrados. 

* Arches which fall by rotation on the exterior edges may be regarded as ex- 
ceptional cases. 

L 2 
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When the centres of an arch are taken away, the crown almost 
invariahly sinks; this occasions 
the joint at the crown to open at 
its lower edge, and at the same 
time a certain portion, dvpn, 
of the arch to turn upon d as a 
centre, thereby producing a rup- 
ture, or opening, in the exterior Fig, lOO. 

edge at this point. The same effect will take place in the other 
half of the arch. These two equal portions thus tending to 
break away from the general mass, exert a horizontal pressure p 
along the line PC, and thereby cause the walls of the struc- 
ture to turn on their outer edges. The arch will undergo a rup- 
ture at that point where the portion, dvpn, so breaking away, 
will produce the greatest horizontal thrust ; for this point must, 
obviously, be the yielding part of the arch. 

Appboximate Methods for finding the Point op Rupture 
IN AN Arch. 

156. If D be the point of rupture ; d vpn the portion broken from 
the semi-arch (see^^5. 100. and 101.) ; pc a horizontal line being the 
direction of the pressure p ; dg parallel to pc or perpendicular to 
PK ; BG a vertical line, passing through the centre of gravity of 
the mass dvpn, and intersecting pc in the point b ; then bd will 
be the direction of the resultant of the pressure p and the weight 
of the mass dp, and therefore by Art. 155., bd will touch the in- 
trados; this property forms the basis of the first method here 
given for finding the point of rupture. 

Again we have by the equality of moments (see^. 100.) 

p X BG= wt. mass dp x dg, 

wtmassDPXDG ,_. 

now. Art. 15S», for the point of rupture this value of p is greater 
than any other value of p derived for any other point in the arch. 
It is obvious that the expression of eq. (1) really does admit of a 
maximum value ; for whilst the factors of the numerator are in- 
creased the denominator is at the same time increased, and so on 
conversely ; so that a point in the arch may be found where this 
fraction is greater than it is for any other point. This principle 
is employed in the second method here given for finding the 
point of rupture. 
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First Method. 

157. Having drawn the arch upon a scale of about an inch to a 
foot; ASSUME D to be the point of rupture ; find dg by eq. (1), 
Art. 104., or more accurately by eq. (4), Art. 106. ; draw the verti- 
cal GB, which will be the direction in which the weight of the mass 
acts, cutting the direction in which p acts in the point b ; join bd ; 
then if bd touches the curve in the point d, this will be the point 
of rupture ; but if the line bd does not form a tangent to the curve 
the point d is not the point of rupture, and some other point must 
be assumed, higher or lower, according as b is to the right or left 
of the point where a tangent to d would cut PC, and the whole work 
must then be gone over again. The following observations enable 
us to assume d, in the first opei'ation, within a few degrees of the 
true point of rupture. 




Fig. 101. 

In circular arches with parallel extrados, the depth of the arch 
stones has always a relation to the span of the arch : thus the ratio 
of the radius of the exterior circle to that of the interior circle will 
generally lie between 1*5 and Tl, and the angle of rupture be- 
tween ^^ and 52° ; hence the limits of rupture, in such cases, may 
be taken between these angles. In arches with horizontal extrados, 
the angle of rupture is never less than 52° and rarely exceeds 6&^ ; 
so that we may generally assume that the rupture of arches takes 
place between the angles of 52° and 6QPy measured from the crown. 

L 3 



Digitized by VjOOQIC 



150 PRINCIPLBS OP MECHANICAL PHIL080PHT. [PABT II 

158. To find the horizontal thrust of the arch. Take bv equal 
to the units of weight in the ruptured portion dvpn, and com- 
plete the parallelogram of pressures bvic ; then the units in bc 
will give the units of pressure in the horizontal thrust p. 

If U7=the weight of each unit of surface in the arch, then 
wt. DVPN=wx area DVPN. 

159. In the following example the line of rupture is assumed to 
lie in the vertical d v, whereas it more strictly lies in the line J>nt 
(see fig, 55.); but when the depth of the arch stones is comparatively 
small, the error involved in this assumption is very inconsiderable. 
However, it should be observed that the centre of gravity of the 
mass D«/RN may be found by eq. (6), Art. 107. 

Hxample, Let hdn be a semi-circular arch, whose radius kk' 
=KN=8 feet; the radius ep of the extrados 9 J feet; and the 
thickness np at the crown 9 inches ; and the weight of each foot 
of surface in the arch =200 lbs. ; required the point of rupture, 
and horizontal thrust. 

On K as a centre, with the radius kh=8, sweep the semi-arch 
HDN ; mark off np=*75, the height of the crown ; take pe=9-5, 
and on E as a centre, with the radius ep, sweep the line of the ex- 
trados PVZ. 

Assume the rupture to take place at d, at the distance of 58° 
from the crown. Now, in order to ascertain whether or not this 
is the point of rupture, we proceed as follows : 

Draw DQ and PC parallel to hk ; divide dq into six equal parts, 
viz., Da=zab =^bc=cd=&c* ; from the points d, a, b, c, &c., draw 
DV, ahy biy chy &c., parallel to qp, cutting the arch in DV,/A, gi^ 
jk, &c. 

From the scale we find, dQ5=6-73, 

A Da, or a of the formula, =a^=&c.=^ of 6-73 = 1*12; 

DV or flo o^ *^® formula=l*6 ; pn or a^='75 ; fh or flfi = r2 ; 
gi or ^2=1 » j^ or a3='85 ; Im or a4=-76 ; np or a^='T5. 

Hence we have by the general formula. Art. 104 », eq. (1), for 
finding the centre of gravity of the arch dvpn ; 

DG=M2 (1-6+ (3 X 6- 1) -75 + 6(1-2 4- 2 x 1 + 3 x -85 + 4 x '76 
+ 5 X -75)} -^-3 {1 -6+ -75 -f 2( 1 -2 + 1+ -85 + -76 + -75)} 
= l'12{l-6-f-12-75+75-84}^3{l-6+-7o-h9-12} 
= 101 •0128-i-34'41 =2-9+. 

Now mark off dg=2-9, and draw gb parallel to qp, cutting 
PC in b; join bd, and if this line form a tangent to the curve at d, 
then this will be the point of rupture. 
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In the present case bd is very nearly the tangent to the point 
D, therefore d is very nearly the point of rupture. Hence we 
have /.DKN=58^ nearly for the distance of the point of rupture 
from the crown of the arch. 

The value of do might have been determined with greater accu- 
racy by eq. (6), Art. X07. ; and in order to render the work pro- 
gressive without any erasures, the artifice adopted in Art. !•!. 
might readily be employed. 

For the horizontal thrust we have 
Wt. DVPN=2(X)xarea dvpn 

=200x^{ao+a6 + 2(ai + a2-f«3 + «4 + «6)} 

= 100 X M2 {1 -6 -f -75 + 2( 1 -2 -h 1 -h -85 + -76 + -75)} 

= 12841bs. 

From any convenient scale take Bt7=1284, and complete the 
parallelogram of pressures bvic; then the units in bc=800 
nearly, that is, the horizontal thrust of the ruptured portion dvpn 
will be 800 lbs. nearly. 



Second Method, 

160. It has been shown that the rupture of an arch takes place 
at that point where the horizontal thrust (eq. (1), Art. 156.) is a 
maximum, that is, where (see Jig, 100). 

wt. massDPXDG area D VPN XDG. 

or IS a maximum. 



BG bg 

But area dvpnxdg is the moment of the ruptured surface, 
and BG is the distance of the point of rupture from the crown or 
horizontal line in which the thrust acts ; therefore, rupture takes 
place at that point where the moment of the ruptured surface, 
divided by the distance of the point from the crown, is a maximum. 

In Jig. 102., let NDm be the intrados ; pwr the extrados of the 

arch stones; pa the line of horizontal thrust, intersecting the 

vertical DV produced in a ; Dn and mr joints of the arch stones ; 

nt and rs verticals. Now if d be the point of rupture, the line of 

rupture will be d/i^, and putting q for the moment of the ruptured 

surface Dn^RN, and h for Da the leverage of p, we have to 

determine 

Q 

i a maximum. 

n 

L 4 
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Fig. 102. 



161. In order to apply this principle, so as to give a progressive 
character to the calculation ; assume the points d and m in the 
intrados, so as to lie without the limits of rupture (see Art. 157.) ; 
draw the vertical lines Da, 



mky cutting the line of 
the horizontal thrust in 
the points a and k ; di- 
vide ak into m equal parts 
in the points by c, &c. ; 
draw the verticals 61, 
c2, &c. ; put m' for the 
moment of the surface 
D VRN about D, a' its area ; 
m/ for the moment of 
Urn about 1, Aj for the 
area JIvd; and so on, 
M^' for the moment of wmRN about w, a^ for the area wmvD ; 
c?=a6r=6c=&c. ; eo=DV; ^1 = 11 ; ^2=22;...; e^=:mm\ Aq 
=Da ; hi = \b\ A2=2c ; . . . ; h^^^mk. 

Now it will be observed that m' is given in eq. (4). Art. 106- 
We now proceed to determine a value for m^+/ in terms of M„', so 
that we may be enabled to derive successively the values of m/, 
M2^ &c., in such a way that the calculation for any one moment 
may form a step to the calculation of the one next succeeding. 

By eq. (3), Art. 106 , we get 

M«+/=M/ + (A'+Aj€f+|'(e^^j + 20-- . (1). 
When w=0, Ao=0, and Mo'=m', 

.-. M/=M'-f A'£;+^(«i+2eo) . . . (2). 
Now A^=tf(ieo + ei-}- . . . -\-e^ i+iO> 
therefore by substitution in eq. (1) and reducing, we get 
M^+/-=»C+A'c?+^Ueo + e,-f . . . + e^+,-K^^+5^^^.,)}. . . (3). 
Let D^^.i=:A'd |-^{|^, + ei-f . . . -f e^+,-i(e« + 5e^+0}- • • W, 

/. mJ=m^/+d„...(5); 
but D^+i=D,„ + rf- {«^;„+i-K^,„ + 5e^+0-t-i(^«_i + oe,^"] 



= I>m -I- -g-(^m+l -f 4e« -h e„_,) 
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.-. M^+/=M^'+D^ + -(e^^.i + 4e«4-e^i) . . (6) 

which exhibits the law by which m^+i is derived from m^' as ex- 
pressed in eq. (5). 

162. Now by eq. (2), and making w=l, 2, 3, &c., successively 
in eq. (6), we get 

M/=M' + A'cf+^(ei+2eo) 
d^ 

= Mi'-fD2 

d^ 

M3' = M2'4- Da + -^(^3 +4^2 + ^1) 

= M2Vl>3 
&C. = &C. 

163. If d be very small, we may suppose, without materially 
vitiating the result, that, in the expression for M2', €0=62=61 ; in 
the expression for M3', 61=63=62; and so on; in this case we 
therefore have 

m/=m'4-Di 

M2'=m/ + Di -1-6^61 
=m/ + D2 

M3'=M2'-hD2 4-^62 

= M2'+D3 
&C. = &C- 

164. Let Q^=the moment of the whole ruptured surface Nmr^R; 
A=mA the leverage of p; 5'^=the moment of 'mrsm\ *^=r«; 
and/?„=the distance between mm and rs ; then we have (see eq. 
(5), Art. 107.) 

=M.'-^g-%,n + 2*.)...(7). 
Making w=0, 1, 2, &c. successively in eq. (7), we get 

Q =m' — ^(6oH 25o) 
Q, = M/-?^-(6i+2*l) 
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Q2 = M2'~^(e2 + 252) 
&C. = &C. 

165. Having found convenient expressions for the moments Q, 
Qi> Q2> ^^"9 W6 proceed next to calculate in succession the values 
of 

^ ^ ^ &c 

fll ll^ 

until we arrive at that particular value which is greater than the 
one which precedes it, as well as that which follows it ; then the 
point on the arch corresponding to this maximum condition gives 
us the point of rupture. 

Let K he put for the maximum value thus found, and let w be 
put for the weight of each unit of surface in the arch ; then 

w X moment surface 



the horizontal thrust, p= 



distance from crown 
=WBi . . . (8). 



To determine the conditions of stability of the Pier of 
an Arch^ 




166. Let PND be the semi-arch; ophr the pier; Gv a vertical 
passing through the centre of gravity of 
the pier ophr; gK a vertical passing 
through the centre of gravity of the 
semi-arch dhpn; m the point of resist- 
ance; put p=the horizontal thrust ob- 
tained from eq. (8), Art. 165, ; w=the 
weight of the pier; Wi=the weight of 
the semi-arch dhpn; g=:yK; A=pj 
the height of the line of horizontal 
thrust; a7=My; a=ov; «i=om: the 
distance of the point of resistance from 
the outer edge of the pier. By the equality of moments, taking m 
as the centre, we get 



Fig. 103. 



PXPJ=WXMV-fWi XMK, 

. PxA=wxaj-fWi(^4-a?), 

pA — Wiflr 

/. X= ; i^ 

w-hw, 



(1), 
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which gives the distance of the point of resistance from the point 
V. Or, putting a— m for x, we get 



Th^Wiff 



(2), 



w+vr, 

If the section of the pier be rectangular, then ov=vf, and in 
this case let ^ = OR, and w=the weight of each unit of section of 
the pier; then w=i2abtv, and eq. (2) becomes 



pA— "Wiflr 
2aDw-\-Wi 



.(3). 



To determine the breadth of the pier, so as to have a given 
value of m, we must substitute a+FK for ^ in eq. (3), and then 
solve the resulting quadratic equation for the value of a. 

If the pier be upon the point of overturning on its edge o, then 
»i=0, and then eq. (3) becomes 

2a^bw-ha^i=ph—Wig , . . (4). 



PRESSURES OF ROOFS. 

167. To find the thrust on the rafters of a roof without a tie 
beam. 

Let AG and A B be the rafters of the roof resting upon the side 
walls c and b. Suppose 2 w to be ^ 

the weight of roof supported by the 
rafters AO and ab ; then, as the 
weight on each rafter maj be con- 
ceived to be collected in two equal 
weights at the extremities, ^w will | *^ | "^ ^v 
act vertically upon each wall, and vr 
will act vertically at a. Let ac=ab ^' 

=Z, cl=lb=5, and AL=e. Take AO=the units of weight in 
w, and construct the parallelogram of pressures aeog, then the 
units in ae=ag will be the thrust on the rafters. Draw ed per- 
j^ndicular to al, then ad=do=^w, and by the similar triangles 
CLA and EDA, we have 

"' (1), 




AE=- 



ACXAD 



AL 



2e 



which gives the thrust upon each rafter. 

168. To determine the amount and direction of the pressure of 
the roof, tending to overturn the side walls. 
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It has been shown, that besides the thrust upon the rafter just 
found, there is a vertical pressure upon each wall equal to ^w. 
Take'CN equal to the units in this vertical pressure; also cp 
equal to ab, the thrust upon the rafter ; and construct the parallelo- 
gram of pressures cnpp ; then cp will give the amount and 
direction of the pressure of the roof tending to overturn the 
walL 

Produce pp until it intersects cb in k ; then 

Cp2 = PK2-fCK2 .. .(1). 

Now because the triangles cpk and bad are equal in all 
respects, fk=ad = ^w; but pf=cn=^w: therefore fk=pf; 
and pk=52pp=w. Again, from the similar triangles cpk and 
CAL, we have 

CLXFK bw ,-. 

<'''=-ir-=.27 • • • (2) ; 

substituting the values of pk and ck in eq. (1), and extracting 
the square root, we find 

which gives the pressure on the wall.* 
Let a=ZPCN, then 

PK 2e ... 

cota= — =-^ ... (4) 

CK 6 ^ ^ 

which gives the inclination of the pressure. 

The thrust cf upon the rafter, being resolved into ck and fk, 
gives 2cK for the force tending to stretch the tie beam cb, there- 

fore, from eq. (2), we find this force 'to be — . 



* To find the inclination of the roof when the pressure c p upon the waUs is 
a minimum, the span remaining the same. 

Let «?=the weight on each foot of length of the rafter; then yr=lw, and 
eq. (3) becomes 



2c • 2c 

.*. 46^ + — + 66* = a minimum ; 



aeuce we have by differentiating, &c., 



e \ 1 

, = -—:, that is, tan acb = — _= tan 35*^ 16 ; 

V2 "^2 
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WORK IN RAISING MATERIAL HAVING A GIVEN FORM. 

169. It has been shown, Art. 110., that the work in raising any 
structure, or material, ha'ving a given form, is equal to the weight 
of the whole material in lbs. multiplied by the space in feet 
through which the centre of gravity is raised. 

1. To find the work in r^sii)g the material in a rectangular 
wall. 

Let a=the length, ^=the thickness, c=the height, w=the 
weight of a cubic foot of the material, and u=the work ; then 

Wt. wAll=abcWy 

space through which the centre of gravity of the structure is 
raised =^c, 

/. Work OTV=abcwx^c=^abc^w, 

2. To find the work in raising the material of the shaft of 
a pit. 

Let cf=the diameter of the pit, a=its depth, and w=the wt. of 
a cubic foot of the material ; then 

Wt. of the material = J tt <P a tr, 

/. Work or v=^7r(P aw x^=^^Ta^<PfP. 

3. To find the work in raising a rope from a pit or well. 

Let a=the length of rope, c=its circumference, w=the weight 
of 1 foot length of rope 1 inch in circumference. 

Now since the areas of circles are to each other as the squares 
of their like dimensions, 

/. Wt. of 1 ft. of rope=c2«£7, 

/. Wt. whole rope=c^ x a, 

.*. Work in raising the rope=c^a x 5, 

Required the work, u, when w lbs. of coals are raised by the 
rope. Here we have 

u=work in raising rope-f work in raising coals, 

4. To find the work in raising water into a cistern from a well. 
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Let ABCD be a cylindrical cistern, hnr the level of the water 
in the well, which we shall first consider to re- 
main unchanged, g the centre of gravity of the 
water in the cistern. 

Let a=AD, the depth of the water in the cis- 
tern, c?=its diameter, e=BB, the distance be- 
tween the bottom of the cistern and the level of 
the water in the well. 




Wt. water raised=62*5 xiwd^a, 

A Work=wt. waterXNG K^r. 104* 

= 7*8125 7rarf2(2c+a). 

Now let us suppose ep to be the level of the water at first in 
the weU, hr the level when the cistern is filled, and that no water 
flows into the well during the process of pumping. Let g be the 
centre of gravity of the water hbpe. Put di for the diameter of 
the well ; then 

Volume water raised =:^7r a c?*, 

_ad^ 

/. G^=BB— ^HE-I-^AD 

.*, Work =wt. water X ©5' 

62-5, ,, r arfV , 1 

If ^1=4 then this expression becomes, 
WoTk:^^^ad^e. 



WORK IN MOVING A BODY ON AN INCLINED PLANE. 

170. To determine the work fn moving a body up an inclined 
plane by a pressure acting parallel to the plane, the coefficient of 
friction being f. 
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Byeq. (1), Art. 139,, 

Pressure on the plane =w . — , 

AB 

/. Resistance of friction =/. w . — , 
•^ AC 

AB 

/. Work due to friction =/. w . — x ac=/. w . ab. 
•^ AC "^ 

Work due to gravity=wxBC, 
/. Total work=/. w . AB-f w . bc ... (1). 

J£ the body descend the plane, then we obviously have 
Total workss/. w . ab— w . bc . . . (2). 

Now expression (1) is independent of the length of the plane, it 
being, in fact, the work expended in moving the body over the 
horizontal distance ab, added to the work due to gravity in ele- 
vating the body through the vertical space bc. As a curved 
surface may be regarded as being made up of an infinite number 
of straight planes, therefore the work upon the whole curve will 
be equal to the work done upon the horizontal projection of the 
curve, added to the work done in opposition to gravity. The total 
work is, obviously, independent of the nature of the curve. Thus 
the work done in moving a hodyfrovfi a toe on the irregular curve 
ADC is equal to the work of friction done upon the horizontal plane 
AB added to the work due to gravity in moving the body through 
the vertical line bc* 

Or we have from eq. (1), 

Work in moving a body up the curved surface adc, 
— w(bc+/. AB)=w(BC + tan 6 . ab). 

In order to give a geometrical interpretation to this result, draw 
CH parallel to ab, and ah to bC; also 
draw CK making the angle hck equal 
to 6, the angle of friction ; then 
HK=tan 6 . AB, and therefore we get 

Work in moving a body up the curved 

surface, ADC=w(BC-fHK)=WXAK, 

Fig. 105. 
That is to say, the work in moving a body up ant curved 

SURFACE, ADC, IS EQUAL TO THE WORK IN RAISING THE BODY 
THROUGH THE VERTICAL HEIGHT AK, IN OPPOSITION TO GRAVITY. 

♦ See the Author's ** Exercises on Mechanics," &c., p. 130. 
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171- When the inclination of the plane is small, AC is very 
nearly equal to ab, and therefore in eq. (1) or (2) we take the 
length of the plane, AC, in the place of its base ab. The problems 
given at page 19., Art. 11., of the Author's "Exercises on Me- 
chanics," &c., are solved upon this principle. 

172. If the body be upon the point of descending by its own 
weight, the work requisite to move the body down the plane must 
be equal to nothing, hence eq. (2) becomes, 

/. w . AB— w . BC=0, 

that is, the inclination of the plane will be equal to the limiting 
angle of resistance, see Art. 88. 

173. Let p=the pressure acting parallel to the plane, then we 
have, 

Work in moving the body through the length of the plane 

= PXAC. 

Hence we have from eqs. (1) and (2), 

PXAC=/. W . AB + W . BC, 

^ AB , BC 

.". P=/. w . — + w . , 

•^ AC— AC' 

=y . w . cos a + w . sin a, 
=zW{f , COS a + sin a} . . . (1), 

which is the value of p in order to move the body up or down the 
plane, as the case may be. 

In order to eliminate/, we have by Art. 88., 

^ , a sin 
/=tan 0=-— z, 
•^ cos u 

where is put for the angle of friction. 
Substituting in eq. ( 1 ), we have 

{sin 6 cos a + cos sin al 
33re ;}' 

COS ^ ^ 

174. Prob. To find the inclination of an inclined plane, when 
the traction up the plane is p, and the traction down the plane 
is j9. 

Here by eq. (1), Art. 173 , we have 

p=w{/. cos a + sin a}, 
p=w{f. cos a — sin a}. 
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hence, we have, by addition, 

p-f/)=2/w cos a, 
P+i» 

which gives the inclination of the plane as required. 



WORK IN OVERTURNING BODIES. 

175. To find the work expended in overturning a right cone, 
ABv, see Jig. 59., page 108. 

Put R=A D, the radius of thp base ; 
A=DV, the perpendicular height ; 
«/?=no. lbs. weight of each cubic foot of the material ; 
and u=the work necessary to overturn the body; 
then we have by eq. (1), Art. Ill , 



u=w(A/a;2-|-y«— y), 

where w=wt. of thecone=^7rR2A«£?; ar=AD=B; andy=D^=^A, 
(see Art. 95.) ; 

.-. U=^7rR2Aw7{A/RH^^S^— i^}- 

If the height of the cone be equal to its diameter, that is, if 
A=2b, then this expression becomes 

U=^7rR%(V'5 — 1). 

176. To find the work in overturning a right cylinder, the 
radius of the base being r, the perpendicular height A, and the 
weight of each cubic foot of the material w. 

In this case, w=7rr2Att7, a?=r, andy=^A, 



/. u=7rr2Ati7(A/HH-iA2-^A). 

When h is very small as compared with r, then yve have very 
nearly 

u=7rr' A m;= weight x r, 

which expresses the work in raising a thin board from a horizontal 
position to a vertical one, r being the distance of the centre of 
gravity from the edge upon which the board is turned. 

177. To show that in similar solids the work necessary to over- 
turn them varies as the fourth power of the ratio of their linear 
dimensions. 
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Let r be the linear ratio of two similar solids, u and Uj being 
the work done upon each ; then we have from the general equa- 
tion, 



and bj substituting rx for a?, ry for y^ f^w for w, 



Ui=r»w(A/r2a?2-|-rV-^y) 







RELATIVE TO THE ANGLE OF FRICTION. 

178- Let AB be a pole resting upon the ground at a, and sup- 
ported by the cord, bc, acting parallel to 
the ground ; it is required to determine 
the position of the pole when it is upon 
the point of slipping. 

Suppose A B to be the position of the 
pole when it is about to slip ; g its centre 
of gravity; DGa a vertical line passing 
through G, and intersecting the cord bc 
in a; AC a vertical line; then a a will ^9- ^^^ 

be the direction of the pressure on the ground, and as the pole is 
about to slip, the angle a ac will be equal to the angle of friction. 

Put w=the weight of the pole ; p=the tension of the cord 
BC; 0=the angle of friction aAC; a=Z.BAC, the inclination of 

the pole to the vertical ; ag=- of ab. 

From the parallelogram of pressures acri, we have 

cr , ^ 

— =tanZ.cflr, 

ca 

but cr=ai=T, cfl=w, and Z.car=^ a AC=0, 

/. ~=tan0. 
w 

In order to determine another expression for the relation of 

p to w, conceive the pole to be a lever turning upon A as a centre, 

then we have by the equality of moments 

pxac=wxad; 
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but AC=AB COS a, and ad=ag sin a=- ab sin a ; 

n 

/. PXAB COSarrWX- ABsina; 

n 

. P 1 sin a 1 

• • zi=— • =— tan a. 

w n cos* n 

We have now by equality, 

- tan«=tan6; 

/. tan ec=n . tan 6, 
which determines the position of the pole. 

^ But tan 0= — and tan a= — ; 

AC AC 

CB_ ca ^ 

• • — W • y 

AC AC 

/, CB=« , ca. 

From this equality we may readily derive an easy geometrical 
construction. 

179. In order to derive a more general formula, let /3=:the 
angle abc, which the cord makes with the pole. 

From the parallelogram of pressures (see last figure), we have 

rt~sin /LraV 

but ai=p, ri=<ja=iv, Lari^LaKC^^ and /Lrai=l^K^Q 
H-Z.BAa=/5+a-e, 

. p sin 



• • 



w'"sin(/3-|-a— 0) 

Again we have by the equality of moments, Art. 117.j 

PXAB sin^=wXAG sin «; 

p__AG sin « 
w~"ab * sin/3 

1 sin a 



"n ' smfi 

Hence we have by equality, 

1 sin » _ sin 6 ^.. 

» ' sin /3~sin(/3-ha-.0) ' ' ' ^ ^' 



M a 
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From this equation « may be determined. 

When /3=90—a, this equality becomes the same as that given 
in the preceding problem. 

180. A given pole, ab, rests with its foot on the horizontal 
plane ak, and with its upper extremity b against an inclined wall 
KB; it is required to find its position when bordering on a state 
of motion, having given the place of its centre of gravity G, and 
the coefficients of friction of the two surfaces. 

Let AB be the position of the pole when in a state bordering on 
motion; /iaAC=0, the angle of 
"friction for the surface a k ; 
Z a BE =01, the angle of friction 
for the surface kb; Z.KAB=a, 
the inclination of the pole ; 
Z.AKB=0, the inclination of 
the two surfaces to each other ; 

and AG=r- of AB. 
n 

Now, as the pole is about to 

slip at A as well as at b, the 




Fig, 107. 



forces in equilibrium are, — the weight of the pole, w, acting in 
the vertical line 6 a, the resistance of the ground, acting ia the 
line A a, and the resistance of the wall, R, acting in the line Ba. 
Hence we have from the parallelogram of pressures aicr, 

cr_sin Z_car ^ 
ac sin /_cra 

but ac=w, cr=:ai^B,Z.car= ZiaAC^e^ 

Z cra= Z. ABa -f- Z. BAa 



=« + 0-9O -f- 6^1+90— «-a 

=50 + 0,-0; 

hence we have by substitution, 

R _ sin 
w~8in(0-f-0i-"0)* 

Taking A as the centre of motion, we now have by the equality 
of moments, 

RXAB sin ZABa=wxAG cos Zbak; 



R 1 



cos a 



COS a 



w « ' sin(a+04-0,-9OJ «cos (a-f 0+0i)* 
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C08« 



sin 6 



• ••O) 



»cos(a+0-hd,) sin (^-1-0,— 0) 

From which equation the value of a may be determined as re- 
quired. 

When the wall bk is vertical, ^=90, and then (eq. 1) becomes 

cos a, sin 



Now — 



n sin (a -f- 0i) cos (0i — 0) 
cos a cos » 



sin (ft + 0i) sin » cos 0i + cos a sin 0, 

1 . 

•~tan a, cos 01 -h sin 0i * 

1 n sin 

• • tan a cos 01 -f sin 0i'~cos (0i— 0) * 

n sin cos 0^ cos 0, 

=-| - — s+tan 0, T — tan 0i 
n I tan * J * 

_ 1— (n—l) tan0 tan0i . . 
" ^Ttei^O • • ' ^^^' 

which gives the position of the pole as required. 

If y=tan 0, the coefficient of friction of the ground; and 
/;=tan 01, the coefficient of friction of the wall; then eq. (2) 
becomes 



tan a= 



nf 



(3). 



To find the relation ofvtoy^^ when the body is upon the point 
of being moved up or down an inclined plane. 



e^-A* 





Fig. 108. Fig, 109. 

281. Let a be the body on the inclined plane abc; tap the 

M 3' 
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direction of the pressure p; ac a vertical line in the direction of 
the pressure of the weight w; ar the direction of the resultant of 
these two pressures when the body is in a state bordering upon 
motion ; then the body will be upon the point of moving up the 
plane or down the plane according as this resultant lies to the left 
or to the right of the line ak drawn perpendicular to the plane. 

Put « = Z, B AC, the inclination of the plane ; 

i3=Z cap, the direction of p with respect to the plane ; 

d=s/_raky the angle of friction. 

Let 00= the units in w; at=the units in p; and acri the 
pai-allelogram of pressures. 

Hence we have from the triangle rac, 

re sin /_rac , 

ac~"sin Z.o>rc* 

but rc=ai=T, and ac=w; 

. p sin /_rac 
w sin Z^arc ^ 
Now in fig. 108., 

Z.arc=z Z_rai=^ Z.kai— Z.Tak 

Substituting in eq. (1), we find 

p _ sin(e+a) _ 8in («-f-g) .^. 
w"~sin (9O+i3-0)'"cos(i3-0) • • * ^^> 

which is the required relation when the body is about to move up 
the plane. 

Now, in^^. 109., 

^ rac= Z. Aac— 2!l raA=a— 0, 

Substituting in eq. (1), we find 

p^_ sin (» — 0) _ sin (a— 6) . . 
w"'sin(9OH-/3-he)"'cos(/3-|-0) " " ' ^^^ 

which is the required relation when the body is about to move 
down the plancj 

Hence we have generally, 

p_ sin(a+ e) 
w-cosCiSTe)***^^ 
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where the upper sign is to be taken when the body is upon the 
point of moving up the plane, and the lower sign when it is upon 
the point of moving down the plane. 

No motion can take place so long as the relation of p to w lies 
between these two values. 

Or thus. 

Let ac represent the weight of 
the body indirection and magnitude, 
and a v that of the pressure p. Draw 
ak perpendicular to the plane, and 
complete the parallelogram of pres- 
sures shown in the figure ; then, by 
resolving the pressures, p and w, ^*^' ^^^* 

parallel and perpendicular to the plane, we get, as in Art. 140 « 
/, Perpendicular pressure on the plane=aA -a* 

=w cos a— P sin^. 
,*. Resistance of friction = perpendicular pressure x coef. friction 
=/(w cos a— p sin/3). 
Pressure tending to move the body up or down the plane 
= + (ar--ae) = Hh(p cos/3--w sin«), 

where the upper sign is taken when the body is about to move up 
the plane, and the lower sign when it is about to move down the 
plane. 

Now, when the body is upon the point of moving, the pressure 
tending to give motion must be equal to the resistance of friction. 

.% p cos/3— w sin «= +/ {w cos a— p sin /3} ; 

p^sin a-f/cosa , . 

*'• w""cos/3±/sini3 * * " ^^^• 

where the signs are to be taken as before explained. 

By substituting tan B for /, this expression may be reduced to 
the same form as given in eq. (4). 

If the direction of the force p be parallel to the plane, i8=0, and 
then the relation given in eq. (5) becomes the same as that of 
eq. (1), Art.173-, 

When the plane is horizontal, .-^^-^-v-^ _^---'^ 
as in^. Ill, «=0, and then , ^ — """v ~1 
eq. (4) becomes — -^KT ^ > ^ ^ 

p_ sine /'fi\ "" * 

w""cos(i3-e)'"'^^^* Fig. 111. 

M 4 
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When the plane is perfectly smooth, the coeflficient of friction, 
as well as the angle of friction, is nothing; that is, 6=0 ; and in 
this case eq. (4) becomes the same as eq. (2), Art. 140. 

182. Let the pressure p be applied so 
as to ptish the body up the plane, as re- 
presented in Jig, 112., where the same 
letters of reference and symbols are used 
as in^^. 108., (^ in this case being put for 
the angle Pao of^^. 112. 

From the triangle art, we have 

Fig. 112. 
oi _ sin Z fly» _ sin (g-hQ) ^ 
ri^sin Z. rat""sin (/3— 0-90)'* 

. P_ 8in(« + e) f^. 

which is essentially the same expression as eq. (2), where there is 
a pulling pressure ; for it will be observed that /3— 6 is greater 
than 90°, and its cosine is consequently negative. 

Ifp acts horizontally, then /3=ZPac=180--a, and — cos(/3— 0) 
= — cos (180— a + 6) = cos (a -1-6) ; in this, therefore, eq. (7) 

p sin (a + 6) , ^^ ,^. 

-= — ; ; ^( ^tan((^ + 6)... (8). 

W cos (a -1-6) V f / \ / 

If the plane be perfectly smooth, then 6=0, and eq. (8) be- 
comes the same as eq. (2^ Art. 141. 



Least traction on the plane, 

183. From eq. (2), Art. 181., we have 

8in(a-h6) 

'^-T-cos(r.-6y 

which is an expression for the traction requisite for drawing the 
weight w up the inclined plane abc (see^^. 108.), the direction 
of the traction forming any angle (^ with the^ direction of the 
plane. Now, as a and 6 are supposed to be constant in the pre- 
sent investigation, this expression will be a minimum when 
cos(/3— 6) is a maximum ; but this will obviously be a maximum 
when ^- 6=0, or when fi=^Qi that is to say, the force of traction 
will be a minimum when the angle of traction is equal to the 
angle of friction. 
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In the case of least traction, therefore, we have the following 
relation between p and w : 

p^WBin(aH-0)... (9). 

And when the body is moved on the horizontal plane, as in 
fig. 1 1 1., we have 

p=W sin d . . . (10) ; 

where it is to be observed that 6 is the angle of traction, as well 
as the angle of friction. 

To determine the work requisite to move a body up an inclined 
plane when the moving pressure p is applied at any given angle. 

184. Let AD be the direction of the pressure p, 
tending to move the body up the inclined plane 
ABO. Draw CD perpendicular to ad ; and put u, 
=the work in moving the body up the plane AC; 
then, by Art. 70., 

Ui=p X AD=p X AC cos ^ ; 

but by eq. (5), Art. 181., jp*;^. i is. 

P= /3 . /» ♦ /3 • (w sin «-f/ W cos «) ; 

cosp-j-/sinp ^ "^ ^' 

cosi3 , . . ^ 

=T471S^ • ("^^^^^-^^^^^^ • • • (^> 

Now, the quantity within the brackets is equal to the work ii' 
moving the body up the plane by a pressure acting parallel to the 
plane (see eq. (1), Art. 170.). Putting Qi=the work due to fric- 
tion done on ab» and ^i=the work due to gravity through bg, the 
preceding equality becomes 

Now, this expression is independent of the inclination of the 
plane ; hence it follows, reasoning in the same manner as in Art. 
170., that the work done in moving a body from a. toe {see fig. 105.) 
on the irregular curve A DC, by a pressure having a constant in- 
clination to the planey is equal to the work of friction done upon 
the horizontal plane AB, added to the work due to gravity in 
moving the body through the vertical line bc, multiplied by the 

constant - . ^, — jz, 
l-h/tan/5 
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185. The value of Ui in eq. (1) is maximum when tan /3 is a 
minimum, or when /3=0; that is to say, the work is a maximum 
when the direction of traction is parallel to the plane. Moreover, 
as /3 is increased, limited, of course, by the value /3=90— a, the 
work is decreased. Hence it follows that the minimum traction 
does not necessarily give the minimum worh. 

When /3— 0, we have for the work of the minimum traction, 
^^ = l+/tane (^^+^^) 

=cos«e.(Qi + 9'i)... (3). 

186. To find the angle of traction, /3, when the work up an in- 
cline is given. 

From eq. (2), Art. 184., we find 






(4). 



187. Prob, A uniform beam, ab, rests on a given cylinder ; to 
find the weight, w, which must be suspended from the extremity a, 
so that the beam may just be upon the point of sliding off the 
cylinder. 

Let c be the centre of the cylinder ; g 
the centre of gravity of the beam ; a the 
point of contact when it is about to slip ; 
n the highest point of the cylinder, or the 
point with which G was in contact before 
the weight was suspended. 

Put «^=the weight of the beam; b^szAG 
=^ ab; r=ca, the radius of the cylinder; 
6=the angle of friction. Draw the verti- 
cal lines ar, Ge, &c., and produce ca to 
k; then ar will be the direction of the 
resultant of the two parallel pressures, w 
and w, and the angle rah will be the angle of friction when the 
beam is about to slip. Now, because ar and en are parallel, we 
have 

/_acnz= /^rak=>B, 

Taking the moments about a as a centre, we have 

WXAO=tt?XGa, 

.•, w(AG-.Ga)=wXGa; 




Fisi. 114. 
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but AG=6, and Ga=:arc an^rd^ 
wxrB 

which is the expression required. 

188. Prob, A given cylinder, abd, whose weight is w, rests 
between two inclined planes am and bm; a weight p is suspended 
by a cord pd coiling round the cylinder ; it is required to deter- 
mine p, so that the cylinder may be upon the revolving. 

Let oc and (3 be the inclination 
of the planes am and bm re- 
spectively ; r=RO A=:CB=CD the 
radius of the cylinder; 0=Z.cao 
= Z CBO, the angle of friction. 

Here the body is acted upon 
by the two vertical pressures 
w and p ; these pressures must 
produce a vertical pressure nb 
equal to the sum of these, pass- 
ing through the point O; for the 
resultant in the direction nr, 
when resolved in the directions 
OA and OB, must just cause the 
cylinder to slip at A and b at the 
same moment. 

By the equality of moments, Art. 80., 

PXDC=RXNC, or 

p X /•=(?+ w) X CO sin CON. 

Here we must substitute known values for co and sin con. 

Let fall CK and CQ perpendiculars on ao and bo produced ; 
then the triangles cok and coQ are identical, and Zcoa= 

Z.COQ. 

Because the sum of the angles gam and obm is equal to two 
right angles, ZA0Br=«-)-/3. 
Hence we have 




Fig, 115. 



Z.AOB + 2 2!lCOQ=180^ 



—ono- 



/. ZCOQ or angle COA=90' 

Z.NOQ=Z»OB=/J-0, 
.*. Z.CON=Z.COQ+Z.NOQ 



^+/3 
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=CK)o.^+/3-.0=9O+^--6. 

From the triangle aoc, 

co_sinCAO_ sin 6 

Tc""8incoA /a + /3> 

cos f ' ' 



m 



sin 6 
.*. co=r. 



cos 



m 



Substituting these values in the foregoing equation of moments, 
we get 

/ v sin 6 /iS— » /l^ 

PXr=(p+w)r . . cos (V-'';' 

C08(^^j 

-w sine cos r^^-e) 
•*• ^=eos(^)-Binecos(^-ey 



which 


is the expression required. 


If « 


=/3, then 


w sin B cos 6 
COS a— sin COS0 
w sin 20 




~2 COS a -sin 20' 



In this equality p will be a minimum when the denominator is 
a maximum, or when a=0; that is to say, p will be a minimum 
when the planes become horizontal. 



CHAP. vni. 

FBIOTION AND OTHER RESISTANCES OF MACHINES BORDERmG ON 
A STATE OF MOTION. 

FRICTION ON AN AXIS. 

189. To determine the conditions of the state bordering an 
motion, when a body movable upon an axip, is acted upon by 
pressures in the same plane. 
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Fig, 116. 



Let c be the centre of the axis turning in a circular bearing td, 
and BT the direction of the resultant of the 
pressures ; then, when the axis is about to slip 
or to turn round, the angle btc must be equal 
to the angle of friction a. 

To find the work, u, in » revolutions of the 
axis. 

Let r=CT, the radius of the axis ; then, 

Circumference axis=2r«' ; 

Perpendicular pressure on the bearing, or in the direction ct= 

R X COS/i CTR=R cos a ; 

/. resistance of friction =r cos « xf=n cos a x =R sin « ; 

•^ cos X 

/. u=R sin a X 2rn7r . . . (1% 

But when « is small, which it usually is in practice, we have very 

nearly sin a=:tan »=/, hence eq. (1) becomes very nearly 

U=/Rx2r»T . . . (2). 

Example, A water wheel, weighing 10,000 lbs., turns upon an 
an axis or gudgeon whose radius is '25 ft. ; it is required to find 
the work consumed by friction per minute, when the wheel makes 
4 revolutions per min. and the coefficient of friction upon the axis 
is -075. 

Here R=the weight of the wheel=10,000, r='25, »=4, and 
/=-076 ; therefore by eq. (2), 

u= -075 X 10,000 X 2 X -26 X 4 X 3-1416 
=4712, or about | of a horse power. 



The Lever when the Forces act perpendicular to it. 

190. Let POQ be a lever having the circular axis ot, turning 
within a circular bearing, and main- 
tained in equilibrium by the perpen- 
dicular pressures p and q. The 
resultant of these pressures must be 
a vertical force r inclined to ot at 
the angle of friction. Taking t, 
therefore, as the centre of motion or 
fulcrum, we have by the equality of 
moments for the state bordering on 
motion in the direction of p, 

PXPI=QXQ1 




Fig, 117. 
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put POssa, QOsft, r=OT, and a= Z.OTR ; then 

Pi:=PO— io=a— r sin a, 
and Qi=QO+iO=ftH-r sin a ; 

.". p(a— r sin a)=Q(6-f-r sin «)...(!); 
ft-hrsina ._. 

/. P = Q . ; • . . (2), 

which is the equation for the state bordering on motion when p is 
about to preponderate. 

Now, when Q is about to preponderate the resultant, r, will cut 
the axis to the right of o, and then we obviously have, 

6— r sin a ,„. 

P=Q . -~ ; — . . . (3). 

a + r sm a ^ ^ 

For all values of p which lie between those given in eq, (2) 
and eq. (3), the lever will remain in equilibrium ; these values 
give the limits between which motion does not take place. 

In like manner, when p acts on the same side of the axis as q, 
p acting upwards and q downwards, we get, 

5-f r sin a ,,. 

a+r sm a ^ ^ 

Where the + or — sign is taken according as p or q is about 
to preponderate. 

Example I. In a lever poq of the first kind, P0=14in., 
QO=12in., OT=3in., Q=r51bs., and «=30°, required p when it 
is about to preponderate. 

Here by eq. (2), we have 

P=5xi|±|4=5-41bs. 
14-3x^ 

Example 2. Required the value of p, when q is about to pre- 
ponderate. 

Here by eq. (3), we have 

''=5xTZxl^t=3-4lbs. 
14+3x| 

Therefore, for all values of p between 3-4 lbs. and 5-4 lbs. the lever 
will remain in equilibrium. 



The Wheel and Axle when the Forces act vertically. 
191. Let OP be the radius of the wheel, and OQ the radius of 
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the axle ; put w for the weight of the wheel and axle, then this 
weight will act through the centre o ; now taking t, the actual 
fulcrum, as the centre of moments, we have from Jig, 117., 

P X PI=Q X Ql-f W X OI, 
/. p(a— r sin a)=Q(6-f r sin a)+wr sin a . . , (1), 

which is the equation for the state bordering on motion, when p is 
about to preponderate. 

If the pressures p and q act upwards whilst the weight w of the 
wheel and axle acts downwards, then it is obvious that the moment 
of w must have a contrary sign to that of q ; in this case, there- 
fore, the sign of w in eq. (1) must be taken minus. 

When Q is about to preponderate, we find as in the case of the 
lever eq. (3) Art. 190. 

p(a+r sin a)=Q(5— r sin a)— wr sin a . . . (2). 

It will be observed, that when p and w act on opposite sides of 
the axis, the resultant r meets the axis on the same side as the 
preponderating force. 

If p acts on the same side as Q, p upwards and q downwards, 
then when p is about to preponderate, we have 

p(a-|-r sin a)=:Q(5 + r sin a)-f wr sin a . . . (3), 

and when Q is about to preponderate, we have, 

T{a—r sin a)=Q(5 — r sin a)--wr sin » . . . (4). 

Comparing eq. (3) with eq. (1), it will be readily seen that it is 
most advantageous to apply p after the manner described in 
eq. (3). 

Example 1. In a wheel and axle, represented in Jig, 117*, 
where the power and weight both act vertically downwards, OP= 
a=24in., OQ = 6=3 in., OT=:r=l in., «=30**; Q= 400 lbs. weight 
of the wheel and axle =w=40 lbs. ; required p when it is about to 
preponderate. 

Here by eq. (1), we get 
p(24-l xi)=400(3-f lxi)+40xlx|; .". p=60-4lbs. 

Example 2. Required p, in the last example, when Q is about 
to preponderate. 

Here by eq. (2), we have 
p(24 + lxi)=400(3-lx4)-40xlx^; .-. p=401bs. 

Hence the limits between which equilibrium is possible are 40 
and 60 lbs. 
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Example 3. Required the pressure p, in Example 1, when it 
acts on the same side of the axis as q. 

When p is about to preponderate, we have from eq. (3), 

p(24+^)=4(X)(3-f^)d-40xi; /. p=58 lbs. nearly. 

This is less than the value found in example 1. 



The Lever when the Forces act obliquely. 

192. Given p to determine Q when the lever is about to move 
in the direction of the force p. 

First hj construction. 

Let PQ represent the lever; OT=r the radius of the axis; the 
arms of the lever, OP=a, and 0Q=5; PC and QC the directions of 
the pressures p and q respectively; ct the resultant of these 
pressures cutting the axis at t, and forming with ot the angle of 
friction otc equal to a. 




Fiff. 118. 

Take PO=a, OQ=i ; with the radius OT=r, describe the circle 
representing the axis; draw PC and qp making the angles qpc 
and PQC equal to the angles at which the forces p and q respec- 
tively act ; join co. 

Now upon CO as a chord we have to describe a circle which 
shall contain the angle otc=», or the given angle of friction. 
Draw OB making the angle C0B=a, the angle of friction; draw 
OD perpendicular to ob; from c draw CD making the angle ocd 
equal to the angle cod; then these two lines w^ill intersect in a 
point D, which is the centre of the circle required. (See the 
Author's Geometry and Mensuration, p. 55., Art. 60-, Cor. 3.) 



Digitized by VjOOQIC 



CHAP. VIII.] FRICTION. OBLIQUE FORCES ON THE LEVER. 177 

With D as a centre and radius equal to dc or do, describe the 
circle kcot intersecting the axis of the lever in the point t ; join 
CT ; then Z.OTC=ZcoB=a, the angle of friction ; and ct will be 
the direction of the resultant of the two forces p and q when the 
lever is in the state bordering on motion. 

To determine the pressure q : from any convenient scale, take 
Cjp=the units of pressure in p ; and construct the parallelogram of 
pressures cprq ; then the units in c^^ will give the units of pres- 
sure of Q. 

193. In the foregoing construction we have supposed that the 
forces act on different sides of the 
axis ; in this case the resultant meets 
the axis on the same side as the pre- 
ponderating force P; but when the 
forces act on the same side of the axis, 
as in^;^. 119., the resultant TCr must 
cut the axis at t on the side opposite 
to the preponderating force p; with 
this difference, the construction in this 
latter case is precisely the same as in 
the former. 

194. Second by calculation. Con- 
ceive perpendiculars to be let fall from ^'^* ^^^* 
o on the direction of the forces p, q, 

and R ; put j», q, and k, for these perpendiculars respectively ; and 
for the angle pcq in^. 118., or for Tcq in fig » 119. ; then, for 
both cases, we have by the equality of moments, taking the direc- 
tion of the force r to arise from the reaction of the axis, 

pjE>— Q5^=rA. 

This holds true, for both cases, when p preponderates ; but if p 
be upon the point of yielding, or what is the same thing, if Q be 
about to preponderate, then the resultant will, in both cases, lie on 
the other side of o ; so that the equation of equilibrium now 
becomes, 

Pp — Q^'ss— R^. 
Now if we regard k as positive or negative, according as p is about 
to preponderate or to yield, then we have generally, 

p/?— Q5'=rA. 

From the parallelogram of pressures cqrp^ in both figures, we 
have (Art. 58.) 

R« = p2 + 2PQCOS0-fQ^. 

N 
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Squaring and snbstituting the value of R^, we get 

(P/? — Q5')2=A2 (p2^ 2pQ cos -f q2), 

and by reduction we get 

©2__p jp^4-^^co8</> __ y^— ^^ 

p 
solving this quadratic for the value of -, we obtain 



P__pq+k^oos<p ±k^iL^—k'^sin^<l> 
Q P 



2__^j . . . (1), 



where for the sake of conciseness k^ is put for^*+2jp9'cos^-f y*. 
Here again we observe that the sign of k determines whether the 
^ or — value is to be taken in the expression. 

In order to obtain an approximate expression, divide the nume^ 
rator and denominator by p^^ and neglect. the terms involving 



( - ] as being very small ; then 



<P 

Q p'^p* 



P q . k 

-=-±-, .K, 



but A=rsin«, 

••-={j±^"-«}''--<2> 

where the + or — sign is taken according as p is about to pre- 
ponderate or to yield. 

When p is about to preponderate, it will be a minimum when k 
= Vp2 4- 2p 5^ cos <^ -h q^y is a minimum, or when 0= ISO*' ; and this 
condition will be fulfilled when the forces p and Q act on the same 
side of the axis and parallel to each other. 

When JO =^, the wheel and axle becomes a single pulley, and in 
this case eq. (2), Art. 197., becomes 

f , . r sin a 1 

where k^ = 2/>2 ( l -|- cos </>), * 

which is the relation bordering on a state of «..,,♦ 
motion when p is about to preponderate. 
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Wheel and Axle, when its Weight is taken into 
Account. 

195. Let the three pressures p, Pj, Pa, act as in^^. 120., where Pa 
acting vertically, may represent 
the weight of the wheel and 
axle. 

Let 02= L ^h.0^ the angle 
which P makes with the ver- 
tical; 03 = Z. Pi DO, the angle 
which Pi makes with the ver- 
tical; 01=02 + ^8= -^^^^IJ *^® 

angle which p and p^ make with 

each other; also let a=OP, the 

radius of the wheel; ai=OPi, 

the radius of the axle; r=o*T, 

the radius of the axis ; a = Z o t r, 

the angle of friction, or the 

angle which the resultant R makes with the radius of the axis 

when the machine is bordering upon motion by the preponderance 

of p ; .*. r sin a=the perpendicular on R. 

By eq. (7), Art. 65., 

j^2_.p2_|.pj2_|.p^2^2PPi COS0i+2pP2COS02 + 2PiP2COS03. 

Moreover taking o as the centre of moments, we have 
P . a— Pj . «! =R . r sin (%, 
/. p2o2_2pPiaai + Pi2ai2=Ra . r^sin^a, 
substituting the value of R^ and reducing, we get 

p2_p o Piqqi -\rT^ sin^ <t (Pi cos 01 -f P2 cos 02) 

n% — fl»2 aiTi2 /v. 




Fig, 120. 



r' sm^ » 



__ r2sin^a(Pi2 + P22-f2PtP2COS03)-Pi2gi^ 



(1). 



This equation may be solved as a quadratic for the value of p, 
which Professor Moseley has done in his "Engineering,** p. 191. ; 
but the result may be simplified by making the following assump- 
tion. 

When a machine works with its greatest efficiency, the useful 
pressure Pj will be a certain constant quantity which will have a 
fixed ratio to the weight P2 of the wheel work ; let us therefore 

N 2 
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suppose that Pg is the «th part of Pi, that is, let P2=»Pi. Making 
this substitution in eq. (1), then dividing by Pi^ and for the sake 
of abbreviation putting 

A=aai + r^ sin^ a(cos ^i + » cos 02)» 

B=a2— r^sin^a, 

and c=r^ Bin^ oc(l-]-n^-\-2nco8 ^3)— Oi^ ; 

hence we get 



VPiy B Pi B 




Pl B^ 

which is the general relation of the pressures in the wheel axle 
when bordering on a state of motion. 

If «=0, this expression becomes the same as that given in eq. 
(2), Art. 194. 

Let Pl act vertically, as in^;^. 12L, then ^i=02> ^"^ 03=^5 ^^ 
this case 

A=aai + r2 sin^ a cos 0i (1 +«) ; 
B=a2— r^sin^a; 
and C=r2sin2a(l-f w)2— flfi*. 
substituting in eq. (2), and omitting the terms 
which contain powers of r above the first, as Fiff, 121. 

being very small, we get 

j^^oij^rsin^ Va2(i+^)2^«j2^2aaicos0i(l+7i) . . . (3). 

Or by an obvious abbreviation, this equality may be written 

p_ai J 

-i- — . 

Pl a a^ 

If p acts on the same side as Pi and in a direction contrary to 
it, as shown in^^. 122., then cos 0i becomes minus, 
for in this case ^1 is an angle greater than 90°. 

If p acts horizontally, then ^i=90°, and eq. (3) 
becomes 



^=— ^ + 48ina Va'^(l+7i)2-hai2 . . . (4). 
If a 1=0, in eq. (4), the machine becomes a single ^^ff- 122. 
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pulley, where the forces act as in Jig, 123., and then we get 




— -1+- sinaVXlT^)M^ . .. (5). 

Now V(l + w)2-|.i=V2{l4-«(l+iw)}* 

= V2(l+in), 
omitting the terms which contain the powers 
of n above the first. Substituting this in eq. 
(5), we get 

^=l + %in«(^2+-^2)' 

substituting the value of «, that is, »=— , and reducing, we get 



Fig, 123. 



/, . V2.rsina\ , ^Bina 



Values of / or tan a, according to the Experiments 

OF MORIN. 

Iron on Oak - - - - - - '62 

Cast Iron on Oak - - - - - - '49 

Oak on Oak (fibres parallel) - - - - -48 

Ditto ditto, greased - - - - - -10 

Cast Iron on Cast Iron - - - - - "15 

Wrought Iron on Wrought Iron - - - - '14 

Brass on Iron - - - - - - '16 

Brass on Brass - - - - - - '20 

Wrought Iron on Cast Iron - « - '19 

Cast Iron on Elm - - - - - - -19 

Soft Limestone on the same - - - - '64 

Hard Limestone on the same - - - - '38 

Leather Belts on Wooden Pulleys - - - - '47 

Leather Belts on Cast Iron Pulleys - - - - -28 

Cast Iron on Cast Iron greased - - - - '10 

Brass on Iron greased - - - - - '08 

Pivots or Axes of Wrought or Cast Iron on Brass or Cast 
Iron pillows, 

- constantly supplied with oil - - - - '05 

greased from time to time - - - - '08 

without any application, or dry - - - '15 

A more extensive table will be found in Moseley's "Engineer- 
ing," page 149. 

N 3 
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RIGIDITY OF CORDS. 

196. Two weights p and Q, attached to a stiff cord going over a 
wheel, will balance each other when their weights are equal, but 
in order that p should preponderate, it should exceed Q by a pressure 
requisite to overcome not only the friction on the axis, but also the 
rigidity of the cord, or that force which is required to bend the 
cord over the curved surface of the wheel. From a series of ex- 
periments, Coulomb found that this force of rigidity acted so as to 
increase Q by the quantity d + e . Q, where d and e are constants 
which he determined by experiment for ropes of various circum- 
ferences, &c. This law applies to cords bent upon wheels of equal 
radii ; but when the radii are different the quantity d + e . Q varies 
inversely as the radii, so that if r be the radius of a wheel we have 

in general — -^ — {~9) ^or the quantity by which Q is increased. 

R 

Hence it appears that a weight q acting by a stiff cord going over 
a wheel whose radius is r produces a force represented by 

.+H±£^...(.) 

when it is in a state bordering on motion. 

When Q is large, which it is always in practice, then we have 

E O 

very nearly 5^1= — 1_, and therefore the total resistance produced 

by the weight Q in this case will be expressed by 

q(i+?)...(2). 

According to Morin the formula for the resistance due to the 
rigidity of new white ropes is 

^ =? (-0002 + -00017 w + •(X)0243q), 

and for tarred ropes 

^=:?(-001 + -000232 » + -00028 q), 

where c?=the diameter of the wheel in feet, »=the number of 
threads in the rope. 

The values of the constants d and e are given, in a few cases, 
in the following Table, for different dimensions of the cords. A 
more extended Table is given in Moseley*s " Engineering," 
page 158. 
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Table. Rigidity of Ropes, 

197. Values of the constants d and e, according to the experi- 
ments of Coulomb. The radius of the wheel being taken 1 foot. 

No. 1. New dry cords. Rigidity varies as the square of the 
circumference. 



Circumference of Rope 
in Inches. 


Value of Din lbs. 


Value of E in lbs. 


1 
2 
4 
8 


•1315 

-5261 

2-1044 

8-4137 


-00575 
•02303 
-07317 
•36849 



No. 2. New ropes dipped in water. 



Circumference of Rope 
in Inches. 


Value of D in lbs. 


Value of E in lbs. 


1 
2 
4 
8 


•2630 

1-0522 

4-2089 

16-8356 


-00575 
-02303 
•07317 
•36849 



Example 1. A dry white rope, 2 inch circumference, passes 
over a wheel 2 feet in diameter, from which is suspended a weight 
of 1000 lbs. ; required the power, p, which must be applied at the 
other extremity of the rope in order to raise the weight, the fric- 
tion on the axis of the wheel being neglected. 

Here q=1000, b=^ of 2=1, d=-526, e=-02303, hence we 
have by the first formula 

p= 1000 + -526 + -02303 x 1000= 1023-5 lbs., 
and by the second formula 

p= 1000(1 + -02303)= 1023 lbs. 

Example 2. Required the same as in the last example, when 
the radius of the wheel is 3 in., q=4000 lbs., and circum, 
rope=4 in. 

By the first formula 

p=4000+4(2-1044+073l7x4000)=51791bs., 

N 4 
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Bj the second formula 

p=4000(l +4 X •07317)=5170 lbs. 

The wheel and cucle, taking the rigidity of the ropes into ac- 
count 

198. Here in eq. (1), Art 191., we have to substitute 

Q _^ ^ ^ ' for Q, where b is the radius of the axle ; hence we 
have 

p(a— r sin «)=rQ-f ^"^^ ' j{b-\-r sin a)+wr sin «, 

and by reduction, we get 

__ (6H-E)(^-f y sin ») , 5D-f (p+^w)r sin » . . 

""^ * 6(a— r sin a) ft(o— r sin a) " * ' v )* 

If D be neglected, then 

_ Q(ft + E)(5'f r sin «)-f 5wr sin « 
"" 6(a— r sin a) ' 

which is the equation for the state bordering on motion ; where 
the minus sign of w is taken when the pressures p and Q act 
upwards. 

199. Proceeding in the same manner with eqs. (2), (3), &c., 
of Art. 194., we obtain the equation for the state bordering on 
motion, when the pressures do not act vertically. 

For example, we have from eq. (6), Art. 195., by putting for Pi 

its value Pi T 1 + - j + -, and reducing 

/, , E + 'v/2 . r sin a\ , 1 / , r sin » \ , .. 

which is the equation for the single pulley when the pressures act 
as represented in Jig, 123., and p, is small as compared with p^. 
For the sake of abbreviation, we may write this equation as 
follows : — 

p=eiPi-f Ci . . . (3). 

Example 1. In the wheel and axle represented in fig. 117., let 
Q=400, a=li ft., b=z^ ft., r=^ ft, sin »=-08, .*. r sin 
a=:^^X'08=*0033, w=100, circumference cord=2 in. supposed 
to be dry and new ; required p when it is about to preponderate. 
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Here the value of p is given in eq. (1) Art. 198. From the 
Table, Art. 197., we find d=-526, e= -02303, 

_ 400(j:+-02303)(^-f '0033)4- j: x -5264-(-526-f ^ x 100)'0033 
•*• ^~ i(li--0033) 

=74-5 lbs. 
If D and w be neglected in eq. (1), we have 

When all the resistances are neglected, we have 

^ 5q_Jx400 ^^^,, 
p= — =^-Ti — =66'6 lbs. 
a • li 

Hence it appears that the useless resistances of this machine 
chiefly depend upon the friction on the axis, and the coefficient e 
of the rigidity of the cord. 

Example 2. In the wheel and axle represented in^^. 121., and 
eq. (3), Art. 195., let 0i=r6O° the angle which the direction of p 
makes with the vertical, the weight Q = 400 lbs., a=l^, a^ or 
^=i> ^2 or w=100 lbs., and so on, as in the foregoing ex- 
amples. 

Here by expression (1), Art 196>, we have 

P.=<,+E±£^«=400+-^^±:52303x40O^ 

.•. «= — =;t^^=*228; and cos ^i=i ; hence we have by sub- 
Pj 4oy 

stitution in eq. (3), Art. 195., 

p=439|i+i^^^^^Kl-i- -228)2 -i-^-i-|xi(H-228)} 

= 74-35 lbs. 
which is the value of P when bordering on motion. 

If D be neglected, we find Pi=437, &c., and p=74 lbs., which 
is nearly the same as the value before determined. 

If all the prejudicial resistances are neglected, then 

p=Q X -*=400 X i=66-6 lbs. 
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PART III. 

DYNAMICS. 



CHAP. IX. 
COLLISION OB IMPACT OF BODIES. 

200. In treating of the collision of bodies there are two cases to 
be considered, — (1) that of inelastic bodies, (2) that of elastic 
bodies. 

An elastic body is susceptible of compression, and regains its 
figure after the compressing force has ceased; but an inelastic 
body does not regain its figure. Glass, ivory, &c., are highly 
elastic substances, whereas soft putty and clay are almost perfectly 
inelastic. 

Inelastic Bodies. 

To find the motion of two inelastic bodies after impinging 
directly upon each other. 

201. Let M and M| be the quantities of matter in the two bodies, 
y and Yj their velocities before impact. Suppose the bodies to be 
moving in the same direction, and let m overtake m, ; then m will 
continue to impart motion to Mj until they have the same velocity, 
and they will then move on uniformly together with this common 
velocity. Let t;=:this common velocity after impact. 

By the law of action and reaction, Art 20., the momentum 
gained by m^ will be equal to the momentum lost by m ; but we 
have 

Momentum gained by Mi=Mi(t7— Vj), 

„ lost by m=m(v— v), * 

/. Mi(t;— Vi)=m(v— v), 

MV + MiV— MV + MiV, ... (1), 



Digitized by VjOOQIC 



CHAP. IX.] COLLISION OF INELASTIC BODIES. 187 

that is, the momentum after impact is equal to the momentum 
before impact. From this equality, we get 



M + Mi 

which gives the velocity after impact. 

Or putting w and Wi in the place of the masses m and Mj 
respectively, eqs. (1) and (2) become, 

wt;-i-Wit;=wv-fWiVi ... (3), 

^^ WT + W.T. ^ 

W + Wi ^ ^ 

From eq. (4) we get 
Momentum gained by Wi, or lost by w=Wit7— WiVj 

If the bodies are moving in opposite directions, we have merely 
to write — Vj for Vj in these expressions. 

202. There is a loss of work by the impact of two inelastic 
bodies. 

Work before impact =-7^ — H — ~^ ; 
2g 2g 

Work after impact= ^^ V^^'' =^/^^^-^r> 
^ 2g 2^(w + Wi)' 

by substituting the value of v given in eq. (4) ; 

/. Work iost=^'+3!^'- <r+T'^: 

2ff 2g 2^(w+Wi) 

This work lost is that which is expended in producing the 
compression of the bodies, for as the bodies are supposed to be 
inelastic, the work of compression is not reproduced by the resti- 
tution of the bodies to their original form. 

W^i 

If Wi be very great as compared with w, then — --^— =1 very 
nearly, and in this case eq. (5) becomes 

Work lost=f (V- Vi)^ . . . (7). 
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203. If the velocities of the bodies be given^ and also the sum of 
their weights, the work lost will be a maximum when the weights 
of the bodies are equal. 

For the work lost will be a maximum when the product 
of the two weights is a maximum, the sum of the weights being 
constant. In this case, therefore, we have from eq. (6), by 
making Wi=w, 

Work lost=;^(v-Vi)2 . . . (8). 



Elastic Bodies. 

204. When two elastic bodies impinge upon each other, there 
are two forces called into action^ viz., the force of compression and 
the force of restitution. At the instant of the greatest compression 
the bodies move together as in the case of inelastic bodies ; but 
from the force of restitution, or that tendency which elastic bodiea 
have to regain their original form, the one body is thrown forward 
with the same momentum that the other body is thrown back. 
When the force of restitution is equal to the force of compression 
the bodies are said to be perfectly elastic ; and on the other hand 
when the force of restitution is less than that of compression, the 
bodies are said to be imperfectly elastic. Now it has been found 
that the force of restitution, in the same bodies, has a constant 
ratio to the force of compression, whatever may be their velo- 
cities : thus if e represent this ratio, B the momentum gained by 
Wi, or lost by w, from compression, then en will be the momentum 
gained by Wj, or lost by w, from restitution. 

To find the velocities of two elastic bodies after impact 

205. Let w, Wi be the weights of the bodies, v and Vj their 
velocities before impact, v and Vi their velocities after impact ; 
then 

Momentum gained by Wi or lost by w after impact 
=r-}-€R=(1 + c)b, 
/. Momentum Wi after impact, or Wit7i=WiVi-f (l+e)R, 
w „ , or wi;=wv— (1+c)r, 

/. t7i = Vi-f(l+€)^, 
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and, t7=v— (1 +e)- I 
- w 

but R is given in eq. (5), therefore by substitution and reduction, 
we get 

which are the velocities required. When the bodies are moving 
in contrary directions, we have merely to write —Vi for Vi in these 
expressions. 

206. When e=l, the bodies are perfectly elastic. 

207. K Wi is a fixed obstacle, then Vi=0, and ^^ =1 ; in 

W + Wi 

this case eq. (10) becomes 

i;=— ev . . . (11), 

that is, w would rebound from the obstacles with a velocity equal 
to e times that with which it approached. 

208. To find the relative velocities of the bodies after impact. 

Subtracting eq. (10) from (9), and reducing, we get 
t?i— V=:e(T? — Vi) . . . (12), 

that is to say, the relative velocities of the bodies after impact have 
the constant ratio e to their relative velocities before impact, 

Newton discovered this law by experiment, and subsequent ex- 
perimentalists have found it to be very nearly correct. The 
foregoing investigation shows, that this experimental law may be 
explained by the hypothesis that the force of restitution has a con- 
stant ratio to the force of compression. 

209. To determine the work, u, lost by the impact of two im- 
perfectly elastic bodies. 

Hence we have by Art. 47., 

Work before impact =-^-- -f ' ^ , 

Work after impact =-^ — -j — ^— =-, 

•'. Work lost, or «=^r-(wv2-f-WiVi2— wv^ — Wjt^i^); 
'^9 
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substituting the values of v^ and v given in eqs. (9) and (10), and 
reducing, we get 

^^(l-ej)ww,(v-.v,>^^ 

2^(w-rWi) ^ ^ 

When e=0, this expression becomes the same'as that given in 
eq. (6). 

When the elasticity of the bodies is perfect, e=l, and eq. (13) 
becomes 

w=0, 

that is to say, there is no work lost by the impact of two 
PERFECTLY ELASTIC BODIES. The accumulated work yielded by 
the one body is taken up by the other. 



Impact upon Fixed Planes. 

210. If an elastic body A impinge obliquely, in the direction 
AB, upon a smooth plane hr, the body will be reflected in the 
oblique direction bc. If be be drawn perpen- 
dicular to HR, then the angle abe is called the 
angle of incidence, and the angle ebc the angle 
of reflexion. 

Let t?= the velocity of the body before impact, 
Vi=the velocity after impact, e=the modulus of 
elasticity, a=/.ABE, /S=Z.ebc; let ab repre- Fig- i^^- 
sent V ; draw ae parallel to hr ; then from the parallelogram of 
motion, v is compounded of a velocity hb in. the direction of the 
plane and be perpendicular to it. But hb=:AB sin a=t? sin a, 
and BE=t? cos a, but after impact this latter motion, from the re- 
action of the plane, becomes ev cos o. Now take br=bh= 
V sin a, BD=ev cos a, and construct the parallelogram brcd, then 
BC will represent the velocity of reflexion. 




/. Vi = BC=\/BR^-f-BD* 

=v'/sin2a-|-c2cos*a. .. (1). 

If e=l, that is, if the body is perfectly elastic, then Vi=v, and 
BD=BE ; that is to Say, the angle of reflexion is equal to the angle 
of incidence. 

If the body is non-elastic, c=0, /. bd=0, and Vi=^v sin a, that 
is to say, a non-elastic body, after impact, slides along the plane 
with the velocity t? sin a. 
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EXERCISES FOR THE STUDENT. 

1. Two inelastic bodies weighing 2 lbs. and 4 lbs., and moving 
in the same direction, with the velocities of 6 and 9 feet re- 
spectively, impinge upon each other, required their velocity after 
impact. Ans. 8 ft. 

2. Required the work lost by impact^ in the last example. See 

Art. 202. Ans. ^^. 

Or thus without the formula. 

w 1 1, <• • 4. 2x6» 4x92 1 ,,„„ 
Work before ,mp^ct=^^^^+^^^^=^^ 1188 

Work after impact=^±^'=^ X 1152, 

.-. Work lost=jAg (1188- 1152)=-^ 

3. Required the same as in the last example, when the weights 
of the bodies are 40 and 60 lbs. and the velocities 16 and 26 feet. 

Ans. 37-3. 

4. Two ivory balls, of 4 and 6 lbs. weight, impinge upon each 
other when moving in the same direction with the velocities of 
9 and 10 ft. ; required their velocities after impact, allowing the 
modulus of elasticity for ivory to be '8. See eqs. (9) and (10). 

Ans. 10-08 and 9-28. 

5. Show, by a particular example, that when the bodies are 
perfectly elastic there is no work lost by impact. 

6. Two perfectly elastic balls, weighing 1 and 3 lbs., meet 
directly with equal velocities ; show that the heavier ball will re- 
main at rest after impact. 

7. If two balls of the same substance impinge directly, show 
that the velocity of their centre of gravity is the same after impact 
that it was before impact. 

In addition to the notation of Art. 204., let v*, Vi>=the velo- 
cities of the centre of gravity before and after impact ; then by 
eq. (1), Problem 21, Art. 112., we have 

W + Wi ' * W + Wi 

substituting the values of v and t?i, given in eqs. (9) and (10), in 
this latter equation, we get 
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W 



-^ { v_(l +,)2DllZlIiI I +^L_ ( v,+ (1 +«) 



w(v-vi) 

W + Wi 



} 



WV + WjVi_ 



W + Wi 

8. Determine the motion of the centre of gravity before and 
after impact, when the bodies, in the last example, move in con- 
trary directions. 



CHAP. X. 



PROJECTILES. 

When a body is projected obliquely to the horizon, the path 
which the body pursues is a curve called the parabola. By the 
second law of motion, gravity produces its full effect upon the 
body independently of its motion of projection ; so that the actual 
path pursued by the body is compounded of the motion of pro- 
jection and the motion resulting from the action of gravity. 

To determine the path of a %ody under the action of gravity, 
when projected with a given vdocity and in a given direction. 

211. Let the body be projected in the direction at with the 
given velocity «, and let t be 
the time which the body would 
take in describing the space 
AT, if gravity were not acting. 
Now if Tp be the space through 
which the body falls in the 
time ^ ; then p will be the actual 
place of the body. 

Now AT is the space which 
is described in the time t, with 
the uniform velocity v ; and pt 
is the space which the body 
falls in the time t\ hence we 
have 

AT=r^, and pt=^^^2. 

by eliminating ty we get 




Fig. 125. 
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AT"= .PT. 

Let h be the height from which the body must fall in order to 

acquire the velocity r, then by eq. (5), Art. 26.9 hs=^^; hence 

we have, by snbstitation, 

AT*=4A.PT.. . (1); 

now this is the equation to the parabola, where at is a tangent to 
the curve at a, pt is parallel to the axis od, and A is the distance 
of the directrix from a, or the distance of the focus from a ; thus 
if 8 be the focus then as^A; if dv^ds, and vr is perpendicular, 
to G V then vb is the directrix, and as=sas=A. 

To find the eqwUian of the projectile when referred to rectan- 
gular coordinateg. 

212. Let a= Z, BAT the angle of projection ; 

«=AN ; andy=PN; then 

AT=AN8eCa=: ; 

COS a' 

PT=iTN— PN=af tan a^y; 

substituting these values in eq. (l\ we get 

-T?=4A (x tan a— yX 

.% y=« tan a— . , ^ . . . . (2). 
^ 4A cos'a ^ ^ 

To find the horizontal range ab,. 

213. Make t/^0 in eq. (2) ; then the corresponding values of x 
will apply to the points a and b. 

0? tan o— XT 5— =0, 

4 A cos* a 

whence we obtain for the roots of this equation, 

x-ssO, which applies to the p<nnt a ^ 
and a;=4A sin a cos a 

=2Asin2a. . . (3). 
which is the value of ab, the horizontal range. 

214r When the velocity v of projection is given, this expression 
for the horizontal range will be a maximum, when sin 2 a is a 
maximum, or when 2a=:90°, or a =45^, that is to say, A body 

o 
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WILL BE CABBIED TO THE GBEATEST ^OBIZ01^rAL DI8TAKCE WHEH 
IT IS PBOJECTBD AT AN ANGLE OF 45** TO THE HORIZON. 

215. Moreover, since sin 2(45''+ 0)= sin 2(45— 0)» if we put 
either 45 + or 45—0 for a in eq. (3) we shali have the same re- 
sult ; hence it appears the horizontal range is the same for any 
two projectiles, when the elevation of one is ai( much above 45^ as 
that of the other is below it. 



To find the total time of flight on a horizontal plane. 

216. Draw the vertical line bk intersecting at produced in : 
Let a;=the total time of flight ; then 



▲K=var, and BK=a*x«^ 



2' 



- ^ BK . 

but — =sma, 

AK 



.\ _^=sin<x, 
vx 

2vsina ,^v 
/. aj= — - — ..•(4). 

To find the greatest height. 

217. It is obvious that the greatest height must be equal to the 
space through which the body will fall during one half of its time 
of flight ; hence we have, by eq. (4), 

the greatest height= r^-^^^ x| 

«* sin^ « 



=Asin^» . . . (5). 



^9 

To find the point is, where the projectile vnU strike an inclined 
plane A e passing throttgh. A, the point qfprqfectian. 

218. Let the perpendicular BF=y, AP=ar, and Z.fae=^5 
then 

y;=ar tan/3;. 

but the value of y is given in eq. (2) ; hence we have by equality 

X tan /3=aj tan a — rz~nr^ 

^ 4 a cos' ft . .. 
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.% «s=4A COSMOS (tana— tan ;3) 

— 4A COScfc 8in(a— /3) 
"" ' cos/3 * 



Now the distance A£=jc sec /3= ^ 

co§p 



TA« velocity of a projectile at any point efits path is that which 
would be acquired infalUng freely from the directrix, 

219. It has been shown, Art. 211., that the velocity of projection 
IB equal to the velocitj which would be acquired in falling through 
hf. the distance of the point of projection from the direclriz of the 
parabola described. Now this must hold true for any point in the 
patabolsy for we may obviously suppose the body to be projected, 
at any point of its path, with the velocity and direction which it 
has at that particular point 

To find the directum in which a body must be projected from n 
given point A, witi a ffiven velocity, in order to hit a given 
marh e. 

220. Here the value of a. must be found from eq. (6). 

Now, 2 cos a sin (a— j3)=8in (2a— /3)— sin/3 ; hence we have 
from eq- (6), putting b for ae, 

. sin(2a-^-8in/3 
''-^*- S5P^3 ' 

.\ sin(2a-/3)=5^^-hBin/3 ... (7). 

From this equation 2a— /3 maybe found, and therefore », or 
the angle of projection bat. 



EXEBOISES FOB THE StXJDENT. 

- -, the greatest height - . 

1. Prove, -r-A — -^ 2— = i tana. 

' horizontal range * 

2. When the angle, a, of projection is equal to 15°, the hori- 
zontal range is equal to h. 

3. When the angle of projection is constant, the horizontal 
range, as well as the greatest height, varies as the square of the 
velocity of projection. 

o 2 
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4. Show that a in eq. (7) has two Tslaes, and that they are 
equally inclined to a line bisecting the angle which ae makes with 
the vertical. 




CHAP. XL 
Motion ov Bodies on an Inclined Plane. 

To find the relaHans of Hme^ tpace^ and veheUyy when a bocfy 
falU hy the force of gravity down an inclined plane ABOy the 
friction being neglected. 

221. Let f9=the weight of the body ; as= Z b AC the inclination 
of the plane ; S=:A0 the length of the plane ; p=: 
the pressure tending to move the body down the 
plane; ^i=the accelerating force which urges the 
body down the plane; V|S5the velocity of projec- 
tion np or down the plane, as the case may be ; a^^ 

v=the velocity thus acquired in moving through 
the space s. 

From eq. (5), Art. 139. we have 

p=,w sin oy 

and from eq. (1), Art 27, 

=■——•. ^=^8ina...(l> 



Now, since the accelerating force gi is a uniform force, the 
equations (2), (3)^ and (6\ given in Art. 27. w^ hold true in the 
present case, hence we obtain, by substituting the value of ^i, 

v=:Vi±gtBma . . . (2), 

8=tvi±igfi sin a . • . (3)^ 

— 2^sm« ^ ^ 
and so on to any other forms of expression. 
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It will be observed that the + or — sign in these formubd is 
to be taken according as the body is projected down or up the 
plane. 

222. When the body simply descends the plane by the force of 
gravityi ^1=09 and then these expressions become 

«=^^sina , • • (5) 
s=igfia\nct .. .(6) 

^==2^riElc ' • • (^^• 
From eq. (7), we get 

t;Ss=2^S8inae. ..(S)* 

To find the velociiy acquired in descending an inclined plane. 

223. By trigonometryi we have 

8 sin a=AO X sin »=Bp» 
substituting in eq. (8), we get 



vss ^2gxB0i 

but by eq« (6% Art. 26.> this is the velocity which the body Would 
acquire by falling freely through the vertical space bo ; hence it 
follows, that the velocity acquired in falling down an inclined 
plancy without friction^ ii the same as would be acquired in falling 
freely through the perpendicular height of the plane. 

Or thuSf on the principle of accumulated work 

Work done by gravity on the body=wXBC ; but we have by 
eq. (1), Art. 47. 

to xv^ 
Work accumulated in the body=- ; now this accumulated 

work is due to the action of gravity alone, 

/, v= V2g X B c, 

which is the same result as before found. 

When a body descends any arc of a smooth curve, the velocity 
acquired at any point is that which is due to the vertical height 
fallen through. 

o 3 
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224. Let us first suppose that the body falls down a succession 
of smooth planes ab, bo, od^ fto., with* • ^ ' 

out losing any part of its acqtnred 
iTelooity in passing from one plane to 
another ; then the yelooitj acquired at 
any point is due to the vertical height 
fallen through. Thus the velocity at b 
will be due to the vertical height a&; 
the velocity acquired down bo will be 
due to the vertical height be; so that 
the whole velocity at o will be due to the whole vertical height 
Ac; and so on. 

Now when the number of planes is indefinitely inci^eased, they 
form a continuous curve, in which case no part of the acquired 
velocity is lost in passing from one part to anotherr Hence the 
velocity of the body, at any point of the curve, is that which is 
due to vertical height fallen through. 

To find the Hmes down any inclined planes when the height is 
the same. 



Fig. 126, 



225. From eq. (6), Art. 



BC 

we have, by substituting — for 



sina 



A0=i5r«»x55...(i) 



/sAO 



V« 



2 

^.BO 

Now when bo is constant t varies as ao, that is to say, the times 
are proportional to the lengths 

To show that the times of a bod^ falling down the chords of a 
circle, AC and kc, drawn from the extremities of the vertical 
diameter as, are the same* 

226. Let the body descend the plane AC; ^ 

from draw od perpendicular to ak; then 
AD will be the perpendicular height of the 
plane, and hence we find from eq. (1), Art.225., 



9 



15' 



AC» 



but from the property of the circle, -— =ak, 




Fig. 127. 
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■V'- 



^2ak. 

•but tins also expresses the time in falling freely down the diameter 
AK, therefore the time down any chord is the same as that down 
the diameter, and the time down any chords drawn from a mast 
he the same. The tome may be shown to hold for all chords 
drawn from K, as for example ec, kOi, &c. 

When bodies faU down any arcs, abc, qfacircie (dee fig. 127.) 
the velocities acquired at the lowest point A are proportional to the 
chords, AC, of the arcs. 

227. Let v=the velocity acquired in falling down the arc cba, 
then, by Art. 223., 

t?«=2^XAD 
A02 

AK 

Now since ae is constant, it follows that the velocity is pro- 
portional to the length of the chord. 

If the arcs are small, the velocities are very nearly proportional 
to the lengths of the ares. 



Exercises. 

1. What velocity would a body acquire in falling down a smooth 
plane whose perpendicular height is 3 feet ? (See Art. 223.) 

-4w5. >%/l93=13-8ft. 

2. In what time would a body fall down a smooth plane whose 

length is 8 ft. and perpendicular height 4 f t. ? 

4 I 
Here in eq, (6), Art. 22L^ we have s=^8, ^=32^ sina=-=5, 

and 



3. What space would the body in the last example move over 
in order to acquire a velocity of 10 ft. per second ? Am, 3*1 +ft. 

4. What velocity will a body gain per second in falling down an 
inclined plane whose inclination is 45° ? Am. gVX. 

5. What must be the inclination of an inclined plane, so that a 

o 4 



Digitized by VjOOQIC 



200 PRINCIPLES OP MECHANICAL PH1L080PHT. [PAET II 

body falling down it maj acquire a Velocity of | ft. in every 

second? An8.d(y*. 

6. Divide the length of a given inclined plane into two partg^ 
fio that the times of descent dow^n each of them may be the same. 

Ana, The parts will be in the ratio of 1 to 3. 

7. P falling down the inclined plane AC draws w up the in- 
clined plane do by means of a cord going over 
a pulley c at the common vertex of the two 
planes ; it is required to find the velocity, v^ 
acquired by p after descending h feet on the 
plane. 

Let «=rthe inclination of the plane AC, and 
/3=the inclination of DC ; then ^^- ^^ 

Vertical space moved over by p=A sin », 
„ ,r „ „ w=A8inj5; 

/, Work due to gravity =pA sin a- wA sin /J. 
Work accumulated in p and w=s^-^-s -• 

.\ H!(LtZ)-:pA8in»-wAsini3j 
^9 




••• ''=A/i 



(psina— wsin/3). 



p+w 

If ar:;:/3=90°, this cxpression becomes the same as that giv^ in 
Prob. (6), Art M. 
Having found the velocity we may readily find the time. 

For the space h will be described with the mean velocity ^ 

hence we have 

^^*_2A 

8. An inclined plane has a rise of 5 in 100, through what space 
s must a body p fall down it to acquire the velocity^ ? Required 
also the time. 

<7^ X P Q 

Work accumulated in pss^— — =^ , p • 
Vertical space fallen=-rTrpr x s ; 
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5 
.•. Workdue togravity=:— xsxP; 

6 _g ' 

/. 8=10^. 

MoreoTer, #=7-= ^s20 seconds. 

W 9 

9. If a body be projected obHqaely on an inclined plane, the 

path of the body is a parabola. 



GbKEBAL PROFOSmONS* BELATIVli TO THE MOTION OF ▲ BODT 
ON AN InGLINBD PlANB, THE FbIOTION BEING GIVEN. 

228. A body is moved up or down an inclined plane abc (see 
fig. 77.) by a pressure p acting parallel to the plane ; required the 
accumidated work and the relations of the various elements, as in 
problems 11 and 12., Art. 49. 

Now we have in this general problem, as well as in all cases of 
machinery, 

Work due to p=work due to friction + work due to gravity 
+work accumulated in the mass. 

Let s=AC, the space moved over by p ; ri=:the velocity of the 
body at first, and v the velocity after it has moved over s ft ; 
n|=the work due to friction; na=the work due to gravity; 
4«=ithe work accumulated or the work gained or lost ; then 

p . s=Ui+U2+tt . , . (1) ; . . 

where the body is supposed to be moving in the direction of p, 
and the + or — sign is taken according as the pressure P acts up 
or down the plane. 

By eqs. (1) and (2), Art ua, 

Ui + U2=/. W . AB j;tt? .BO 
=sw(/cos a±8in »)• 
Substituting in eq. (1 ), we get 

«, or ^^^J"^^ ^ =;s{p— tg(/cD8«±8in»)} . . . (2), 
^g 

* First given bj the Author in the '* Mechanics' Magaadne," 
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from which equation any one of the elements may be found when 
all the others are giren. Let ns derive this result by another 
process. 

229. By eq. (l\ Art 173., 

The moving pressure, |i=sp— fo(y*cos a+sin «) . . . (8). 
By substituting this value of |7 in eqs. (6), (7), and (9), Art. 
27.; we obtain from (6) the relation between the velocity and 
time, from (7) the relation between the space and time, and from 
(9) the equality (2) just found. 

When the Body is acted upok bt the Foboe of Gbavitt 

ALONE. 

230. If p=0, and the body be projected down the plane; then 
eqs. (3) and (2) become 

p=w(aia » —/cos a) . • . (4), 

— S— ^=S(sma— /cOSa) 

=80—/. AB . . . (5)» 

And when the body is projected up the plane, 
p=s -IT (sin a-h/cos a) ... (6) 

— ^g— =S (sin a +/ cos a) 

=zBO+f. AB . . . (7> 

The value otp in eq. (6) is always a retarding pressure, whereas 
in eq. (4) it will be an accelerating pressure when sin a is greater 
than y* cos a. 

231. Eqs. (4) and (6) may be written in one expression, thus 

pr=:— ii;(/cosa+8in «) . . . (8) ; 

and, in like manner, putting 6 for the angle of friction, eqs. (6) 
and (7) may be written 

— 2—^= - s (/cos »+sin tt) . . . (9) 

= — (+BC+tan e . ab), 

where the + or — sign is taken according as the body moves up 
or down the plane. 
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M2I. Eqs. (9) and (9) may he put in a more concise form ; for 
^e liave 

J, . sin cos a+ cos sin »' 

/COSa+Sina= ==^ 

•^ - - COS 6 

_8in(e+a). 
COS 6 

substituting this in eqs. (8) and (9), we get 

tgsinCe+g) .jQ. 
^- cose • • • ^*"^' 

and?^==«?i^^^...(ll). 
2^ COS0 ^ ^ 

To find the relation of Space and Velocity. 

233. Prom eq. (1 1) we get 

f^ —i)^ cosO .|v 

^= 27~'sin(e.+«)---^^> 

When the body falls down the inclined plane by its own weight, 
t?j=0, and the minus sign of « is taken^ in this case eq. (1) 
becomes 

v^ cos B ^rt\ 

®=2^'sin(«-e)^"<^''>'- 

Prom this equality, we get 

^ COS ^ ^ 

To find the accelerating Force g^. 

234. From eq. (1), Art. 27., and eq. (10), Art. 232., we get 

p gBm{e±a) ... 

^^ w ^ cos 6 ^ ^ 

Or from eq. (1), Art 27., and eq. (8), Art. 231., we get 
^i=:£ . ^=-^(/cos»±sin a) . . . (2). 

To find the relations of space and timcy when a body falls 
down the inclined plane AC. (See^^. 129.) 

235. Here, we have ac=<*x~- 
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Substitutiiig the valaes of gy, given in eqs. (1) and (2), Art. 
234^ observing that in the present case the minus signs are 
taken, we get 

A0=<*X^(8ina— /cosa) .•. (1), 
From eq. (2\ we get 



. /2ao cosO ,„v 

^ V T" ' 8in(«-e) • • • ^^^• 

If e=0, then 



-a/; 



'" .(4X 



^sina 
which is the same result as that determined in Art 225. 

If the body be projected up the plane with the vehcUy^ v, to find 
the time^ t, at which it wiU came to a etate of rest* 

236. In this case, we have f^om eq. (1), Art. 234, 

_ ^sin(Q+a) 
^1 cose ' 

^ . V V cos 6 ^-v 



•• -ffi g 8in(0+a) 

where - is the time in which the motion would be destroyed if 

gravity were acting freely on the body. 

Thii9 expression also gives the time in which the body would 
acquire the given velocity v by descending the plane. 

237. If the body be projected on the horizontal plane, then 
assO, and eq. (1) becomes 

t-^ ^ -^ ^ (\\ 

g tan6^^ / ^ ' 

In order to give a geometrical form to this result ; take the 
units in the vertical ak (seey?^. 130.) equal to the units of seconds 
required for a falling body to acquire the velocity v ; draw kc cut- 
ting the horizontal plane in o and making the angle akc equal to 
the complement of the angle of friction ; then the units in AC 
will give the units of seconds before the body stops. 
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To find the velocUy gained or lost by a body monnng on an «n- 
clinedplane^ abc^ whose coefficient offricUon is given* 

238. Here the velocity gained or lost may be foand inm eq. 
(9), Art. 231. 

In order to give a geometrical interpretation 
to this result ; draw gh parallel to ab, and ah 
to BC; also draw ck and CKi^ making the 
angles hok and hcK|, respectively, equal 
to 0, the angle of friction ; then hk or hki= 
tan B . AB. 

Let the body be projected down the plane ; 
then 

^ ^ -=BO-tane, 




Fig. 129. 



> AB 



=B0— HK 



s=AK 



(1), 



that is to say, the velocity gained by the body in descending from 
o to A is equal to the velocity which it would acquire in falling 
freely through ak. See eq. (7), Art 26. 

Let the body be projected up the plane ; then 



2g '' 



:BO + tand . AB 



=BC+HKi 



ssAKi 



.(2). 



that is to say, the velocity lost by the body in ascending from A to 
c is equal to the velocity which it would lose in ascending freely 
through aK|. 

Cor. L When the angle of friction is equal to 0, then the velo- 
city gained or lost is simply due to ah, the vertical height of the 
plane, which is a well known dynamical theorem* See Art. 223. 

Cor. 2. If the inclination of the plane be equal to the angle of 
friction ; then hk=bo, and AK=rO, and therefore, in this case, the 
body will move uniformly down the plane with the velocity of 
projection. 

To find the point to which a body will ascend an inclined plane^ 
ABC, when the velocity of projection is given* 

239. Take the vertical aki to represent the height from which 
a body must fall in order to acquire the given velocity of projec* 
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tion; draw K|0, cutting the plane in o, and making the angle 
AKi equal to the complement of the angle of friction ; then o will 
be ^e point to which the body will ascend. 
For in tjiis case, from eq. (2), wet have 

t?=0, and ^S5AK|, 

Cob. 1. — When the plane ac i$ horizontal 

Take the vertical ak to represent the height ftom which the 
body must fall to acquire the velocity 
which it has at a; draw kc^ cutting 
the horizontal plane in o, and making 
the angle akc equal to the complement 
of the angle of friction ; then c will be JFi^.iso. 

the point at which the body will come to a state of rest 

To find the distance^ AQ, which a body wiU move over^ on the 
horizonal plane ad after descending the inclined plane AC. 

240. Draw OK9 as in Art 238., making the angle hgk equal to 
tbd iMigle of friction ; produce 
OK until it interaects ad in 
Q ; then AQ will be the space 
which the body will move 
over before it comes to a state 
of rest 

For AK will be the vertical Fig, isi. 

height due to the velocity acquired in falling down AG, and since 
Z. AQC= Z. HCK, therefore by Cor. 1, Art. 239., q will be the point 
at which the body will come to a state of rest 

To find the locus of the planes of equal veloci^. 

241. Let the vertical ak represent the height from which a 
body must fall to acquire the 
given velocity; draw kcOi 
making, with the horisontal 
line CH, the angle koh equal 
to the angle of friction ; then 
KCCi, &C., will be the locus 
of the extremities of the 
pliuies AC, AOi, &c., of equal 
velocities, that is to say, the ^*^* ^^^ 

velocities acquired by a body descending these planes will be equal 
to the velocity acquired by a body in falling freely through ak. 
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2ffr 



From Oi draw Ci Hj parallel to gh ; th^n by Art. 238. the velocity 
acquired in descending the plane AOi, or the plane ao^ is equal to 
the velocity which would be acquired in falling freely through ak; 
and the same may be shown to hold true for any other plane^ 
drawn from a to meet the straight line k;cOi. 

To find the locus of the planes of equal times of descent^ the 
coefficient of friction being given. 

242. Let AO^ ACi, &c., be the planes down which a body will 
descend in equal times. Take the 
vertical ak (=2 a) to represent 
the space through which the body 
will fall in the given time t ; and 
let AB=a?y BO=y, being the co-or- 
dinates of : then we have from 
eq. (1), Art 235., 

AC'=^x|(aC Sina— /. AOCOSa) 

=<«x|(bo-/. ab). 




Now A K is the space through 



Fig, 133. 



which the body will fall in the time t, therefore AK^t^x^; and- 

from the right-angled triangle abc, we also have ao'=ab^+bo^;' 
hence we find by substitution 

ab2-|-bc^=ak(bc— /, ab), 

substituting y+a for ^, and x—fa for x, in order to eliminate the 
first powers of x and y, we get 

which is the equation of a circle - whose radius is equal to 

Let o be the centre of the circle ; draw the vertical aojF and let. 
fall OE perpendicular to ak ; then 
OA2=a«+/»aa 

=:AE« + AE*tan20; 

.*, OE=AE tan 6; 

« OE 

/, tanO= — ; 

A£ 
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Hence it follows that the locus of the planes of egual times of 
descent is an are of a circle whose chord is ak^ making with the 
radius oa an angle kao equal to the angle of friction. 

In like manner it may be shown that ko» KCp &c.> are planes 
of equal times of descent. 

Cob. 1. If the planes be perfectly smooth, then d=0, and ak 
becomes the diameter of the circle, which is a well known dyna- 
mical theorem. (See Art. aM.) 

To find theplancj ao^ of quickest descent, which can be drawn 
from a given point A to meet a given 
plane bd. 

243. Let AB be a horizontal line. 
From A draw aq, making the angle baq 
equal to the angle of friction; from 
Q take QG equal to QA; and join ac; 
then AO will be the plane of quickest 
descent 

Draw oo perpendicular to bd^ and 
AC to AQ ; then o will be centre of 
a circle, A ok, touching the lines bd 
and AQ in the points c and a. Draw 
the vertical A k, and join ad, cutting the 
circle in c^ ; then Z.oaq=Z.kab, and 
,\ Z. K AO= Z. BAQ=the angle of fric- 
tion ; hence it follows. Art. 242., that 
the times of descent down the chords 

AC, AGi, &c., will be equal ; therefore the time of descent down ao 
must be less than it will be down ad, or any other line that can 
be drawn from a to meet the given plane bd. 

Cor. 1. If the plane be perfectly smooth, then qb=0, and there- 
fore Z.bac=Zbc a. 

' Cob. 2. If the plane bd be vertical, and the ^* 
angle of friction equal to nothing, then the plane 
AC will make with the horizon an angle of 45^* 
In order, therefore, to secure the most rapid 
descent of water, &c., from roofs, &C., the pitch 
should exceed 45^. 

Cob. 3. In the foregoing investigation, the 
given point, a, is assumed to be at the foot of the ^' *^^' 
plane ; but if the given point be assumed to be at the top of the 
plane, then the line aq is drawn as in^. 135. 




mg. 1S4. 
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EZEBCISES AND PRACTICAL APPLICATIONS. 

1. Required the solution of Problem 13., Art. 49., by the fore- 
going formulse. 

Making i7|=0 . in eq. (9), Art. 231-, and observing that the body 
moTes down the plane, we get 

— =BC-/. AB. 

Now as the inclination of the plane is small, we take the length 
of the plane in the place of its base, that is, we may put AC in the 
place of AB (eeejig. 9.). In this formula, we have 

BC=A, AC or AB=:s, and/=5^, 



"2240* 



©2_ p 



If the time, t, in descending the plane be required, we have 

s _28 

substituting the value of v, we get 

t= . ^\ .••(2). 

2. To solve Problem 16., Art. 40., bj the forgoing fonnulai. 
In this case, we have from eq. (9), Art. 231., 

g=BO+/.AB. 

Here AB=ar, ^^=^iQr^/^^^> hence thij equation becomes 

2g 100 224(/ 
_ 1120 V 
•'• '^-^(22-4e+p)- 
p 
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In this case we have for the time before the train comes to a 
state of rest 

_ 2240 y. 



^(22-4€+/>y 
by substituting the value of x. 



CHAP, XIL 



MOTION OP ROTATION. WORK IN A ROTATING BODY. CENTRE 
OP GYRATION. MOMENT OP INERTIA, &C. 

244. Prob. Two bodies tOi and w^ (whose volumes are supposed 
to be very small) are connected by a rod, which is made to revolve 
upon a centre c, the distance of 

Wi from the axis is r, ft., and that • ;■ ■ • 

of w, is rg ft. ; if a point in the rod, *^* 

at 1 foot from the axis, has a velocity of v ft. per second ; it is 
required to determine the work, Uy accumulated in the bodies, and 
also the point, e, in the rod where we may suppose the weight of 
the two bodies collected, so that the work may not be altered. 

Velocity Wi=:vr^, and velocity w^=.vr^ 
/. Work ace. in «?i=^ — ~ \ 

and work ace. in w^^- — ~ =, 

2g / 

•• *"- 2g ^ 2g 

=|^Kn'+^«0.,.(l). 

Let m^ be put for the volume of tOi, and m, for that of tr, ; 
t£7=the weight of each unit of volume ; then Wi^m^iv, and tr, 
^m^w. By substituting these values in eq.(l), we get 

««=U('«inH»».V)... (2). 
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Here the expression within the brackets is the sim of the 

VOLUME OP EACH BODY MULTIPLIED INTO THE SQUARE OP THE 

DISTANCE PROM THE AXIS ; this expression is called the moment 
OF INERTIA of the bodies, their densities being the same> and it is 
usually represented by the symbol i. 

Put AacCK, the distance of the point k from the axis of motion ; 
ffi=the sum of the volumes of the bodies ; then 

Velocity K=t?A, and Wi-\-w^z=imfff ; 
,\ Work ace in the bodies collected in the point k, or 

u^ — — .mk^... (3), 

but this is equal to the work expressed in eq. (2), 



mk^sz m^r^ + m^r^y 



:. k=yy/ 



m,r^J-mfl , _ (4\ 



Now the point k is called the centre of gyration of the 
bodies, and the value of A k or A just determined, is the distance 
of the centre of gyration from the axis of rotation. 

245- Generally let w^y w„ W3, &c., be the weights of any number 
of bodies, at the distances r^, r„ rg, &c, from the axis of rotation ; 
k the distance of the centre of gyration of the bodies from the 
axis of rotation ; i the moment of inertia ; and so on, to the other 
symbols ; then proceeding exactly as in the foregoing investiga- 
tion, we get 

A 
2/ 



*»=o;,(»^ir*+Wtrt*+&c) . . . (5), 



.5.,... (6), 
where i is put for the moment of inertia, m,ri*+»i,r,'+&c. 
tt=|^.*»K + «r,+&c.)... (7) 

2g 
»iA2=/>»,r,Hm,r,^ + &c.=si ... (8) 
p 2 
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240. When the centre of gyration in a rotating body is known, 
we can then readily find the accumulated work by eq. (7). But 
to find this point generally requires the aid of the integral cal- 
culus. The distance of the centre of gyration from the axis, in a 
few of the most useful cases is as follows : in a circular wheel of 
uniform thickness, it is equal to the radius of the wheel x Vi ; iii 
a rod revolving about its extremity, it is equal to the length of the 
rod X ^/ J, and when it revolves about its centre, it is equal to the 
length X a/tV ; and in a plane ring, like the rim of a fly wheel, it 
is equal to the square root of one half of the sum of the squares of 
the radii forming the ring. See the Author's Treatise on " The 
Principles of the Dificrential and Integral Calculus," p. 237. 

247- Prob. Given the moment of inertia, i, of any system of 
bodies mi, m^ &c., about an axis c G passing through the centre 
of gravity, to find the moment of inertia, ij, about any axis Ab 
parallel to the axis CG. 

Let the distances of the bodies, m^, rn^ &c., 
from the axis CG be r„ r^ &c., and from the axis 
AB be Ri, B„ &c. ; then 

1= mi Tj* -I- W, Tj^ -I- &c. 
Il=WtiBi*-|-«l,E,* + &C. . . • (9). ^^ 

Conceive a plane to be drawn through the paral- ^*^' ^^*^' 
lei axes og and ab ; and also another plane, m^ AC n, to be drawn, 
through the body m^, perpendicular to these axes. Let m^N be 
perpendicular to ao produced, and put c«ii=ri, Am|=Bi, AO=a, 
and CN=^i ; then we have, by geometry, 

Ami*=cmi*+A0*-|-2AC . on; 

that is, Ri* = rj^ -f a* + 2 ap^. 

In like manner we get n}=^r^-\-a*-\'2ap^ iR9=r^+a^+2ap» 
and so on. Hence we get by substituting in eq. (9), 

i,=mi(ri«+o*+2aj»,)+m8(V-|-a>+2a|?,) + &c, 

= «i,r|'-|-»igrg*+&c.+a*(wi+i»8+&c.) 

+2 o(«»| /)| + mg j»,4- &C.). 

But because cg passes through the centre of gravity of the sys- 
tem, we have, Art. 89., »ii|?i+m8j»,-|-&c.=0; putting, therefore, 
miH-«i,-|-&c.=»i the whole volume of the bodies, we get 

ii=i-|-a*«» ... (10); 
that is to say, the moment of inertia about any axis ab^ is 

EQUAL to the MOMENT OF INERTIA ABOUT A PARALLEL AXIS, CG, 
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PASSING THBOUGH THE CENTRE OF GRAVITY, TOGETHER ^^TH 
THE MOMENT OF INERTIA OF ALL THE BODIES, COLLECTED IN THEIR 
COMMON CENTRE OF GRAVITY, ABOUT AB. 

248. If A be put for the radius of gyration' corresponding to the 
axis CG, and k^ for that of the axis ab ; then we have i=:m^S and 
i,=«tAi' ; and by substiti^ting these values in eq. (10), and dividing 
by my we get 

V=*'+«' . . . (n). 

From the preceding equality we get 

but for the same body k must be constant, 

/. Ai'— o'=a constant ; 
that is to say, the square of the radius of gyration, estimated 

FOR ANY AXIS, MINUS THE SQUARE OF THE DISTANCE OF THAT AXIS 
FROM THE CENTRE OF GRAVITY, IS ALWAYS A CONSTANT QUANTITY. 

Ex. 1. When a uniform bar, / feet long, revolves round its 
middle point, the distance of the centre of gyration from this 

centre is —7=1* Required the radius of gyration, Aj, when the rod 
V 12 

revolves round an axis at the distance of a feet from the centre. 
Here by eq. (11), we have 

^* . 
=12+«'> 

•'•^^="273(^-^^^"'>*- 
If the rod revolves round its extremity, then 0=^^ and •% Ai= 

V3- _ 

If a=s/, then k^^W^^. 

Ex. 2, Required the radius of gyration of an eccentric wheel, 
whose radius is r, and distance of the axis from the centre a. 
In this case, A=:r x V^ see Art. 246. ; 



/. Ai=^/^(r»+2a«). 

F 3 
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If the axis is placed at the edge of the wheel, then a^t^ aiid 

249. Given the radii of gyration of the parts of a body to find 
the radius of gyration of the whole body. 

In eq. (8), Art. 245^ substituting Ai for r|, k^ for r^t and so on, 
we get 

«iA'=»iiAi"+»»2V+&<5- • • • (12X 

where k is the radius of gyration of the whole mass m, Aj that of 
mi, and so on. If the body be of uniform thickness and the plane 
of rotation corresponds with the surface of the body, as in the 
case of a flat wheel, then the surfaces of the parts may be taken aa 
the volumes. 

To find the Radius of Gyration of a Fly Wheel. 

250. Given the radius of gyration of a circular wheel of uni- 
form thickness, revolving on its centre, to find 
that of a circular -nn^. 

Let R=the radius of the outer circle ab; 
r=: the radius of the inner circle gd ; k and ki 
being put for the radii of gjrration of these 
circles respectively ; and k^ for that of the 
circular ring ; then we have, by eq. (12), ^* ^^^' 

where we have, in this case, m=area cir. AB=irB2; »ii=:area 
cir. CD=7rr*; and «i2=area cir. ring =7r(B^—r*) ; moreover we 
have given, *=B//i and h^ =sr^^; hence we get, by substi- 
tution and an easy reduction, 

B^xi=r*x^+(B2-r«)V, 




/. *2=^i(RHr«)...(13). 

If Bi=the mean radius, and €=the depth of the rim, then b= 

e e 

Ki+o* ^^^ '•=Bi— s» substituting in eq. (13), we get 



h^=^ v/Bi^+ic^ . . . (14). 

For most practical purposes, this gives a sufficiently exact 
approximation for the radius of gyration of a fly wheel. 

We shall now take into account the effect of the arms or spokes 
of the wheel. 
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Let »=:the number of spokes, 6= the area of each spoke; 
then we have, as before, 

where, in this case, mi= surface of the arms =92 3, f»2= surface 
cir. ring=ir(R2— ^2)^ «i=surface whole wheel=7r(E2— r2)-f w6, ^i 

=radius gyration of each spoke=-^ A2=i'&4ius gyration of cir. 

rings: \/^R2-|-r2), and k the radius of gyration of the whole fly 
wheel ; hence we get, by substitution, 

{7r(R2-r2)4.wft}A2=^«ftr«+^x(R4-r*) . . . (15), 
whence k is readily determined. 

The right hand side of this equality expresses the moment of 
inertia, i, of the wheel, which being substituted in eq. (6), Art. 245., 
will give the accumulated work, observing, in this case, that w 
expresses the weight of a unit of surface. 

251. A hodtfy whose weight is Wj is moved in a vertical plane, 
round a fixed centre C, by the force of gravity ; to find the 
angular velocity^ v, acquired by the body in falling from the 
position GK to CKi* 

Let G be the centre of gravity of the body, and k its centre of 
gyration. Describe the arcs 00^ and kk^; and 
let fall the perpendiculars an and Gim <m the 
vertical line CD. Put 0=Z.kcd, and 0i=Z. 
KiCD; then by Art. 76. 

"Work accumulated= w x nm=:w x CG (cos 61 
—cos 6) 5 and by Art. 246., we have also 



Work accumulated= ^r- ^ 5 

.\ w X (^ - ^^^^ =M7 X cg(cos 01-COS 0), 
2g 




Fig, 139. 



=^|^(co8e,-coBe) 



(16) 



which gives the angular velocity v, as required, 

KcK falls to the vertical position cd, then Oi=0; in this case 
eq. (16) becomes 



_ 2^.CG , 



-. ^^, (1-COS0) 

__4^. CGs in^^Q 

CK* 



(17). 



p 4 
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If OK falls from the horizontal position to the vertical CD, then 
0=90% and 0|=0; in this case eq. (16) becomes 

2^.CQ 

^ — Sir- • • • C*8)- ^ ., 



CHAP. xni. 

KOnON OF XACmNES WHEN THE FRICTION IS NEGLECTEII* 

Work accumulated in the Parts of Machines* 

252. Pbob. — ^The weights tr^, tv^ &c^ forming parts of the 
same machine, move with the velocities Vi, v^ &c., what must be 
the weight, w^ which shall have the same velocity, v^ as the 
moving power, and shall have the same accumulated work as the 
given weights. 

Here we have, by Art 47., 

2ff 2g 2g * 

.% w=-j,(wi»i«-|-t(;2«a«-|-&c,). • .(!)• 

If the velocity of the moving power varies, then since all the 
parts are connected by pieces of mechanism, the velocities of the 
weights will vary in the same ratio : thus let v become evy then v, 
will become evi, and so on ; in this case, therefore, we get as 
before 

which is the same result as when the initial velocity was v ; 
thereby showing that the weight w does not depend upon the 

VELOCITY OF THE MOVING POWER. 

The velocities of the weights here mentioned are, of course, the 
velocities of their respective centres of gyration. 
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253. Now, in most machines, i^^, v^, &c., are always some con- 
stant ratio of v ; putting, therefore, Viz=:eiVy v^^e^v^ and so on, 
and making these substitutions in eq. (1), Art. 252., we get 

w:=Wiei^'\'W^e^^hc. . , . (1). 

that is to saj, the weight w is equal to the sum of the 

WEIGHT OF EACH PAST IN MOTION MULTIPLIED INTO TfiE 8QUABE 
OF ITS TELOCITY BATIO TO THAT OF THE MOVING PBESSUBE. 

To express the moment of inertia of a system of bodies having 
different centres of rotation, 

254. In addition to the notation of the preceding formulae, let 
m be put for the volume of w^ m^ for that of w^y m^ for that of w^ 
and so on ; also let t(/ be put for the weight of a unit of volume ; 
then w=^mw'y Wi=miti/y w^'=^m^ufy and so on. Substituting 
these values in eq. (1), Art. 253., dividing by «/, and multiplying 
by a\ we get 

ma^=sa^(m| e^ -f m,^ e2^4- &C.), 

where a is put for the distance at which the moving pressure acts 
from the centre of motion ; but ma^=i, the moment of inertia of 
the whole system ; 

/, i=a8(i»iei2+Wjea^+&c.) . . . (1). 

Ex. The great beam of a steam engine, of uniform section, gives 
motion to a single crank and fly wheel ; a set of wheels is con- 
nected with the axis of the fly, so as to make 10 revolutions 
whilst the fly makes 1. It is required to determine the weight tr, 
which shall have the same motion as the piston with the same 
dynamical effect as the various parts of the engine ; allowing — 
the length of the beam to be 20 ft., its weight 400 lbs., and its 

radius of gyration -r^ ; the weight of the fly-wheel 2000 lbs., and 

its rad. of ^. 6 ft. ; the weight of the wheels 100 lbs., and their 
rad. of gy. 1 ft. ; and the length of the stroke of the piston 5 ft. 

Taking the velocity of the piston ==5 ft., 

.-.velocity 400 lbs=lxi5=_£^. 

Now since the fly-wheel makes one-half of a revolution, and there- 
fore the wheels make 5 revolutions, we have 

Velocity 2000 lbs.= J circum. described 
=ixwx2x6=6ir, 
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Velocity 100 lbs. =5 circum. described 
=5xirx2=107r; 
hence we get, by eq. (1), Art. ZBZ., 

w=^{400x~+2000x36^2Vl00xl00x2l- 

=:1^+?J^1^(2000 X 36+ 10000)^=32500 lbs- nearly. 

Two weights P and W are connected hy wheel-work turning on 
horizontal axes; it is required ^ 

to determine the motion of P, 
when the inertia of the wa 
vhinery is taken into account 

255. Let »=the velocity of 
p after descending the space s ; 
c=the velocity ratio of p to w, 
that is, let et7=the correspond- 
ing velocity of w; ttF;:sthe weight 
of the wheel-work calculated. Fig. 140. 

Art.252.,to have the same velocity as p. 

Now whilst p descends ^ ft., w ascends €m ft, 

.•« Work done by gravity=p . *— w . c& 
p, v^ 




Work ace. in p=- 



2^' 



Work acc in w= 



w . e^v^ 



»2«,« 



2«/ ' 

W . t?2 



Work acc. in the wheels — « > 

but the work done by gravity is accumulated in the motion given 
to all the. parts; 

pt?* wc^^a wv^ 

•••2^+-2r+27=^'"^''' 

whence the velocity, v, of the weight p^ is determined. 

Here the force producing motion is obviously a uniform acce- 
lerating force ; hence the relations given in Art. 27- will apply to 
this case. 

Now by eq. (5), Art. 27., we have v'^=z2g^s j 
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therefore, bj equality and division, we get 

which is the expression for the force accelerating p. 

This value of ^i substituted in the relation s=zt^x^ gives 
tl g(F-ew) . . 

which expresses the relation of time and space. 

We may arrive at this result without first finding the value of 
9il for 

*=g.^or^«=- • t\ 

Now, by substituting the value of v^ given in eq. (1), and re- 
ducing, we readily find eq. (3). 

256. If p be produced by a simple pressure, or by a pulling 
force, such as that produced by animal power, then the inertia 
of p is 0, and in this case eq. (2) becomes, 

_ y(p-gw) , . 

257. If the wheel work be a simple pulley (such as that repre- 
sented in ^. 12.), whose weight is Wi, radius r, and radius of 
gyration k ; then by eq. (1), Art. ZSZ., 

and /. w=^Wi ; 
moreover we have c= 1 ; hence, we have, by substitution in eq. (2), 



If w be neglected, then. 



_ ^(p-w) , . 

^1— jFq:^ • • • w- 

258. In eq. (2), if p is simply opposed by the inertia of the 
machinery, then w=0, and 



• • 



^>=ii^---(7)- 



259. When the machinery turns on one axis, and w=0, then 
eq. (1) becomes, 

P+W 
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or putting Wi for the actual weight of the machinery, k for its 
centre of gyration, and r for the radius of the wheel to which p is 

attached, we have, wr^sstTiA^, and f(7=-^; hence, by substitu* 

ting in the foregoing, we get. 

Suppose the string by which p hangs to be cut, after p has de- 
scended s feet ; how many revolutions would the wheel make per 
second. 

„ velo. circum. v 

No. revo. per sec.=:- 



circum. ssff-r 



2xV^ 



2gsF 



r»P+friA>' 
by substituting the value of v given in eq. (8). 



CHAP. XIV. 

WOBK OF MACHINES, THE FRICTION AND OTHER RESISTANCES 
BEING CONSIDERED. 

MODULUS OF MACHINES, Etc, WHEN THE MOTION IS 
EQUABLE. 

2e0. When all the parts of a machine attain a state of uniform 
motion, the work of the moving pressure is equal to the useful 
work done, added to the work expended on the prejudicial resist- 
ances ; and, therefore, the pressures or forces, which are called 
into action, admit of being expressed by certain general conditions 
of relation. When all the resistances, which the moving pressure 
has to overcome, are all supposed to be referred to the moving 
point of the machine, they may be divided into three kinds : first, 
the prejudicial resistance which is simply due to the parts or 
pieces of the machine when unloaded, and which is therefore in- 
dependent of that load ; second, the resistance of the useful load 
itself; and third, the additional prejudicial resistance which is pro- 
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duced bjthe useful load itself, and which may be taken as a 
certain proportional part of the load. Thus, let p=the moving 
pressure ; L=the useful load referred to the point where the mov- 
ing pressure is applied ; fx . L=the resistance of friction, &c., 
arising from the useful load;/2=*^e resistance of friction, &c., 
arising from the motion of the unloaded machine, so that, since fi 
and /g proceed from the action of the same causes, when fx 
vanishes /2 a^so vanishes; then, 

-or,p=(l+/0L+/2..-(l), 
This formula is especially applicable to the steam engine. See 
the Author's " Exercises in Mechanics," &c., page 41. 

Now, let 8= the space moved over by p j Q=the actual pressure 

or weight of the useful load moving over the space s ; /=- . the 

s 

velocity ratio of p to Q ; then, we have, 

L • S=Q . Sy /. L= - . Q=r . Q, 

D 

substituting this in eq. (1), we get, 

p=(i+/iyQ+/2 . • • (2). 

Again, multiplying each side of eq. (1) by s, we get, 
p.s=(1+/i)l.s+/2.s, 
but p . s=u, the work of the moving pressure ; l . s=Ui, the work 
done upon load or the useful work of the machine ; 

.-. U=(l+/i)Ui+/2 . 8 . • . (3), 
which is the general equation for the work of an engine when the 
moving pressure and the resistances are in equilibrium. 

Comparing eq. (3) with eq. (2), in order to discover the law by 
which the one is derived from the other, we find that the coeffi- 
cient OF Ui IS DERIVED FROM THE COEFFICIENT OF Q BY DIVIDING 
/, THE VELOCITT RATIO OF THE MOVING POINT AND WORKING POINT 
OF THE MACHINE, AND THE LAST TERM OF EQ. (3) IS DERIVED FROM 
THE CORRESPONDING TERM OP EQ. (2) BY MULTIPLYING BY 8, THE 
SPACE THROUGH WHICH THE MOVING PRESSURE 18 SUPPOSED TO 
ACT. 

261. The equality assumed in eq. (1) may be proved generally 
in the following manner : — 

The formula of relation between p and l, in order to be general, 
must embrace the different states of the engine with respect to 
the load with which it may be supposed to work ; that is to say. 
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the constants in the formula must hold true when Q=^0, and also 
when the prejudicial resistances are equal to 0. Now when Q=0, 
the moving pressure must simply be equal to the resistance of the 
unloaded engine, referred to the moving point ; and when the 
prejudicial resistances are equal to 0, the moving pressure must 
be equal to the useful load referred to the moving point of the 
engine; hence we are at liberty to assume p=L-f'/iL+/2« 

262. The formulae (2) and (3) hold true when the variations of 
pressure are periodic. For if s and s be the spaces through which 
the pressures are periodic, we may assume p to be the mean pres- 
sure acting through the space s, Q the mean load acting through 
the space s, and /j the mean resistances of the unloaded engine 
acting through s. 

263. Now let M=the modulus of the engine; then we have, by 
Alt, 32>, 

M . u=Ui, and /. m=— ^ ; 

but from eq. (3), AvU 260., 

• • ^-(l-h/i)tr^(l+/,)p . s-(1+/0p • • • ^ ^ • 
which is the general expression for the modulus of an engine ; 
where it must be observed f^ and^ depend upon the nature of the 
prejudicial resistances of the particular machine. 

Modulus of a Compound Machine, 

264. Suppose a machine to be composed of n parts, which trans- 
mit work the one to the other ; let mp 99^0 in,,.. ., m^ represent the 
moduli of the parts, Ut, u,, . . ., u^, the useful work transmitted by 
the respective parts the one to the oth^, u the work at first ap- 
plied, and M the modulus of the whole niachine ; then 

hence we get by multiplication, 



but M=~, 






/. M=»li . W»2 . • ., m„ . . . (1) ; 
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that is to BBJy THE MODULUS OF A COMt^>UKD KAGHIKB IS EQUAL 
TO THE CONTINUED PRODUCT OP THE MODULI OF THE PABTS. 

265. Again, let p=:«iPi-hCi, Pi=«2P2+^2> i*2=«3P3+C3, re- 
presenty according to Art. 260., the relations of the pressures in 
the consecative parts of a machine. Eliminatihg the quantities 
Pi and P2, by multiplying the second equation by e^y thd third by 
CiB^y adding the resulting equations, and then striking out the 
terms common to both sides, we obtain 

p=ei ^a^aPg -f Ci + Ca Ci H- Cj^i «2* 
Or generally if there are n such parts, we obviously have 

P = ^iea ••• ^nl*n+^l+^2«l+^3«1^2+ ••• +Cn«l ^2 • • • ^.-l • • • (1)> 

which gives the relation between the first and last pressure when 
the machine is bordering on motion. 

Let ai be the velocity ratio of p to Pi, a^thai of p^ to P2, &c., 
und a„ that of p^i to p„ ; then the velocity ratio of p to p^ will be 
0102 • • • ^n ; hence we have, from eqs. (2) and (3), Art. 260., 

^= ^'^' " ' ^ .^•+(^1+^2^1+ .•• +«»«i<?2-- ^*-i)s-.-(2X 

C»iC*2 • • • c» 

which is the equation of useful work. * 

And from eq. (4), Art. 263., we have 

I 2 • • • ^n 

which is the expression for the modulus. 

266. If all the parts composing the machine are in all respects 
the same, then «i=e2==&c.=c (suppose); Ci=C2=&c.=c? (sup- 
pose) ; and a,=a2=&c.= a ; then eq. (2), Art. 265., becomes, put- 
ting u, for u„, 

U=-^.Ui+(l-t-e + e2+ ...6^»)CS 

By a similar reduction eq. (3), Art. 265., becomes 
a» f c»-.l 1 /ox 



MODULUS 01* A MACHINE WHEN THE MOTION IS ACCBLE- 
RATED OR RETARDED. 

267. When the work applied at the moving point of a machine 
is greater than the work of the resistances, this excess of work 
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goes to accelerate the motion of the various parts of the machine ; 
and then the work applied is equal to the work done upon the 
resistances, added to the work accumulated in the parts of the 
machine ; on the contrary, when the work applied is less than the 
work of the resistances, this deficiency of work is supplied by 
the work accumulated in the parts of the machine ; hence the mo^ 
tion is retarded ; and then the work applied is less than the work 
done upon the resistances bj the accumulated work lost by the 
Tarious parts in motion. Thus putting u for the accumulated 
work gained or lost, as the case may be, by the various parts in 
motion, u for the work applied, and so on, as in Art. 260. ; then 

Work appIied=work of the resistances + ace. work gained or lost. 
But by eq. (3), Art 260 , 

Work of the resi8tances= ( 1 4-/i) Ui 4-/2 s, 
/. u=(l+/;)^i+/2S+« . . . (1). 

Now let w be put for the weight of the whole mass in motion, 
referred to the moving point of the machine, as explained in 
Art. 252., V for the velocity of the moving point at the commence* 
ment, and r, for its velocity after it has moved over the space s ; 
then by eq. (1), Art 49., 

Making this substitution in eq. (1), we get 

v=(i +y:)tT.+/»8+ '^^'* j^'^ . . . (2) ; 

whence the modulus, or the relation between u and U), is readilj 
determined. 

In most cases of machinery, as the velocity of the machine in- 
creases, the work done upon the resistances also increases, and 
approaches nearer and nearer to an equality with the work ap- 
plied ; when this limit is attained, the work ceases to be accumu- 
lated in the parts of the machine, and it then moves with its 
maximum or uniform velocity. In this case, therefore, r=r|, and 
the foregoing equality becomes the same as eq. (3), Art. 260. 
Moreover, if the motion of the machine be periodical^ that is to 
say, if it passes from Vi to v again at stated intenrals, then eq. (3), 
Art. 260 , will also express the relation of work between the inter- 
val of time which the machine takes in passing from the given 
velocity v to the same velocity again. 
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Velocity of a machine moving with a variable motion. 
Modulus of equable motion, 
2«8. From eq. (2), Art. 267-, we get 

t^i'*=^{^-(l+/;K-/28} +t^^ ... (1), 
where w is determined by eq. (1), Art. 253., viz., 

«7r=M?,«l2-hW2C2> + &C. . . . (2). 

Let e be the velocity ratio of p to p„ then u=p . s, and 
u,=Pie8. Substituting these values in eq. (1), and reducing, 
we get 

*•'=¥ {p-(l +A)eT,-f^ +v*... (3). 

From this equation the velocity «?„ of the moving pressure p, is 
determined after passing through the space s, the velocity v at the 
commencement being given as well as the useful pressure Pi and 
the constants of friction/, and/a- 

269. Now supposing the prejudicial resistances,/ and/, to re- 
main constant, it will be observed that v, becomes more equable 
according aa «(>, expressed in eq. (2), is increased. Hence this 
value of w may be regarded as the coefficient of equable 
MOTION. This term was first introduced by Professor Moseley, in 
his work on Engineering, page 167 5 but the coefficient is here 
expressed in a form somewhat different to that given by this dis- 
tinguished mathematician. 

The Wheel and Axle. 

270. Let p and Q be the weights hanging by cords from the 
wheel and axle (see^^. 117.), then the velocity of p to Q or r' is 

equal to -. 

Comparing eq. (1), Art. 198., with eq. (2), Art. 260., we have 

^_ ^D-f (i>+^w)r8in» ..V 
/2- ^(a-r Bin «) ' * * ^^^' 

J /I . ^\^ /I . r\^ (ft + E)(ft-hrsina) 
and (1+/.)/ or (l+f,)-=.l-^^J—^^ ; 

...l+y;=£(*+5K*±L!!£i}...(2). 
'•'^ b^(a^r sm») , 
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These values of /, and 1 +/i substituted in eq. (3), Art 260^ 
will give the relation of work ; and substituted in eq. (4)^ Art. 
263., will give the modulus. 

271. When the rigidity of the ropes is neglected, d and e, in 
the foregoing formulae, are taken equal to 0. This case may be 
readily investigated without the aid of the general formula of 
Art. 260. 

By an easy reduction of eq. (1), Art. 191., we get 
p . a=<j . ft-(-(p-f.Q4.w) r sin. a ... (1) 

where the sign of w is -f or — , according as the pressures p and Q 
act downwards or upwards ; and p+q+ w is equal to the resultant, 
B, of all the pressures. 

Now if s be the arc which the extremity of the wheel describes, 

that is, the space through which p moves ; then — or * will be 

the arc which the axle describes^ that is, the space through which 

rs 
Q moves ; and — or *i will be the space described by the rubbing- 
point of the axis. Hence, multiplying eq. (1) by 8, and dividing 
by a, we get 

^ p . s=Q . ^^(p+Q+w) sin « . ~ . . . (2), 

=Q . *+(p-hQ+w) sin » . *i ... (2), 
but p . s=u, Q . *=Ui, 
.% u=Ui + (p + Q±w) sin a . «i ... (3). 
In this equation the work of friction upon the axis is expressed 

U2=(p + Q+w) sin « . 5i ... (4). 

Now as the angle of friction «, in eq. (2), is always very smliU 
when a metal axis turns upon a metal bearing, we have veryr 
nearly sin a=tan »=/; in this case eq. (3) becomes 

u=Ui-h(p+Q±w)/«i ... (5). 

Example 1. In the wheel and axle represented inyf^. 117., let 
p=800 lbs., a=5, i=l, r=T^, sin a='08, /, r sin a='(X)8, 
w=600, circum. cord=4 in. ; required the modulus of the 
machine. 

By eqs. (1) and (2), Art. 270., we have 

. lx2-l+(2'l-Hx600V008 , «., 
/2- 5_^08 =l-8.83. 



Digitized by VjOOQIC 



£BAF. XIT.] THE WHEKL AND AXLE. 227 

*'''-^'- 5--003 =1-082; 

Substituting these values in eq. (4), Art. a63., we have 

800^1'383 _ 
^■" 1-082 X 800- ^'^^• 

Neglecting d in eq. (1), Art. 270., we find/2=*l nearly, and 
H=*922 as before. Thus it appears, see Art. 196., that for heavy 
weights the modulus is scarcely affected by the constant, d, of 
rigidity. 

Example 2. Required the modulus of the machine of Example 
2., Art. 199. 

Here we have found the effective pressure, Q^ to be 400 lbs., 
when the power, p, applied is 74*35 lbs. ; but we have 

_ Work of Q _ QXgi __ 400x1 _^ , 
^~Work of p—il^ ■"74-35 x6~"'^ "^^""^^^ 

272. When the pressures do not act parallel to each other, 
eq. (2), Art. 194., gives the approximate relation between p and 
Q in a state bordering on motion. See also Art. 260. In this 

case the velocity ratio of p to q is r'=i ; hence we have by eq. 

(3), Art. 260., 

p^q , r sin o& \ 

/, . r sin » N ,.. 

= (l±-^-KJtT. ...(1), 

which is the equation of useful work of the wheel and axle, when 
the pressures act obliquely, the weight of the wheel and axle, and 
the rigidity of the ropes, being neglected. 

In order to introduce an allowance for the rigidity of the ropes, 
it is only necessary to substitute the value of Q, given in Art. 196., 
in eq. (2), Art. 194., and then to proceed as above. 

When the weight of the wheels is taken into account. 

273. In this case we have from eq. (3), 
Art 195., by multiplying each side by — and 

observing that — '- — = — , 



^=^<^-^4)-^'^^- 




Fig. 141. 



g2 
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where J=r sina(a^(l +«)2+ai*+2aOi cos^i (1 +«)}*; 

which is the equation of work, when the pressures act as in fig. 
141., where cos^i becomes minus when p acts on the same side 
with Pj, and in a direction contrary to it. The rigidity of the 
ropes may be taken into account after the manner just exphuned. 
If F acts parallel to Pi, then ^t=(^ and eq. (1) becomes 

where the — or -h sign of Oj is taken accord- 
ing as p acts on the same side with or opposite 
side to p,. 

In the case of a single pulley, represented in 
fig, 142., we get from eq. (2), Ai*t. 199-, by 
multiplying each side by s, substituting xj for 
p . s, and u, for p, . s, 

/- , E+'/2 . rsinaN s/ . rsina 
where an allowance is made for the rigidity of the ropes. 

The Wheel and Axle when the Motion is vaelible, 

274. Let p and q be weights hanging by cords from the wheel 
and axle (see fig, 70.). The general expression of work is given 
in eq. (2), Art. 267. In addition to the notation of Art. 268., let 
Wi be put for the weight of the wheel, k^ for the distance of its 
centre of gyration from the axis, w^ for the weight of the axle, 
and ^2 for the distance of its centre of gyration from the axis ; 
then, in order to obtain the value of the coefficient of equable 
motion, Wy expressed by eq. (2), Art. 268., we have 

li % 

Velo. ratio w, or 6.=—; velo. ratio «r, or e«=— ; 

Velo. ratio Q=t~, and velo. ratio p=i- ; hei!ice eq. (2), Art. 268., 
in this case becomes 

.=„,(|)V„.(|)'«g)%,Q)V 

=-2(«'i^i^+«^2^*HQi2+Pa2) . . . (1), "" 
which is the coefficient of equable motion. This substituted in 
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eq. (2), Art 267., gives the equation of work ; and substituted in. 
eq. (3), Art. 268., we get the velocity of p ; where it will be ob- 
served that the values of 1 +/i and /a are given in eqs. (1) and (2), 
Art 270. 

K the wheel and axle be solid, then by Art.246., Ai=a>v/i, 
k2=ib^/^, and hence eq. (1) becomes 

rb\2 



=P+it..+ g)'(Q-hitr2)...(2). 



Let the wheel and axle become a single pulley, whose weight is 
w, then b=:a; moreover, let the rigidity of the cord be neglected, 
that is, let d=0, and e=0 ; then we have, from eq. (2), 

w=p-fQ-f-^W; 

from eqs. (1) and (2), Art 270., 

r, rsina . w J,,/, a + rsina 
/2=^ : — 9 and H-/i= ; — ; 

substituting these values in eq. (2), Art. 267., and (3), Art. 268., 
we get 

_ a+r sin« .rsina.w.S,, , ,, .v^^ — v^ ._>. 

U= : U,+ : h(P+Q+iw) -^75 . . . (3); 

a— rsm* " a— rsma ^ ^ "^ 2g ^ ^' 

, 2flrs r fl+rsina rsina.wl , , ... 
P+Q+^WL a— rsm» a— rsma J "^ ' 

which are the equations relative to the single pulley. 

If the friction of the axis be neglected, a=0, and then eq. (4) 
becomes 

2g8(P-Q) ,^ g^ 
P+Q+^W "^ ^ 

when v=0, and w=0, this becomes the same as the expression 
given in Prob. 6., page 61. 

The Pulley when the Cords are parallel to each other. 

275. The wheel and axle becomes a pulley when the radius of 
the axle is taken equal to that of the wheel. Taking b^a^ and 
therefore /= 1, in the different formulae relative to the wheel and 
axle, we have, by eq. (2), Art. 260., 

p=(i+/0q+/2...(i); 

Q 3 
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and by eqs, (1) and (2), Art, 370., we have 

/• _ gp + (p+qw)rsin(x . . 
•^«- a(a-rflin«) ^"^^ ' 

* +-^»-" a(a^r sin.) ' * ' ^^> 

The values, given in eqs. (2) and (3), substituted in eq. (1), 
gives the relation of the pressures p and q in the state bordering 
on motion. Moreover, these values substituted in eq. (3), Art. 
260., gives the relation of work; and substituted in eq. (4), Art. 
263., gives the expression for the modulus. 

When the pressures act downwards, the + sign of eq. (2) is 
taken ; but when they act upwards the — sign is taken ; let 
Ci be put for the value of ^ in the former case, and c for its 
value in the latter case ; also let e be put for the value of 1 +fiy 
given in eq. (3), which, it will be observed, is independent of the 
directions of the cords. Making these substitutions in eq.(l), we 
have 

Prr^Q-f-Ci ... (4) 

for the state bordering on motion when the pressures act down- 
wards ; and 

P=:«Q+C ... (5) 
when the pressures act upwards. 

To find the modulus^ S^c. of a system of pulleys having one 
moveable pullet/ and one fixed pulley y such as represented in 
^.74. 

276. liCt Qi be put for the tension of the cord ab, ^i for that of 
ST, and let Pi be put for the tension of the cord db ; then we 
have, from eqs. (4) and (5), Art 275., 

p=:«Qj+Oi, and Qi=c^i-f-c ; 

and since the cords ab and "st together sustain the weight P| as 
well as the weight w of the pulley d. 

Eliminating Qi and q^ from these three equations, we readily 
obtain 
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Now the velocity ratio of p and Pi is ^ ; hence we have, by the 
principle demonstrated in Art. 260., 

which is the relation of work. 

To find the modulus Sfc. of n moveable pullers, 

277. Let us now consider the case of n moveable pulleys and 
one fixed pulley, as represented in Jig, 74. Let the tensions of 
the cords ab and st, going over the first moveable pulley, be Qi 
and qi ; and of the cords bd and lk, going over the second move- 
able pulley, Q2 and ^2 » ^^^^ so on ; and let p„ be the weight 
attached to the nth moveable pulley, Li order to simplify the 
investigation, let all the pulleys be of equal weight and size, and 
all the cords of the same rigidity ; then the constants in the equa* 
tion of pressures for all the moveable pulleys will be the same. 

Qi^eg^+c, and Qi + yi=Q2-f-w; 

eliminating ^1, we get 

br, for the sake of abbreviation, 

Qi=AQ2 + »i. 
Now as the successive pulleys are equal to one another, &c., we 
also have 

Q,r=AQ,4-i9i, 08=^04+ w> and so on, q^=Ap^4-w. 

Now from these n equations we can eliminate Q^ q,, &c., in the 
following manner : Multiply the second by A, the third by A*, and 
80 on ; add the resulting equations and strike out the terms common 
to both sides of the resulting equation ; then we get 

Q,=A**p^+«+wA+wA2-|- , . . +mA"-*, 

=A»p,+»»(l + ^-f-^*+ . • • +*"^) 

substituting the values of h and m, and reducing, 

Q4 
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which applies to the moveable pulleys ; bat we have for the fixed 
pulley, 

therefore by substitution, we get 

r=<nrJ^.+<«^+''){i-(TTi)"} +''•••• (^)' 

which gives the relation of the weights p and p^ bordering on 
a state of motion. It will be observed that the value of e is given 
in expression (3), Art. 275., and that of c and c^ in (2). 

The velocity ratio of p and p„ is ^^^ hence we have by the prin- 
ciple demonstrated in Art. 260., 

^=^^(rT^y^i + s<ew + c)[l-(j^)"}- +SC, . • . (5); 

which is the relation of useful work. 
' . In a similar manner any other system of pulleys may be treated. 



The Single Pullet, when the Cords are not parallel to 
EACH other. 

278. In this case the velocity ratio / is unity, and hence the 
work is at once found by multiplying each side of eq. (3), Art. 199^, 
by s, the space moved over by either of the pressures. 

When a cord passes horizontally over a pulley, 

279. Let w=the weight of the pulley ; /=the length of the 
rope supported by the pulley ; and «?i=:the weight of each unit of 
the rope. 

In eq. (2), Art. 271., make 6= a, and put R for the sum of the 
pressures on the axis, then we have 

rs 

P . S=Q . 8 + R Sin a . — . 
a 

But in this case the pressure r is simply pro- 
duced by the weight of the wheel added to the 
weight of the cord, that is, r=w+/wi ; more- 
over for the rigidity of the cord we have to sub- *^* 

^ ' e\ d 
stitute f 1 +- jQ+ - for q. Making these substitutions, and ob- 
serving that F . s=u, and q . s=Ui, we get, 
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u=riH-5jUi-f-{(w-|-?fri)rsin«-|-D}? . . .(l)j 

which is the relation of the useful work done to the work applied, 
taking all the resistances into account. 
Dividing by s we get, 

P=^ (l +^)q+ {(yr+ly>)r sin «+d}- . . . (2), 

what gives the relation of pressures when bordering on motion in 
the cBrection of p. 

When a cord passes horizontally over n puUeys, 

280. Let us now suppose that there are n such puUejs, sustain- 
ing each the same length 

of rope. Putting p, for -« ^^ ^ w 

Q in eq. (2), Art. 279., and |/Tf\ ^ 

symbolizing the coeffi- ^^^ ^^ 

cients as in Art. 277., we Fig, 144. 

have 

p=cPi-f c, p,=cp,-f-c, Pg=cP3+c, and so on; 

where it will be observed, that the coefficients in each equation 
are the same, because the pulleys are all supposed to be of the 
same size, &c. Hence, eq. (2), Art. 266., becomes, the velocity 
ratio, a being unity. 



"=^{^-!=T''}---^^>' 



which is an expression for the modulus of the n puUeys. 



Now e=lH — , and 
a 



s=l^n . 5, omitting the terms involving the powers of 
above the first. 



a 

£- 

a 

Substituting in eq. (1) and reducing, we get 
p — wo 



<'^-y 



.•(2)-, 
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AgaiD> by eq. (1), Art 2M.y we get 

^ 1 

substituting the values of e and e" as above, this equality becomes 
u=n+— jUi + ncs . . . (4), 

which is the equation of useful work. 

When a cord passes horizontally and then vertically over a 
single pulley. 

281. Multiplying each side of eq. (3), Art. 
199., by Sy observing that in this case p. s=n^ 
iind p, . 8=Ui, 

U=«iU, + Ci8 . . . (1), 

which is the equation of useful work, the -Ftp. 145. 

motion being in the direction of p. 

When a cord passes horizontally over any number of pulleys 
and t?ien vertically over a wheeL 

282. Here, supposing u/ to be the useful work produced at the 
vertical rope after having left the last wheel ; and u^ the work at 
the horizontal rope before passing over the last wheel ; then we 
get from eq. (1), Art. 281., 

but the relation between u, the work applied at the cord before 
passing over the first pulley, and Vi is given in eq. (3), Art. 280. ; 
hence by eleminating Uj between these two equations, we get 

U=«»<fiU/-|--^^— j-^-f.«»CiS . . . (1), 

which is the equation of useful work. This result may be sim* 
plified by proceeding as in Art. 277. 

Maximuit Efficienct of the Wheel akd Axle, and the 

Pullet. 

283. To determine the conditions of maximum efficiency of the 
wheel and axle when the forces act as represented in fig. 120., the 
rigidity of the ropes being neglected. 

The machine will obviously be most efficient when the value of 
T7, given in eq. (1), Art. 273., is a minimum, the value of Ui being 
constant. 
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There are three cases of maximum condition : first, when 0i, 
the direction of Pj, varies, all the other elements, heing constant. 
Second, when the distance a, at which p acts from the centre of 
motion, Varies. Third, when the weight P2 of the machinery and 
a the radius of the wheel vary, this weight being assumed to be 
in the ratio of the square of the radius of the wheel. 

Case 1. The^ value of u in eq. (1), Art. 273., will be a mini- 
mum when cos 0i is minus, that is, when p acts on the same side 
with Pi, as represented in^^. 122. 

Again, u will further be a minimum, when cos 0i is a maxi- 
mum, that is, when cos ^i= 1, or when p acts parallel to Pj. 

_^^ p 

Case 2. When a varies ; a^ Pj, Pg, n=-, Ui, &c. being constant. 

Here u will be a minimum, when , or 

*{a2(l+w)2-f ai2+2aai cos 0i(l + «)}^, is a min., 

a.^ 2aiCOs 0i(lH-«) . 
or, ~r4- — ■^^^ — ■ — , IS a mm. 

Differentiating with respect to a, &c., see the Author's ** Cal- 
culus," p. 57., we get, 

cos^i(i-f/iy 

substituting the value of w, we get 

a= •—. ; i ... (1). 

cos 01 (Pi +p,) ^ ^ 

Now, when p acts on the same side with p^ and in a direction 
contrary to it, as in^^. 122., cos ^i becomes minus, and then this 
value of a becomes positive, which gives the distance at which p 
must act in order to work with the greatest efficiency. 

K p acts parallel to Pi and on the same side of the axis, then 
01=0, and eq. (1) becomes 

-■«• (2). 



a a. 



JPi + P> 



Case 3. When p, and a vary ; the constants being, the velocity 

tip --, Pi, Ui, &c. 

Here u will be a minimum when the first expression of Case 2. 
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is a minimttiDy or, by reducing and neglecting the constant factors, 
when 

^[^^{l+ny^l+2 • £.co8^i(H-n) J, is a min. 

Let tr=the weight of the wheel and axle when the radius of 
the wheel is unity ; then p,=wa2, and »=— = . Substituting 

in the foregoing expression, and putting —^ri, we get, 

i,{... (l+!^)%l+2n cos ^.(l+^') }. a min. 

Differentiating with respect to the variable a, putting the result 
equal to zero, &c., we get 

wa2=-\ri2+2r,cos^i + l)* . . . (1), 

•which is the expression for p^ the weight of the machinery. 

Hence it follows that to attain a maximum condition of 
efficiency the weight p^ of the machinery must exceed Pi the pres- 
sure at the working point. 

From eq. (1) we obtain 

«=/y/^^ (r,^+2r, cos ^,+ if . . . (2), 

which is the expression for the radius of the wheel. 
If p acts horizontally ^i=90, and then eq. (1) becomes 

Pa ortra2=?* (n^ + l)* . . . (3). 

If p acts parallel to Pi and on the same side of the axis, cos 
^1= — 1, and then eq. (1) becomes 

P»=^(r.-l)...(4). 
If in eq. (1), ai=a, or ri=l, then eq. (1) becomes 
P3=PiV2x -v^l-hcos^i ... (5) 
which is the relation for a single pulley when p acts obliquely. 
K 01=590°, then eq. (1) becomes 
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P2=PiV'2 . . .(6), 

which is the relation for a ^ngle pulley when p acts horizontally 
and Pi vertically. 
If ^i=Oy then eq. (5) becomes 

P2=2pj . . . (7), 
which is the relation for a single pulleys when p acts vertically* 

To determine the radius of the wheel of the pulley represented 
in fig. 143., to secure the condition of maximum efficiency y when 
the rigidity of the ropes is taken into account 

2M. Here by substituting in eq. (1) Art. 279., wa^ for w, we 
got 

(E\ S 

1 + -) Ui+ {{wa'^+lv)^) r sina+D} -, amin. 

Differentiating with respect to the variable a, substituting q . s 
for Uj, &c., we get 

a2«,=£i^^+/«,i ... (1), 
r sin a ^ ^ 

which expresses the weight of the wheel. 

Hence we readily find 

a=A/iflil^^+/V)...(2). 
'V w\ r sin o V • 

285. If the rigidity of the rope be neglected, then b=0, and 
also D=0 ; in this case, we have 



«=a/'^---(^> 



MAXTMTJM VELOCITY OF AN ENGINE. 

286. If an engine be moved by a pressure which increases up 
to a certain limit and then decreases, the maximum as well as the 
minimum velocity of the working point will take place when the 
moving pressure is equal to the sum of all the resisting pressures , 
for it is obvious that so long as the moving pressure continues 
greater than the resisting pressure so long will the motion be 
accelerated, and on the contrary so long as the moving pressure 
continues less than the resisting pressure so long will the motion 
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be retarded, bo that the greatest velocity will take place at the 
moment when the moving pressure is equal to the resisting pres- 
sure, and a similar explanation will applj to the case of the 
minimum velocitj. The following may be taken as illustrations 
of this beautiful dynamical law ; the speed of a railway train goes 
on incjreasing until the moving pressure produced by the engine is 
equal to the sum of the pressures opposed to the motion ; when the 
steam, in the cylinder of a steam engine, acts expansively, there is 
a certain point of the stroke of the piston where the pressure of 
the steam is equal to the sum of all the resistances on the piston,^ 
at this point of the stroke the piston will have its maximum velo- 
city ; when a fly wheel is moved by a constant pressure applied to 
a connecting rod and crank, there are two positions of the crank 
corresponding to a minimum velocity, and two other positions 
corresponding to a maximum velocity, — and at these positions the 
moment of the moving pressure is equal to the moment of the 
resisting pressure. We shall hereafter have occasion to employ 
this important principle of practical mechanics. 

THE FLY WHEEL. 

To find the position of the crank corresponding to its maximum 
and minimum velocity in a single acting engine, 

287. Let OP and od be the required positions of the crank, and 
let us suppose p to be the constant pressure of the connecting rod 
acting always in a vertical line. Put Q for the 
constant resistance, acting at one foot from the 
axis of the fly-wheel, equivalent to the work of 
the engine. The motion will be accelerated 
from p to D, (see Art. 286.). This acceleration 
will commence when the moving pressure is 
equal to the resisting pressure, and it will cease 
under the same condition. The former will ^' 

correspond to the position of minimum, the latter to that of the 
maximum velocity. Hence at these two points the moment of p 
must be equal to the moment of q, and the point d will be as much 
below the horizontal line o v as the point p is above it. 

/. PXOI=QXl. 

Again, we have by the equality of work, putting r for op. 
Work of p in 1 revo.=2rp. 

„ Q „ =Qx 2x3-1416. 
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.\ 2rp=Qx2x3-1416...(l). 
Dividing the former equation by the latter, we have 

Now this is the cosine of the angle pov ;. hence from the tables 
of natural sines and cosines, we find Poy=7P 27'. 



To find the dimensions of the fly wheels such that its angular 
velocity may at no point differ from the mean velocity beyond 
a certain limit 

288. Let d and p be the maximum and minimum velocities of 
the wheel at the distance of one foot from the axis ; w the weight 
of the wheel, and h the distance of the centre of gyration from the 
axis. 

Work of p from p to d=p x pd=:p x 2r sin 71® 27'=2rp x •948. 
Work of the contant pressure Q from p to d 

_ Qx2x3'1416x 142^54" 
"■ 360° 

=:2rPX-3968, 

by substituting the value given in eq. (1), Art 287., and reducing. 

Now by Art. 267., the difference of these will give us the work 
that goes to increase the speed of the wheel between the points 
p and D, that is 

^ Work, going into the wheel between p and d= 

2 rP X •948— 2rp x •3938=rp x 1-1022. 

p^h^YT 



Accumulated work at p= 



atD=- 



2g 

d^k^W 



29 

h^w 

/. Accumulated work gained from p to i>=-2— (<P— jp'). 
But this must be equal to the work before found. 

/. ^(cP-p»)=rPX M022 . . . (1). 
Let V be the mean velocity of the wheel at one foot from the 



Digitized by VjOOQIC 



240 PRINCIPLES OP MBOHANIOAL PHILOSOPHY. [PABT HI. 

axis, and let the extreme velocities d and py differ from this mean 
velocity hj an nth part ; then 

cf=v-f -, «=r — , and 

Let also n be the work of the engine, and n the number of 
double strokes performed per minute ; then 

v=2x 3-1416 x^=. -10472 XN . . . (3). 

u=2rPN, .\ rpsg— . . . (4). 

Substituting the values given in the equations (2)^ (3), and (4), 
in eq. (1), and reducing, we get 

nv 32^x1-1022 
A»K» 4x-10472» 

which is the expression for the weight of the fly wheel in lbs* 

If H be put for the horse powers of engine, then u= 33,000 h ; 
substituting this in eq. (5), and reducing to tons, we get 

^=^X11907...(6) 

which is the expression in units of tons. 

Let B=the mean radius of the fly wheel, e=the depth of the 
rim ; then by eq. (14) Art 250., 

substituting this in eq. (6), we get 

Neglecting — as being comparatively small, we get 
where it will be observed that the weight of the wheel varies 
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inverselj as the cube of the number of strokes performed by the 

engine per minute. 

If aszthe section of the rim in sq. feet, and 450 lbs. be taken as 

450 
the weight of a cubic foot of the metal, then w=2irRoXg2^ 

tons, nearly. 

Substituting in eq. (8), and solving the resulting equation for 
R, we obtain 

_r»H 11907x2240 1^ 
^"lN»a 2x3-1416x450/ 



_21 3/^ 



(9), 



which is an expression for the mean radius of a cast iron fly 
wheel of single acting engine, when there are given the number 
of strokes of the piston, the horse powers, the mean section of the 
rim, and the proportional variation from a mean velocity. 

Proceeding in the same manner, we find, for the double acting 
engine, cos Z.pov=2 x-3183, and 



12 y 



a 



CHAP. XV. 



CENTRIFUGAL FORCES. 

289. Let a body p at the extremity of a cord cp describe a 
circle pebj about c as a centre with the uniform velocity v\ to 
find the tension f of the cord. 

K the cord were suddenly cut when the body is at any point p, 
it would by the first law of motion continue 
to move in the direction which it had at that 
instant ; that is^ it would move in the tangent 
PD with the uniform velocity v. The tension 
of the cord is the force which deflects or draws 
the body from the tangent line ; this force is 
therefore called the centripetal force. The 
tendency which the body has to fly off balances 
this centripetal force, and is therefore called 

the CENTRIFUGAL forCC. 

R 




Fig, 147. 
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Let p E be an indefinitely small arc described by the body in 
the time /; pd the space which the body would describe in the 
same time if it were free; pdea the parallelogram of motion; 
then PA will be the space due to the action of the centripetal 
force, or the action of the constant accelerating force which we 
shall call/. 

By eq. (3) Art, 27., we have 

AP=i/-<^ 
and by the equation of uniform motion, we have 
PD or AE=t?^; 

AE* 

by geometry, ap= — , or since e is indefinitely near to p, and 

AB 

the ultimate ratio of ab and pb is that of equality, we have, 

putting r for PC, 

ae2 ae2 t?2^ 

AP= = — =-75— > 

AB pb 2r 

therefore by equality, we have 

t;2/2 

Now if w be put for the weight of the body, we have, by eq» 
(1), Art. 27., 

or F=— • fi 
9 -^ 



and by substitution, we get 



w 



1)9 



F=-- - ...(2) 
which is the pressure tending to break the cord. 

Centrifugal force of a series of bodies, 

290. Let t^i, W2, &c. be the weights of a series of bodies, in the 
same straight line, rotating about a common axis, rj, ^2, &c. 
their respective distances from this axis ; W the weight of the 
whole mass, r being the distance of its 
centre of gravity from the axis; f the f Wi W 

centrifugal force of the whole mass, or the r j 

pressure tending to cause the whole mass to jp^ ^^^ 
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fly in a body away perpendicularly from the axis. It is required 
to determine an expression for p. 

Let t;=the velocity of a point at a unit of distance from the 
axis ; and v=the velocity of the centre of gravity of the whole 
mass; then v=rt7, 

velocity of w i = ri r, 

velocity of «£?2=*'2^> ^^^ so on. 
Now the centrifugal force of the whole mass will be equal to 
the sum of the centrifugal forces of the parts ; hence we have, 
from eq. (2), Art. 2S9., 



9 

I 
V 



(r,vy_^w^ (r^vy 



9 



-h&c. 



= - . «2 



v^{wiri-\'W2r^-\'hQ,\ by Art. 89., 



w 
wr=— « 
9 

...(1); 



that is to say, the centrifugal force of the series of bodies is 

EQUAL TO THE CENTRIFUGAL FORCE OF THE WHOLE MASS SUPPOSED 
TO BE PLACED IN THE COMMON CENTRE OF GRAVITY OF THE 
BODIES. 



The Conical Pendulum. The Governor, 

291. Let AC be the vertical axis or spindle ; p the ball sus- 
pended from the rod ap; cp the perpendi- 
cular deflection of the ball from the axis ; 
PD a vertical line representing the pressure 
of the weight w of the ball; pdej the 
parallelogram of pressures, of which pe will 
represent the centrifugal force, and pj the 
strain upon the rod. 

Put r=CP; Z=AP; p=:pj the strain on 
the rod; f=pe the centrifugal force; 0= 
Z.PAC; and t?=the velocity of the ball in 
the circle; then from the right angled 
triangle pej, we get 

p J X cos 0= JB, or p cos 0=w, 

B 2 




) 



Fig. 148. 
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again, p jx sin 6=pe, or p sin 6=f ; 

but by eq. (2) Art. 289., p=^ . ^, 



9 



9 
— =p sm ; 



substituting the value of p given in eq. (I), and reducing, we 
get 

, ti^rsinO 

COS0 

COS0 ^ ^ 

Let ^=the time of performing one revolution ; then 
eircum. 27rr 



r= 



velo. 



V cosd 
„ /ZcosQ .«. 

but /cos 0=AC, therefore eq. (3) becomes I 

/=2»y/^...(4); 

hence it follows that the time of revolution varies as the square 
root of AC, whatever may be the length of the rod. 

292. In the governor of a steam engine, let there be given the 
angle corresponding to a given period of rotation t, to find I the 
length of the rod ap. 

Here from eq. (3) we readily find 

'-47r3C0Se"-^^^- 

In a given railway curve, to find the inclination of the line de 
drawn Jrom one rail to the other, so as to secure the greatest 
stability from the effect of the centrifugal force. 
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293. The centrifugal force will obviously have no effect in 
disturbing the motion of the 
carriage, when the resultant of 
the centrifugal force and the 
weight of the carriage, acts 
perpendicular to the line drawn 
from one rail to the other. 

Let DEQ be a cross section 
of the railway carriage; G its 
centre of gravity ; o the centre 
of the railway curve ; e k and 
OG parallel to the horizon. ^^9* J^^- 

Draw the vertical line gc, and take gc to represent the weight w 
of the carriage ; product og, and take ga to represent the centri- 
fugal fprce : construct the parallelogram of pressures agcb ; then 
the resultant gb will be perpendicular to de, and therefore 
Z.BGC=Z.i>BK the inclination of the line joining the rails to the 
horizon. 

Put 0=Z.DEK or ^BGC; r=OG the radius of the railway 
curve ; t7=the velocity of the railway carriage in feet per second ; 
then we have from the right angled triangle bcg, 



tan0= 



BC 
GC 



W V* 

but by eq. (2), Art. 289-, bc=ag=— . — , and gc=w; hence we 

find by substitution and reduction, 

tan 0=~ . . . (1), 
gr ^ ^ 

which gives the inclination of the line de to the liorizon. 

If A=the rise of the outer rail above the inner one, and ft=the 

breadth of the rail ; then tan 0=t nearly; and consequently eq. 

(1) becomes 

h gr' 

... A=^...X2), 

that is to say, the rise of the outer rail varies directly as the 
breadth of the rail, and inversely as the radius of the curve. 

B 3 
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Example. Required the rise of the outer rail, when the radius 

of the curve is 60 chains, the breadth of the rail 5 ft., and the 

speed of the carriage 30 miles per hour. 

30 X 5280 
Here, r=60x66, 6=5, and «'=-gQ — an'^^^* hence we have 

by eq. (2), 

5x44^ 
*= 32ix 60x66 ='^^^ ^=^ °*'*° '"*'*' "^""^y- 

Supposing the outer and inner rails (see the last Problem) to be 
on the same level, let it be required to determine the speed of the 
carriage which would just cause it to be overturned on !> as a 
fulcrum. 

294. Let 5=DE, the breadth of the rail; r=oa, the radius of 
the curve; a=the perpendicular height of the centre of gravity 
of the carriage above the plane of the rail ; F=the centrifugal 
force, produced by the velocity v ; then we have by the equality 
of moments, 

Moment of f= moment of the wt. of the carriage, 



or, 


Txa 


=yrx^ 


or, 




Ka 


b 


or, 


av' 
gr~ 


b 
■2 


...(1), 



•*• *'=A/fe • • • (2X 

which gives the velocity required. 

From eq. (1), it follows, that the carriage will or will not be 
overturned, according as 

— is greater or less than s« 
gr ^ 2 

Example. If the width of a railway is 5 feet, the radius of 
the curve 600 feet, and the height of the centre of gravity of the 
carriage 5 feet ; required the velocity of the carriage which would 
cause it to be overturned by the centrifugal force, the two rails 
being on the same level. 

■o /«v 1. /5x324x600 ^^-^ 

By eq. (2), we have, <>= A/ 2x5 ^^^ ^^' ' ^' 

132 miles per hour. 
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Problems. 

1. A body w is placed within a vertical hoop ab, which is made 
to revolve on a horizontal axis o ; it is required to ^ 
find the velocity of rotation, so that the body may A^^^V 
not fall from the hoop. ' ' ^ 

Here the centrifugal force f, given in eq. (2), 
Art. 2B9m, must be equal to the gravity of the 
body ; 

w v^ * — 

2. Required the same as in the last problem, supposing the 
hoop to revolve in a horizontal plane, and that the coefficient of 
friction is/. 

In this case f is the pressure on the hoop, and .•. /f, the 
resistance of friction, must be equal to the weight of the body, 

-wt;2 J /^ 

/./— =w,and /. t;=^^. 

3. In what time, t seconds, would the earth have to revolve on 
its axis, in order that bodies at the equator might be thrown into 
space, &c. ? 

Taking r for the radius of the earth, we have for the velocity at 

2-Kr 
the equator t;= —-, equating this the result of Problem 1., and re- 
ducting, we get 



t=2.^'- = 



5075 seconds ; 

the time in which the earth actually revolves is 86160 seconds. 
Now by eq. (2) Art. 289., the centrifugal force varies directly as 
the square of the velocity, when the radius is constant, or, what is 
the same thing, inversely as the square of the time in performing a 
a revolution ; •*. the force of gravity I the centrifugal force at the 

equator :: 86160 : 5075 :: 1 : 2^ nearly. 

4. A weight, w, is placed on a horizontal bar, oa, which is 
made to revolve on a vertical axis at o, with the angular velocity 
v; it is required to determine the position of the weight when it 
is upon the point of sliding, the coefficient of friction being f. 

B 4 
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Here, the resistance of friction must be equal to the centrifugal 
force. 

Resistance frictions^/w, 
and putting r=ow, we have 



the centrifugal force=— . rv\ 



w 



... r=fjL. 



A\ 



ry 



Tig. 151. 




5. A weight, w, is placed within a hollow right cone, abc, 
which is made to revolve upon its vertical axis ab with the given 
angular velocity v; it is required to determine the position of the 
weight when it is upon the point of being thrown out of the 
vessel, the coefficient of friction being /. 

Draw WD perpendicular to ab; wj perpendicular to CD; then, 
taking pw to represent the accelerating 
force p, construct the parallelogram of pres- 
sures DJWE. Let a:=WD, 0=^abc; then c^ 
resolving the accelerating force, acting along 
DW, into the directions ew and jw, we have 

WE=WD . sin d=F . sin 0, 

WJ=WD . cos 0=F . cos 0. 

Bj Art. X39^ 

JPt^r. 152. 

Tendency of w down the plane cb from the force of gravity =w 
cos 0, and the perpendicular pressure of w on the plane=w 
sin 0. 

Total pressure on the plane = pressure w-fwj 

=w sin 0+F cos 0; 

/. Resistance friction =/(w sin 0+f cos 0). 

Pressure moving the body up the plane= we— tendency w down 

=p sin 0— w cos 0. 

Hence we have for the state bordering on motion ; 

p sin 0— w cos 0=/(w sin 0-|-p cos 0), 

] . w(/ tan + 1) 

' • ^"" tan 0-/ ' 
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■Mr 

but F=—xv^, hence we get by substitution and reduction 

_g /tane+l 
*-r« tan 0-/ ' • • ^^''• 
If 0=45°, then tan 0=1, and we get 

If 0=90°, then tan 0= a, and eq. (1) becomes the same as 
that obtained in Problem 4. 
If the friction be neglected, ory=0, then eq. (1) becomes, 



v' tan e 



(2). 



6. If the vessel in the last problem be a hemispherical bowl 
whose radius is r, the least angular velocity requisite for main- 
taining the body in a given position is expressed by the equation, 



^=A/r 



g i-ftsLuS 

r cos * f+tB.n e * 

where 6 is put for the angular distance of the body from the edge 
of the bowl. 

7. If a body be sustained in a hollow vessel, as in Problem 5., 
to find the equation to the curve cwe, so 
that the tendency of the body to fly out 
may be the same in every position, the 
friction being neglected. ^ 

Let WB be the tangent, and w j the nor- 
mal to the curve. From eq. (2), Problem 
5., we have 



-i:. 



X tan 0= 



but 07= WD, tan 0= — , therefore by sub- 
' WD "^ 



stitution, 



Fig, 153, 



JD a 

WDX =^ 

WD V^ 



that is, the subnormal jd is a constant quantity; the curve is 
therefore a parabola, and its latus rectum; or 4a=2jD=3:-^. 
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CHAP. XVI. 

THE SIMPLE PENDULUM. THE CENTRES OF OSCILLATION AND 
PERCUSSION. THE BALLASTIC PENDULUM. 



The Simple Pendulum. 

295. Definition. A pendulum consists of a heavy body sus- 
pended by a thread or fine rod, and made to oscillate. When the 
body is supposed to be collected in a material point, and the 
thread by which it is suspended to be without weight, it is called 
a simple pendulum* 

To find ike time of an oscillation, the arc of vibration being 
very small, 

296. Let OD be a simple pendulum oscillating in the small arc 
DK, and let oc be the vertical posi- 
tion. Let V be the velocity which 
the body acquires in descending 
the arc T>b, and take 6 c an inde- 
finitely small arc; then we may 
consider, taking the quantities at 
their limiting ratio, that the space 
bci& described with the velocity v; 
hence we have 

Time through be— — . . . (1). 

Draw T>p and bd perpendicular 
to oc ; then by Art. 224., ^^9- 154. 

v'-2gxpd^2g{cp--Gd) . . . (2). 

Now by the property of the circle kcd, we have 

/.« r.^ (chord c d)'— (chord c*)' 1, , -,. 

very nearly, for the arc CD being small very nearly coincides with 
its chord. 
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Substituting iii eq. (2), we get 

1»»=f(CD'-cJ») . . . (3). 
, c«=c ft, and wc=ic; with c as a centre describe 
the semicircle ab*; draw nk and e$ perpendicular to ab, and kr 
parallel to it; join o and kg then by the property of the circle 
AB5, we have 

CD*— c&*=cb'-Cw^=w^'. 
Substituting in eq. (3), we get 

/, v=:nkA/ ^9 

substituting in eq, (1), we find 

.. xi- I- r ^^ ^^ rk ^ fl 
time through 6c= — = — =— xA/ -• 

Now the triangles Qkn and rsk are ultimately similar, and 
nil cA CB 



.% time through ft c=— a/ - 



5^ 

Now since this result is true for every indefinitely small por- 
tion of the arc ob, and as the sum of all the sK^ is obviously equal 
to the semicircular arc b«a; it follows that the 

. , arcB5A /I 
time through dck= a/ - . 



='^V^ .... (4); 



that is, THE TIME IN PERPORMINa A VIBRATION VARIES AS THE 
SQUARE ROOT OP THE LENGTH. 

If the time be given to find the length of the pendulum, we 
have from eq. (4) 
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297. Let / be the length of a pendulum which completes a 
vibration in i seconds, and /i the length of another pendulum, at 
the same place, which completes a vibration in ^ seconds ; then 



'"'A/i'"'^''"'A/i 



ff' 



therefore by division and reduction, we have 



'=Vv 



and ^=72 • ^i • - • (6), 



that is, the time varies as the square root oi the length, and con* 
versely the length varies as the square of the time. 
If *i=l, then /i=39*1393 inches, and 



^"V 39-1393' 



and/=39-1393^«. 



If the time of performing a vibration^ and the length of the pen-- 
dulum be given^ to find the accelerating force of gravity, 

298. From eq. (4), we get 

^=-^ • • • (7)- 

Now it has been found by experiment that a pendulum vibrat- 
ing seconds, in the latitude of London, is 39*1393 inches; hence 
we have 

^=3-1416«x39-1393=386-3 in.=32-19 ft. 

which is the velocity acquired by a body descending freely by the 
force of gravity for one second, in the latitude of London. 

To find the number of vibrations performed in a given number 
of seconds, 

299. If n be the number of vibrations performed during N 
seconds, and t the time of one vibration, then 

n=y,byeq. (4), 



=;a/! 



(8). 



To find the number of vibrations n^ which a pendulum of given 
lengthy \ tvill gain in N seconds, by increasing the force of gravity. 

300. Let g be increased by a small quantity g^^ and n by n, ; 
then by eq. (8), 
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and dividing this by eq. (8),'we get 

expanding by the binomial theorem. 

Now as — is supposed to be small, we may neglect all powers of 
this quantity above the first ; hence we have approximately 

/. n,=||^ . . . (9), 

which gives the number of vibrations gained, as required. 

If 7* be the radius of the earth, h the height of a mountain above 
the level of the sea, and g^ the quantity by which gravity is de- 
creased at that height ; then as the force of gravity varies in- 
versely as the square of the distance from the earth's centre, we 
have 

g (i^TAja' 
but by the preceding investigation i=/^? — ^J > 



n r-\-h .: 

nh 

= — . . . (10), very nearly. 

To find the number oj vibrations n, which a pendulum will 
gain in N seconds by shortening the length of the pendulum. 

30L Let / be decreased by a small quantity /^ and let* n- be 
increased by n^\ then by eq. (8), we get 

and dividing this by eq. (8), we get 

^ = (l^)=('-7)"='4f"«'^> 
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which is obtained by expanding and neglecting the terms involv- 
ing the powers of 4 above the first. Hence 

which gives the expression required. 

To find the length of a seconds pendulum in different latitudes. 

302. It has been found that the length of a seconds pendulum 
at the equator is 39*0265 inches, and also that the increase of the 
force of gravity varies very nearly as the square of the sine of 
the latitude ; thus if / be the length of the pendulum at the lati- 
tude L ; then 

/= 39-0265 + -1608 sin«L ... (12). 



Examples on the Simple Pendulum. 

1. In what time will a pendulum vibrate, whose length is 15 
inches ? 



Here by eq. (6) we have 



2. In what time will a pendulum vibrate, whose length is double 
that of a seconds pendulum ? Ans. 1-41 sec. 

3. How many vibrations will a pendulum 3 feet long make in a 
minute ? Ans, 62*55. 

4. A pendulum which beats seconds is taken to the top of a 
mountain one mile high; it is required to find the number of 
seconds which it will lose in 12 hours, allowing the radius of the 
earth to be 4000 miles. 

Here we have by eq. (10), A= 1, r=4000, 

, N 12x60x60 .^^^^ 
and w= - = =43200, 

^ ^ 43200x1 ,^^ 
-=10*8 sec. 



•• ^ 4000 

5. If three pendulums have their lengths as the numbers 1, 4, 
and 9 ; show that when they begin to vibrate together, they will 
all vibrate together again after the twelfth vibration of the 
shortest. 
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6. A pendulum which vibrates seconds at the earth's surface, is 
found to lose s seconds in h hours when taken to the bottom of a 
pit whose depth is a miles ; it is required to find the radius of the 
earth, supposing the accelerating force of gravity to' vary as the 
distance from the earth's centre. See Art. 300. 

a 



Ans, Radius of the earth := 



1-(1- 



V 3600^/ 

1800a* , 
= nearly. 



The Centres of Osch^lation and Peecitssion. 

303. Defs. The centre of oscillation is that point in a vibrat- 
ing body, where if all the matter were collected, the time of vibra- 
tion would be unchanged. The centre of percussion is that point 
in a revolving body, which upon striking against an immoveable 
obstacle, will cause the whole of the motion of the body to be 
destroyed ; so that if the axis were taken away, at the moment of 
impact, the body would have no tendency to move in any direc- 
tion. 



Centre of Oscillation^ 

304. Let c be the point of suspension of a vibrating body, g the 
centre of gravity, and k the centre of gyration. 
Suppose the body to fall from the position 
CO to that of cOi ; describe the arcs oOi, gGi, 
and let fall the perpendiculars o^b, oa, Oim, 
G« upon the vertical line CD. Put 0= Z. ocd, 
6i=^0iCD, and i?=the angular velocity at 

COi. 

Now supposing the whole of the matter 
collected at o, the angular velocity of this 
point, acquired in falling to any position, 
must be the same as that which the point k ^9' 155. 

really has at the same position. But the velocity acquired by o 
in moving from o to Oj is that which a body would acquire in 
falling through ab; 

/. (v . co)2=2^ xab=^2g . CO (cos 6, -cos 0), 
/, v^=^ (cos Oi -cos 0) . . . (1). 
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Bat this must be the same as the value of tr' given ia eq. (18), 
Art. 251., 

/. -^^- (cos 6, -cos ^)=^ (cos 0,-cos 0), 

A CG. co=CK» ... (2); 
that isy CK is a mean proportional between ca and oo. 
For the value of CO we have 

co=— ...(3), 

CG ^ ^^ 

which gives the distance of the eentre of oscillation from the point 
of suspension. 

Since the body vibrates as if the whole of the mass were placed 
at o, the time of oscillation will be the same as a simple pendulum 
whose length is co. If, therefore, ^=co, we have, by eq. (4), 

Art. 296., the time of a small oscillation =?r a/ -. 

Ineq.(l)let 0,=O, then 

^2=??(i_eos^)=l^ii^^...(4), 

CO CO ^ ^ 

which gives the angular velocity of the pendulum at the lowest 
point of its vibration* 

From eq. (2) we get 

cg(cg+og)=ck2, 

/. CG . 0G=Ck2— CG^; 

but by Art. 248, ck*— CG^ is a constant quantity for the same 
body; 

/, CG . OG=a constant. 
Let o be taken as the point of suspension, and let q be put for 
the distance of the centre of oscillation from a ; then 

OG . y=CG . OG, 
/. y = CGj 

that is to say, c becomes the centre of oscillation. Hence it 
appears, that the centbes of osch.lation and suspension abb 
conyebtable into each otheb. 

Centbe op Pebcussion. 
305. Let c be the centre of rotation of a body, g its centre of 
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gravity, k its centre of gyration, and o its centre of percussion. 
Suppose the body to fall from the _jo, 
position cOi in order to acquire its 
angular velocity; describe the arcs 
oOi and GGi, and let fall the perpen- 
diculars Oi b and Gj n upon the hori- 
zontal line CO. 

Notir, if the body strike an obstacle placed at o, all the work 
accumulated in the body will be delivered upon that obstacle 
without any loss, for all the motion is supposed to be destroyed 
by the obstacle. Hence the work at o will be equal to the whole 
work accumulated in the rotating mass. 

By Art. 253 , 

vr • CK.^ 
the weight of the mass at o= — ^ . 

Now, the velocity of o will be equal to that which would be 
acquired in falling through Oj 6, 

/. (velo. 0)2=2^ X 00 sin 6, 

1 1 X J ^ wt. mass at o X (velo. o)* 

/. work accumulated at 0= ^ — ^^ 

^9 

1 W . Ck2 ^ . - W . Ck2 . ^ 

=?r- • ^ o X 2flr X CO sin Q=. . sin 6. 

2g co^ ^ CO 

But by Art. UL, 

work accumulated =w x Qi «=w x c g sin 0, 

"W CK^ 

.•, w X CG sin 0= — *- . sin ; 

CO 

ck2 
,% co= ; 

CG 

hence it follows, from eq. (2), Art. 304 , that the centre of per- 
cussion COINCIDES WITH THE CENTRE OF OSCILLATION. 

306. If we conceive a force to be applied at o equal to the re- 
action of the obstacle, then it is obvious that this force would 
produce a motion in the body precisely the same as that which 
was destroyed; and therefore the body would rotate upon the 
axis c without any strain. Under these circumstances c is called 
the axis of spontaneous rotation. 

The Ballistic Pendulum. 

307. The Ballistic Pendulum is used for ascertaining the vcio- 

s 
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city of cannon balls ; it consists of a heavy block of wood, sus- 
pended vertically from a horizontal axis. When the pendulum is 
hanging vertically and in a state of rest, a ball is fired into the 
block, which causes the pendulum to vibrate through an arc db 
{see^g. 155.) This arc of vibration is known by a sharp point 
which, projecting from the under extremity of the block, scratches 
a soft composition laid in a groove formed in the arc db. The 
centre of gyration is found after the method given in Art. 304. 

To find the velocity with which the hall strikes the ballistic pen^ 
dulum, 

308. Let w=the weight of the pendulum; p=the weight of the 
ball ; a=the distance from o at which the ball enters the block; 
A=CK the radius of gyration of the pendulum with the ball; A=^ca 
the distance of the centre of gravity of the pendulum, with the ball 
fixed in it, from c ; /=co, the radius of oscillation of the pendu- 
lum with the ball ; 0=Zocd, the angle through which the pen- 
dulum is made to vibrate by the stroke of the ball ; v=the velo- 
city of the ball; i7=the angular velocity of the pendulum imme- 
diately after impact ; and a»=the velocity of the point where the 
ball strikes. 

By eq. (4), Art. 304., 

r=2 8in|0A/^. 

Because k is the centre of gyration of the whole mass, the same 
angular velocity will be communicated to the pendulum as if all 
the mass, w+p, were collected at this point. Again, by Art. 253., 

if the mass — 2(^''"^) ^® placed at e, the point where the ball 

strikes, the same angular velocity would be communicated to the 
pendulum as when the whole mass, w+p, is placed at k. Hence 
we may consider, that the body p impinges directly with the velo- 

city V upon the mass -^(w+p) at rest, and since the bodies are 

inelastic, that they move on together with the velocity a v. Now, 
since the momentum after the stroke is equal to "the momentum^ 
before it (Art. 201.), we have 

p X v=-j (w+p) X ar, 

_ opV 
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but by Art. 304., k^=hl, 

_ flJPV 

making this equal to tbe value of v before found, we have 
jjap^.^2 sin iO , /?" 

.^ ^^ 2A(w-hp)^^^8inie ^ ^ ^ ^j^ 

which gives the velocity of the ball as required. 

If the pendulum makes n vibrations per minute, after being 
struck by the ball, then 

60 
the time of each vibration = — ; 

n 

therefore, by eq, (4), Art 296., 

60 /r / , 60^ 

which being substituted in eq. (1), gives 

^_ 120Ay(w+p)8in^e ^ ^ . 



s 2 



Digitized by VjOOQIC 



260 PRINCIPLES OP MECHANICAL PHILOSOPHY. [PART IT. 



PART IV. 

HYDBOSTATICS. 

CHAP. xvn. 

PRESSURE OF FLUIDS. 

1. A FLUID is composed of material particles, which have a free, 
motion amongst themselves and yield to anj pressure, however 
small, which may be applied to them. 
No fluid in nature strictly fulfils the definition here given. 

2. The surface of still water is always horizontaL 

3. Fluids transmit pressure equally in all directions. 

4. The pressure of water is in proportion to its depth. 

For as all the particles of a fluid press on those immediately 
below them, the particles at any given depth will have to sustain 
the weight or pressure of those which lie above them ; therefore 
the pressure is in proportion to the depth, and this pressure acts 
equally in all directions, — against the side of a vessel as well as 
against its bottom. 

VjbRTicAL Pressure on the Bottom of a Vessel. 

5. This is obviously (see Art. 4.) equal to the area of the base 
in feet x the depth in feet x the weight of a cubic foot of water : 
thus, let A=the area of the base of the vessel, o=the depth of the 
water, and t^? =62-5 lbs. the weight of a cubic foot of water; then 

Pressure on the bottom in lbs,=A xaxw. 

Examples, 

(1.) Required the pressure on the bottom of a cylinder whose 
diameter is d, the depth of the water being a. 

Here, area base a=d2 x j ; 
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/. Pressure in lhs=z -nD^aw. 
4 

(2.) A cubical vessel is filled with water ; required the pressure 
upon its base. 

Let a=the side of the cube ; then 

Area base, A=a^ 

/, Pressure=a^xax«7=a%. 

Transmission op Pressure by Fluids. 

6. This is exemplified in the Hydrostatic Press : a and a are 
two cylinders, containing water, connected 
by a pipe ; p is a piston fitting the large 
cylinder, and p another piston, fitting the 
small one ; now, any pressure applied to the p 
small piston will be transmitted by the water 
to the large piston, so that every portion of 
surface in the large piston p, will be pressed 
upwards with the same force that an equal ^*^' ^' 

portion of surface in the small piston p is pressed downwards ; for 
example, let a=the area of the piston p in square inches, a= 
the area of the piston p, j9=the whole pressure applied to the piston 
Pf and p=the whole pressure produced upon the piston p ; then 

-=-...(1). 

pa ^ ^' 
which gives the equation of equilibrium. 

The principle of the equality of work applies to the transmission 
of PRESSURES by fluids. 

7- Let the small piston p (see Jig. 1.) descend through the space 
h ; then the volume of water transmitted from the small cylinder 
into the large one will be a x A. 

.*. Space the large piston is raised = . 

From eq. (1), Art 6., we get 

a 

multiplying each side by A, we have 

axh 



pxh=px 



A 

8 3 
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/. p X space moved by /i=p x space moved by p ; 

that is to say, tbe work applied to the piston p is equal to the 
work transmitted by the piston p. 

Pbessube on the Sides of Vessels. 

8. Let A GDQ represent the side surface of a vessel filled with 
water ; suppose the surface to be divided into 
a number of indefinitely small portions, each 
of which may ultimately be regarded as a 
plane having all its points at the same dis- 
tance below the upper surface of the water. 
Let a^f ^3, • . . be the respective areas of these 
portions, and A„ A^ . . . their depths below the ^ff- ^* 
surface ; tr=the weight of a cubic foot of water ; a=the area of 
the whole surface aodq; and A=the depth of its centre of 
gravity ; then we have 

Pressure on the surface a^^a^hiW, 
yy n » a^-^a^h^w^ 

and so on. 

Now as fiuids transmit pressure equally in all directions, these 
pressures act perpendicularly on their respective surfaces. 

.*. Total pressure on the surface=t0 («iAi + a2^2 + - ••)••• (0* 

But by the property of the centre of gravity, Art 89., we 
have 

axA=aiAi+a2^2+ • . . + &c. . ,(2), 
substituting in eq. (1), we get 

^Total pressure on the surface = a x A x w . . . (3) ; 

but axhxw expresses the weight of a column of water whose 
base is a and depth A ; hence it follows, that the pressuke of a 

FLUID upon any GIVEN SURFACE IS EQUAL TO THE VTEIQHT OF A 
COLUMN OF THAT FLUID, HAVING THE GIVEN SURFACE AS A BASE, 
AND THE DEPTH OF ITS CENTRE OF GRAVITY AS THE HEIGHT OF THE 
COLUMN. 

When the side of the vessel is vertical and rectangular, 

9. In this case, let a=the depth of the surface, and 6= its 
breadth; then 
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area surface = a x by 
depth centre of gravity =^, 

' .'. Pressure on the side=a x i x h x w^^a^hw . . • (1). 

When b and w are constant, the pressure on the side varies as 
the square of the depth. 

Centre of Pressure. 

10. Definition. — The centre of pressure is that particular point 
in the side of a vessel where the whole pressure 
upon it may be conceived to be applied without 
altering the effect. Thus let the surface aqdg 
(see^j. 2 and 3.) be subject to the pressure of 
water^ then there must be a point c, in that sur-* 
face where ^ single opposing pressure p may be 
applied which shall exactly balance the whole Fig. s. 
pressure of the water; this point c is called the centre of 
pressure. 

When the surface is rectangular and aq horizontal, the centre 
of pressure must obviously lie in the line ef dividing the surface 
equally. In order to find the centre of pressure in this case let 
EFL (see^. 2.) be a verticarplane passing through e, and let ec, 
CH, &c., be vertical lines drawn in this plane; then the pressure 
on the point e will be due to the vertical depth ec^ and so on to 
any other points in the line ep. Now the direction of the 
resultant of all these vertical pressures must pass through the 
centre of gravity of the triangle e fi. ; and therefore this resultant^ 
HC, will cut the line ef in the point C making ec equal to f ef. 
This point, c, is obviously the centre of pressure of the surface 
AGi>Q; hence we derive the following conclusion: — 

When the side op the vessel is rectangular, the depth 
of the centre op pressure is equal to two-thirds the whole 

DEPTH of the, fluid. 

Thus in ^^. 2^ we have HC=f lf; and in^. 3., where the 
side is vertical, EC=f ef. 

To determine a general expression for the depth of the centre of 
pressure^ 

11. It follows from the definition of the centre of pressure, that 
the sum of the moments of the surfaces a^, a^, &c., will be equal 

8 4 
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to the moment of the pressure upon the whole surface regarded as 
acting in the centre of pressure of that surface ; hence we have, 
taking the moments from upper surface of the fluid, 

Momt. pressure on a^=a^h^w xhi^a^h^w, 

yy yy OU a^^^O^J*'^ V>y 

and so on ; 

Put z=:the depth of the centre of pressure, then hj eq. (3), 
Art. 8 , 

Momt. whole surface=:aAtrx2r, 

/. ahwxz:=za^h^W'\-a^h^W'^&,c* 

• •^~ iA • • • ^^^• 

But by Art. 245., the numerator of this expression is the mo- 
ment of inertia of the surface a d, taking the upper edge as the 
axis of rotation ; and the denominator of the expression is the 
statical moment considered in relation to the same axis; hence 
this expression becomes 

moment cf inertia of the surface ^-.^ 
Statical moment of the surface ^ ^ 

It will be observed that this general formula for the depth of 
the centre of pressure is not restricted to any form of the 
surface. 

Example. Let the surface ad be a rectangular plane whose 
length £F=/, and area=<f ; then (Art. 246.) the radius of gyra- 
tion of the surface is ^ x a / -, and the moment of inertia a x ^/* ; 



3 



moreover the statical moment of the surface is a x « » therefore by 
eq. (2), we have 




which result corresponds with that which has already been 
found. 

Pboblems and Practical Applications. 

1. To find the pressure upon the lower portion jkdg of a flood 
gate and also its centre of pressure. 
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Xiet c, Ci, C2 be the centres of pressure of the 
surfaces ad, ak, and jd respectively. Put «= ^vn:.\.n>^\ 



AG, ai=AJ, and 2?=ec2; t^en by Art. 9. 
Press, on AJ)=^a^bw, 
„ „ AK=^ai»6w, 
/, Press, on jD=Press. on ad— Press, on ak 

ivhich is the pressure required. jrig, 4. 

To find z we have by the equality of moments, 
Press, on AK X E Ci 4- Press, on jd x EC2==Press. on ad x ec, 
.*. iai^bwx%ai+^bw{a^-'a\)xz=^anwx^ay 

.•.-i^;...(2), 

which gives the depth of the centre of pressure of the rectangular 
portion jd. 

2. When water presses upon both sides of a flood gate, to de- 
termine the pressure, &c. 

Let a=EF the depth of the water on one 
side; ai=E,F the depth of the water on the 
other side ; p=the effective pressure on the 
gate ; then 

p= Press, on ef — Press, on EjF 

which is the pressure required. 

Now let c, Ci, be the centres of pressure of the surfaces ef, and 
e, f ; and c, the point to which the resultant pressure p is 
applied ; then by the equality of moments, we have 

p X E Ca=Press. on E F X E c — Press, on e, f x EjCi ; 

proceeding as in the foregoing problem, we find 

_2 a»-fl« 
o a' — a' 

These results correspond with those determined in the fore- 
going problem* 

3. To find the stability of an embankment whose section has 
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the form of a trapezoid acrh (see Plroblem 4., Art. 153.) when the 
water stands at the brim. 

Here p= J A* x 1 x tTj, 
where w^ is put for the weight of a cubic foot of water ; and p= 

•*• The moment of the water tending to overturn the embankt. 
=z'p.p=s^h*WlXih=^h^Wl . . . (1). 

If the embankment slopes towards the water, the foregoing ex- 
pression for the moment of the water still holds true, h being its 
vertical depth. 

This substituted in eq. (1) Prob. 4., Art. 153., will give the con- 
ditions of stability. Substituting and reducing, we get 

A«=3(a-5) .^{|(a-6)-m} +66 • ~(«~^-**) • • • (2), 

which gives the height of the embankment for a given modu- 
lus m. 

If the embankment be upon tlie point of being overturned on a 
as a centre, then m=0, and eq. (2) becomes 

*'=^{^''-*^+^*('*-^^} • • • ^^^ 

If the embankment is rectangular, then a=b, and eq. (2) 
becomes 

A»=35.^(6-2w)\..(4). 

From this equality, we find 

Example. In eq. (5), let A=9, 5=5, w;=1501b8., w^=^62'5\ 
required »i, 

^- 9«x62-5 , _. 
6x0x150 

/. The modulus of stability = -^r-v- =o^ nearly. 

Z'o zo 

4. The total breadth of a fiood gate is 26 ft., and the depth 
a ft. The hinges are placed at e ft. from the respective ex- 
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tremities of the gate ; required the pressure upon the lower o 

hinge, • ^ 

Here the pressure upon each half of the gate, p= 

Let CD represent the height of the gate, A and b the 
hinges, and p the centre of pressure of the water ; now 
since the pressure of the water at p is supported by the d 
hinges a and b, we have by the equality of moments, Fi^, 6. 

Press, on B X AB=PresS. on p x ap, 
but AB=a— 2e, and ap=§o--«, 

/. Press, on B X (a — 2 c)=^a* bwx(^a — c), 
• Press on p^ ^'^^Cf^-Q /l^ 

Example. In eq. (1), let 5=5, a=6, c=l, and fi;=62'5; to 
find the pressure on the lower hinge. 

Press, on B=51>i^2^|:^i^=42I8 lbs. 

EXBBCISES FOR THE StUDENT. 

1. Required the pressure on the sides of a cubical vessel filled 
with water, the side of the vessel being a ft. Ans. I25a^ lbs. 

2. Compare the pressure on the bottom of the vessel, in the last 
example, with the pressure on the sides. Ans. The pressure on 
the base is one half the pressure on the sides. ^ 

3. A cylindrical vessel is filled with water. The height of the 
vessel is a ft., and the diameter of the base d ft. ; required the 
pressure upon the side. Ans. SH ica^d. 

4. Compare the pressure on bottom of the vessel, in the last 
example, with the pressure on the side. Ans. k& d\2a. 

5. What must be the height of the vessel in example 3. so 
. that the pressure on the side may be equal to the pressure on the 

bottom ? Ans. The height must be one half the diameter of the 
base. ^ 

6. A rectangular embankment sustains the pressure of water at 
the brim. The height of the embankment is 6 ft, the weight of 
the material is 125 lbs. per cubic foot ; required the breadth of 
the embankment so that the resultant of pressures may cut the 
base at the distance '5 ft. from the outer edge. (See eq. (4), 
Problem 3, Art. U.) Ans. 3 feet. 

7. Required the pressure on the rectangular face agdq (srfe 
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fig. 2.) when it is inclined to the horizon at an angle of 45% and 

A 62-5 , 
AG=2GD=a. Ans, . ,_ o^ . 

4 a/2 

8. If G, E and d, e be joined (see the last example) what will be 
the pressure upon the triangular portion egd? Ans, | the pres- 
sure on the whole surface. 

Strength op Pipes and CrLiNDRicAL Steam Boilers. 

12. When vessels are subject to great pressure from water or 
steam, the plates composing them should have an adequate thick- 
ness, in order to secure them from bursting. A cylindrical vessel 
may burst either longitudinally or transversely ; but, as we shall 
hereafter demonstrate, the former takes place more frequently 
than the latter. In the following investigations we shall assume 
that when a vessel bursts, this takes place from the internal pres- 
sure tearing asunder the material of the plates. Taking this view 
of the subject, the force resisting the fluid pressure is the tensile 
force of the material or the force with which it resists the separa- 
tion of its particles. 

Let ABE represent the cylindrical vessel ; edcab a longitudinal 
section passing through the centre ; put 
a=rAB the length of the cylinder, 2r=CD 
the internal diameter, «=ac=de the thick- 
ness of the plate, T=the tenacity in lbs. 
of a sq. inch of the material ; then 

Resistance of the section a be to rupture 

=area section xT=2acT . . , (1). y^ ^ 

Now let p=the pressure of the fluid in lbs. for every sq. inch. 
This fluid pressure, tending to produce a longitudinal rupture in 
ABE, will act upwards and downwards upon the internal longi- 
tudinal section, having its area=2ar. 

/. Pressure of the fluid to produce longitudinal rupture 
z=2arp . . . (2). 

But when rupture is about to take placd^formula (1) must be 
equal to (2) ; 

/. 2acT=2arp, 

.-. e=^...(3), 

which gives the thickness of the material when rupture is about 
t6 take place, under the given pressure p. 
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This equation shows, that for cylindrical vessel, composed 

OF THE SAiyTE HATEBIAL, THE THICKNESS SHOULD BE IN PROPOR- 
TION TO THE RADIUS. 

It will readily be understood, that the longitudinal section 
ABE, passing through the axis of the cylinder, is the weakest 
longitudinal section that can be taken. 

Let us now consider the conditions of rupture through the 
transverse section gf. 

Area section GF=7r(r-hc)^- 7r>2=Tc(c-|-2r), 

.•. Resistance section gf to rupture=7re(«+2r)T. 

Pressure fluid to produce rupture in GF=7rr*p. 

/. 7rc(e-h2r)T=xr-P, 



(A+O'- 



neglecting ^r- as being small, we get , 

«=-- . . . (4). 
2t ^ ^ 

Comparing this with eq. (3), we find, that the transverse sec- 
tion has double the strength of the longitudinal section. 



CHAP. XVIII. 

FLOATING BODIES. SPECIFIC GRAVITY. 

13. Definition. — The specific gravity of a body is its weight 
as compared with the weight of an equal bulk of some other bodj 
taken as a standard. For the sake of convenience pure water, at 
the temperature of 60°, is taken as the standard hj which the 
specific gravities of all other substances are compared. Taking 
the specific gravity of water as unity, the specific gravity of any 
other substance is expressed by the number of times that it is 
heavier than an equal bulk of water : thus iron is 8 times the 
weight of an equal bulk of water, therefore the specific gravity of 
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iron is 8, and so on to other cases. Now the weight of a cubic foot 
of water is exactly 1000 ounces, hence we find the weight of a cubic 
foot of any substance bj simplj taking its specific gravity as so 
many thousands of ounces ; thus the weight of a cubic foot of iron 
is 8000 ounces. 

14. A body sinks or floats according as its specific gravity is 
greater or less than the fluid in which it is immersed ; and when 
the specific gravity of the body is equal to that of the water, the 
body upon being immersed neither rises nor falls^ but remains as 
it were suspended in the fluid at all depths. 

When a solid body floats on a fluids the weight of the fluid 
displaced is equal to the weight of the body. 

15. For when a body floats it is sustained by the upward pres- 
sure of the fluid ; and as there is an equilibrium of pressures, the 
upward pressure of the fluid must be equal to the gravity of the 
floating body. But this upward pressure would just support a 
volume of fluid equal to that which is displaced, therefore the 
weight of the floating body must be equal to the weight of the dis- 
placed fluid. And it is further evident that the centres of gravity 
of the floating body and that of the displaced fluid will be in the 
same vertical line. 

The weight which a heavy body loses when weighed in a fluid 
is equal to the weight of an equal bulh of the fluid. 

16. For, since the body is pressed upwards by a force equal to 
the weight of the displaced fluid, the weight lost by the body must 
be equal to this quantity. 



To FIND THE Specific Gravity of a Bodt. 

To find the specific gravity of bodies by the hydrostatic balance. 

17. The hydrostatic balaQce difiers from an ordinary one only 
in having a hook attached to the under side 
of one of the scales. The body, whose spe- ■ 

cific gravity is to be found, is suspended from 
the hook by a horse-hair, and then its weight 
is determined. It is now weighed in water, 
and thus its loss of weight is ascertained. 
Now it has been shown that the weight which 



E 



a body loses in water is equal to the weight Fig, s, 

of a portion of water equal in bulk to the 
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body ; hence we have the following rule : the specific gravity of a 
body is equal to its weight divided by the weight which it loses in 
water* 

Let w=the weight of the body in air, w=its weight in water, 
s=the specific gravity of the body, that of water being 1 ; then 
W— w=the weight lost, which is also the weight of the fluid dis- 
placed; therefore w— w is the weight of water of the same bulk 
as the body whose weight is W ; hence we have 

Specific gravity of the body : specific gravity of water;: w 
; w— w, 

/. s : 1:: w : w— «?, 

w— tr ^ ^ 

18. The specific gravity of liquids may be found by the hydro- 
static balance, in the following manner : 

Weigh a solid body in water, as well as in the liquid whose 
specific gravity is to be determined ; then the loss in each case 
will be the respective weights of equal bulks of water and the 
liquid ; therefore the loss of weiglit in the liquid divided by the 
loss of weight in the water will give the specific gravity of the 
liquid. 

Let w=the weight of the body in air, w=it8 weight in water, 
and 1^1= its weight in the fluid whose specific gravity Sj is to be 
determined. 

In this casew— w, and w— Wi are the respective weights of 
equal bulks of water and the liquid ; 

.% Specific gravity liquid : specific gravity water ::w—«?, 



: w — W7, 



Sj : 1 :: w— w, : w— «?, 

* w—w ^ 



To find the specific gravity of bodies by the hydrometer, . 

19. These instruments depend upon the principle that the 
weight of a floating body is equal to the weight of the fluid which 
it displaces. 

20. Nicholson's hydrometer is so contrived as to determine the 
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Fig, 9. 



specific gravitj of solids as well as liquids, b is a 
hollow ball* to which is attached a fine wire s sup- 
porting a dish for receiving weights; proceeding 
from the under side of the ball, is the stirrup d carry- 
ing a heavy dish f for preserving the stability of the 
instrument when it floats, and for holding any solid 
body whose specific gravity is to be determined. The 
instrument is floated in pure water, and a weight of 
1000 grains is put into the dish o ; now the weight of 
the instrument is so adjusted that it sinks to about 
the middle of the fine stem ; and a mark t is made at 
this point. 

(1) To determine the specific gravity of a liquid. Place the 
instrument in the liquid and put weights into the dish c until the 
mark s on the stem sinks to the level of the surface of the liquid. 
These weights added to the weight of the instrument will be equal 
to the weight of the liquid displaced ; but the weight of the instru* 
ment added to 1000 gr. is equal to the weight of an equal bulk of 
water ; therefore the former sum divided by the latter will give 
the specific gravity of the liquid. Let the weight of the instru- 
ment =trj grains, the weight put on the dish G=ti7 grains, then 
we have 

Weight of displaced water=Wi + 1000, 

„ „ „ liquid=w,+w; 



/. Specific gravity of liquid or 8= ^*Tj?^ . 
(2) To determine the specific gravity of a solid. 



(1). 



Place the instrument in water, and put the solid in the upper 
dish ; add weights to this dish until the mark s on the stem 
sinks to a level with the fluid ; then these weights together with 
the weight of the body must be equal to 1000 grains. Let w=the 
weight of the body tc^i^the weight added to the dish c ; then 

w-h«?j=1000, 

.-. w=1000-«;, .. . (2), 

which gives the weight of the body. 

Let the body be now placed in the lower dish f, and as before, 
let weights be placed in the upper dish o until the mark s sinks to 
a level with the water ; then these weights, together with the 
weight of the body in the watery are equal to 1000 grains. Let 
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fr=the weight of the body in water ; w^^the weight added to the 
upper dish c ; then 

ir+tt73=1000; 

/. «?=1000— W3 . • . (3). 

Now having found the weight of body, eq. (2), and also its 
weight in water, eq. (3), we have, by taking the difference of 
these equations, 

weight lost in water or w—w^w^-^w^ 

Let s be put for the specific of the body ; then 

__ wt. body _ w 
7"wt. lost in water"" w—tt7 



IOOO--W2 

W3— «72 



(4). 



Example, Let W72=300, w^=z400 ; then by eq. (4) we have 
for the specific gravity of the body 

_1000~300_^ 
®^ 400-300 - '• 

21. The common Hydrometer has no dish at c, and the lower 
dish F is simply a heavy ball which serves to keep the instrument 
in a vertical position when floating in the liquid. There are no 
weights used with the instrument ; but the upper stem s is gradu- 
ated in such a manner as to enable the operator to ascertain the 
specific gravity of a liquid by the depth to which the instrument 
sinks in it. 

Let v=the volume of the whole instrument; t?=the volume 
included between' any two consecutive graduations on the stem ; 
n, n|=the number of divisions on the stem above the surface 
when the instrument is put into fluids whose specific gravities are 
s and Si respectively ; then 

vol. fluid displaced in the 1st case=v — nv, 
„ „ „ „ the2ndcase=v— Wji?; 

.•. wt. fluid displaced in the 1st case =s(v— «t?), 
and,, „ „ „ 2nd case =Si(v—«ii?); 

but the weight of the fluid displaced in each case is the same, for 
the weight of the instrument remains the same, 

/, s(v-ni;)=Si(v-«,«?); 

T 
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(I); 



which gives the ratio of the specific gravities of the two liquids. 



Exercises for the Student. 

In the following exercises S. G. is put for " specific gravity," 
and the specific gravity of water is taken equal to unity. 

1. A cubic foot of water weighs 1000 oz. Find the weight of 
a cubical block of stone whose side is 4 ft. and S. G. 1 '25. 

Ans. 80,000 oz. 

2. Required the. number of cubic feet contained in a body 

w 
whose S. G. is s, and weight w oz. Ans. ^^^ > 

8. If s and t are the S. G. of two lumps of metal whose weights 

are w and w respectively ; required the S. G. of the compound 

metal formed by fusing the lumps together, supposing no con- 

i. 1 1 1 ^ s*(w + «?) 
densation of volume to take place. Ans, — ^-- -. 

4. A body, weighing 20 gr., has a S. G. of 2*5 ; required its 
weight in water. Ans, 12 gr. 

5. A body weighs tr grs. in water and t&i grs. in another liquid 

whose S. G. is *i ; required the weight of the body. 

. s.w—sw, 
Ans, -i '. 

6. A Nicholson's hydrometer weighs 250 grains, and requires 
726 grains to sink it to the required depth in alcohol ; required 
the S. G. of the alcohoL Ans, -781. 

7. If V and v be put for the respective volumes of the lumps of 
metal in Example 3. ; then it is required to find an expression for 

the S. G. of the compound metal. Ans. — -^- — • 

8. K Si be put for the S. G. of the compound metal in Ex- 

•yr -m -yr 

ample 3., and w, for its weight; then -— *= — | — • 

S] s ^ 



Floating Bodies. 

22. To find the depth to which a rectangular piece of wood 
will sink in a fluid. 
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Let A BOD represent a transverse section of 
the body, ef being the plane of floatation. Put __ 



6=AB, a—AD^ /=the length of the body, w= ^^^ 
the weight of cubic foot of the body, and x= ^ 
E D the depth of immersion, then 

Weight of the hody=tablWy Fig. la 

weight of the displaced fluid=6a;/x 62*5 ; 
/. bxlx62'5=zablw', 
__ w 

23. A barge (supposed for the sake of simplicity to be of a 
rectangular shape) is / ft. long, b ft. broad, and a. ft. deep, outside 
measure. The thickness of the planking is e ft., and the weight 
of a cubic foot of the timber is w lbs. To what depth, d, will the 
barge sink when loaded with w lbs. ? 

Content of the timber, v= vol. exterior solid— vol. interior 

=a6Z-(a-cX^ -2e)(/-2c) . . . (1). 

For the sake of conciseness we shall put y for this expression, 
giving the volume of the timber. 

Whole weight of the floating body, w*=wt. timber -I- wt. load 

=wv+w. 

Weight of the displaced fluid=5^/ x 62*5 ; 

/. 5rf/x62-5=wv + W; 

If vr be required, then we get 

w=62-55rf/— WT . . . (3). 

To determine the load necessary to sink the barge we have by 
making rf=a in eq. (3) 

w=62'5abl-wy . . . (4> 

Obs* The irregular form of boats as they are usually con- 

structed, renders it difficult to calculate their volume ; as a toler- 

7 
ably near approximation to the truth, eminent surveyors take 1-5 

of the rectangular displacement, as determined in the foregoing 

T 2 
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iavestigation, for the true displacement in boats of an ordinary 
curvature. Hence we have, making v=0 in eq. (4), 

7 
W=j2 x62-5 X a&/ . . . (5); 

which is the weight in lbs. requisite to sink a vessel to a given 
depth a, the breadth of the vessel at that depth being 6, and the 
length I, 

24. A globe of given diameter floats on water ; it is required 
to find the weight of the displaced water, when the depth of 
immersion is given. 

Let r=CK=CD the radius of the 
sphere; a=cK the depth of immersion; 
Wi=the weight of displaced water in lbs. 

Here the displaced water has the form 
of a segment of a sphere, viz. adk. Now 
we have by mensuration (see the Au- 
thor's " Calculus," p. 200.) 

Content segment jLDK='ira^(r'^^a) ; 

/. Wj=7ra2(r— Ja)x62-5 . . . (1). 

If the ZACK=0 be given ; then for the value of a in eq. (1) 
we have 

a=eK=CKH-c«=r(l— COS0) . . . (2). 




Fiff. 11. 



To find the Btwyancy of Pontoons, 

25. Pontoons are portable boats, with a covering of baulks and 
planks, &c., for forming floiating bridges over rivers, &c. They 
are now usually made of tin in the shape of a cylinder with hemi- 
spherical ends. 

1. Let NB represent a cylindrical pontoon with plane ends; 
ABD the plane of the water line parallel to 
the axis of the cylinder which passes through 
c ; ON a vertical line cutting ad in e. To 
find the load w requisite to sink the pontoon 
to a given depth. 

Put A=the area adk the surface of im- 
mersion; /=AB the length of the cylinder; 
then we have 

vol. water displaced=A x/ . . . (1); 




Fig. 12. 
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A weight water displaced = a x / x 62*5 ; 

.\ w=Ax/x62-5. . .(2). 

Where a may be found bj mensuration when the radius of the 
circle andk and the depth of immersion are given. Thus 

Let r=:CK, 0=Z.ACK; 7r=3*1416+ ; then 

area segment adk, or A=r2 j n . TqTv+h sin 2(180— 0) | . . . (3). 

If 0=tl65, or, what is the same thing, Z.acd=80°, then this 
equality becomes 



^-"Vl-^il 



2. Let the pontoon be a cylinder nbk (see^^. 12.) with hemi* 
spherical ends. To find the load w^ requisite to sink the pontoon 
to a given depth. 

In this case, the solid of immersion consists of the segment 
ADKB of the cylinder, and two equal segments of a hemisphere, 
which put together give the segment of a sphere, having eK for 
their depth. Now eq. (2), Art. 25,, gives the weight of the fluid 
displaced by the segment of the cylinder, and eq. (1), Art. 24., 
that of the segment of the sphere ; hence we get 

w^=A xlxe2'5-\-ira\r''la) x 62-5 

= {Al + ira\r-^a)]62'5 . . . (4), 

where a is given in eq. (3), Art. 25. ; and a in eq. (2), Art. 24. 

Exercises foe the Student. 

1. The end of a right prism is an equilateral triangle whose 
side is a feet ; to what depth will this prism sink in the water 
when it floats with one of its edges undermost, its S. G. being 
f that of watfer ? Ans. a z/^. 

2. Required the depth of immersion, in that last example, when 
the prism floats with one of its edges uppermost, 

^n*. 1(^/3-1). 

3. A rectangular barge (see Art. 23.) / ft. long, b ft. broad, and 
a ft deep, outside measure, sinks to \ its whole depth when 
unloaded; required its weight in lbs. Ans. 12-5 abl. 

4. If a rectangular barge sinks to ^ of its whole depth when 

T 3 
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unloaded, and to f of its whole depth when loaded ; required the 
load, the weight of the barge being to. Ans. f «7. 

5. The diameter of the base of a right cone is 2r, its perpendi- 
cular height kf and its S. G. f that of water ; to what depth will 
the cone sink when it floats with its yertez undermost? 

Am. |-^18. 

6. A hemispherical vessel, whose weight is t&, floats upon a 
fluid with ^ of its radius below the surface. What weight must 
be put into the vessel so that it may float with f of its radius be- 
low the surface ? Ans, f «r. 

7. Required the thickness of a hollow globe, made of copper, 
whose S. G. is 9, so that it may just float when wholly immersed 
in water. Ans* r(l-- 2 ^^), where r is the exterior radius. 
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PART V. 

HYDRAULICS. 
CHAP, XIX. 

MOTION OF FLUIDS. — EFFLUX. — RESISTANCE AND WOEK OF 
FLUIDS. 

Velocity op Watee in Pipes. 

26. If a fluid run through a pipe kept continuallj full, the velo- 
cities in the different sections vary inversely as the areas of the 
section. 

It is here assumed that the velocity of the fluid is the same in 
every part of a transverse section. Let Q=the no. cubic feet of 
water passing through any portion of the pipe per second; t7=the 
velocity of the water per second, in passing through that portion 
of the pipe whose transverse section is a ; then 

axt?=Q, .•. t?=- . . . (1). 

Now as Q is constant, it follows that v t;aries as -. 

a 

The quantity of water which runs through a pipe in the time t 
=a xvxt . . , (2), 

Efflu3*of Water. 

27. The velocity of a fluid issuing from a small orifice in the 
bottom or side of a vessel^ kept constantly fully is equal to thai 
which a heavy body would acquire in falling through a space 
equal to the depth of the orifice. 

Suppose A B to be a cylinder, having a piston, p, fitting it air- 

T 4 
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tight, abik small portion of fluid which is being dis- 
charged from the orifice 6 by a pressure p applied to 
the piston. 

Let a=the area of the piston ; «=the space through 
which it descends per second ; w=the weight of 
water discharged per second ; and v=the velocity of 
efflux. 

Work of p=p X 9, 

wxr* 



Fig. 12, 



Work accumulated in the water =- 



w 



Now> since a h may be taken so small that the pressure of this 
water may be neglected, the work due to the pressure p will be 
equal to the work accumulated in the water at efflux ; 



PX«=- 






but w=ax*x 62*5, 



/. px«=- 



« X 5 X 62-5 x v^ 



^9 

p 



• • 2g 62-5a 

Now let us suppose that the pressure p is produced by a column 
of fluid whose height is ab ; then 

p=axABx62'5, 



62-5 o 



=AB; 



"2g 



=AB. 



(1); 



or t7= \/2^ X AB . . . (2) ; 

that is, the velocity of efflux is due to the vertical depth of the 
fluid. (See Art. 26., eq. (6.).) 

From what has just been prov^ it follows 
that, theoretically y the velocity of a jet, b or c, 
proceeding vertically from a vessel, is such as 
to cause the water to rise up to the level of 
the water in the vessel, as shown in annexed 
cut. 

FigAS. 
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28. To find the velocity of the issuing water ^ when a pressure 
p is exerted on the surface of the water. 

Let A=AB, the depth of the fluid; Ai=the height of the 
column of fluid which would exert the same pressure as that- 
which is applied at the surface ; then the velocity of efflux will be 
due to the vertical height, h-^-h^y hence we have, by eq. (2), 
Art. 6., 



v=:V2g(h^'h,)...{\). 

If h^ be taken equal to 34 feet, or the altitude of a column of 
water equal to the pressure of the atmosphere ; then this equation 
becomes 



v= V2g{h^-M) . . . (2). 

This expresses the velocity with which water is projected into 
a vacuum, the column of fluid being h. 

29. To find the volume of water discharged from a given orifice^ 
be, made in the bottom of a vessel^ when the water is hept con-- 
stantly at the same levely mn. 

By Art. 27. the theoretical velocity, t?, with ^ 
which the water issues, is equal to the velocity 
which the fluid would acquire in falling freely 
down from mn to be. 

Let Q=the no. of c. ft. of water discharged in a 
second; a=the area of the orifice in sq. ft. ; and 
A=the vertical height mb ; then 



m 


** 


fell 


■:F-5. 


31 


!^iS 






.sa& 


"Pn^ 



v:=iV2gh ; 
/. vol. water discharged per Bec.=ay/2gh ; 
,•. (^=:aV2gh . . . (1). 



Fiff, 14. 



Coefficients of Efflux and Velocity. 

30. Wheft#t)|in vessel empties itself in this manner, it is ob- 
served that the particles of the fluid near the top descend in ver- 
tical lines ; but when they approach the bottom, they incline 
towards the orifice^ forming curves which are convex towards the 
central line of the vessel; so that the issuing stream becomes 
more and more contracted until it reaches a point at the distance 
of about the radius of the orifice from the outlet, as shown in 
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fig. 14. The section of the stream at the point of greatest con- 
traction was called by Newton the vena contracta, and he found 
itft area to be about f the section of the orifice. 

Let aa=the section of the vena contracta, then eq. (1) becomes 



Q=aa\/2^A .. . (2), 
where » is the coefficient of contraction. 

Now this formula is only true on the supposition that the actual 
velocity of discharge is the same as the theoretical velocity ; but 
this is not the case ; for the actual discharge, Qi, has been found 
from experiment to be less than q as expressed by eq. (2) ; hence 
it appears that we must introduce a coefficient of velocity, in or- 
der to express the actual efflux of the fluid : let v be put for the 
actual velocity of efflux, and put v=0r=^ \/2^A, where ^ is the 
coefficient of VELOCITY. Substituting this for the velocity, we 
have for the actual discharge, 



qi=(t<paV2gh . . . (3). 

Put fi=.oc<py then this equation becomes 

Qi=/xaA/2^ . . . (4), 

where /n is the coefficient of efflux; but /Li=a^, that is to say, 
the coefficient of efflux is equal to the prodtict of the coefficient of 
contraction and coeffi/sient of the velocity. 

According to the experiments of Bossut and Michelotti, /x=*615 
or about -^, for circular orifices of ^ to 6 inches diameter, with 
from 4 to 20 feet head of water. It has, however, been shown by 
various experiments that the coefficient of efflux for orifices in 
thin plates is not exactly constant : thus it slightly decreases as 
we increase the orifice and the velocity of dischiurge, and it is con- 
siderably less for a circular orifice than it is for any irregular 
form. 

If we take the coefficient of contraction (»=*64, then we have 
for the coefficient of velocity, 

^ a '64 

Efflux of Water through Short Tuhes^ or Mouth-pieces. 

31. By means of mouth-pieces the discharge of water from a 
given orifice is considerably increased. Thus, for a cylindrical 
mouth-piece, whose length does not exceed 4 times its diameter. 
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as in^;^. 15., the coefficient of efflux /n is, on an average, '813, or 
about i ; for mouth-pieces having an enlargement at their exterior 
orifices or outlets, as well as their interior orifices, as shown in 





Fig. 15. Pig. 16. 

/iff, 16., the coefficient of efflux fi is about 1*5526, giving a dis- 
charge greater than that which is due to the section, a b, of the 
pipe. 

Now since for a simple orifice /i='61o, it follows that the dis- 

^813 
charge from cylindrical tubes =-^yt> ^^ 1*325 times the discharge 

from a simple orifice in thin plates ; and the discharge from the 

1*5526 
compound mouth-piece, shown in^^. 16.=- ^^. , or 2^ times the 

discharge from a simple orifice ; and moreover, the discharge from 

1 *5526 
the compound mouth-piece =—y^, or 1*9 times the discharge 

from a short cylindrical tube. 

In the cylindrical mouth-piece,^. 15., the contraction of the 
fluid vein takes place at the inlet a & of the pipe, and not at the 
outlet. If a small hole were bored at a or b, no water would flow 
from it. As the tube is full at the point of discharge, the coeffi- 
cient of velocity is the same as the coefficient of effiux. 

In Jiff. 16. the mouth-piece has the form of the fluid vein ; hence 
arises the great increase of the discharge. According to the ex- 
periments of Eytelwein, the interior diameter, ce, should be about 
1*2 times the diameter, ab, of the pipe; with this enlargement the 
coefficient of ingress was found to be '97 ; and with respect to the 
divergent portion, akdb, the angle which the sides ak and bd 
make with each other should be about 5° 9', and the length of this 
portion should be about three times that of the other. When the 
length of the intervening pipe is about equal to its diameter, the 
coefficient of efflux is 1*35 ; and if the length of the intervening 
pipe is 60 times the diameter, this coefficient is 1*17. 

Example. The head of water in a cistern is 16 feet; what 
quantity of water will be discharged per second from an orifice 
whose section contains j^ of a sq. ft. ? 
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Here, for a simple orifice, we have, by eq. (4), Art. 30., 
Q=-615 X K)! \/2x32^xl6=-197 c. ft. nearly. 
And for Ejtelwein's compound mouth-piece, 

Q=:-197 x2J=-49 c. ft. nearly. 

Coefficient of Resistance for the Ingress of Water. 

32. When water flows from a cistern through pipes kept con- 
stantly full, the coefficient of ingress is the same as the coefficient 
of velocity. 

Let w=the weight of water discharged with the actual velo- 
city V ; i7i=the theoretical velocity of discharge due to the head of 
water; then 

w 
Accumulated work \o^i^{v^—v^) — ; 

but v=^Vi,.or r,=--, 

/. Accumulated work lost= ( tj— 1 J o~ ^ • • • ( ^) » 
therefore the head of water due to this loss of work 

»2 



=(^-)5-<^'- 



Now -5— 1 is called the coefficient of resistance. Let 
/3=-5— 1, the coefficient of resistance, then the head of water due 

to the loss of accumulated work will be expressed by /3 ^. 

If the pipe have the form shown in fig. 15., then 0=*813, and 

1 v^ 

/3=^Y^— 1='5 nearly, and the loss of work ='5 ^ w. 

If the pipe be rounded off at the part of ingress as shown in 

Jig, 16., then 0=*97, and /3=;q^— 1='063 ; and in this case the 

loss of work is '063 -^ w, or only about 6 per cent. In the former 
case the loss of work is nearly 8 times the loss in the latter case. 
From the formula, /3=^— 1, we get 

0= i (3), 

^ V1+/3 ^ ^' 
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which gives the coefficient of velocity in terms of the coefficient 
of resistance. 

Example. If a tube 2 inches in diameter discharge *2 c. ft. 
of water per second, with a head of water of 4 feet ; required the 
coefficients of effiux and resistance, and also the loss of the head 
of water due to the resistance of the tube. 

Here by eq. (4), Art. 30-, we get 
Q 



fi or ^= 



aV2gh 



==•57, 



•0218 X a/2 X 32^x4 
which is the coefficient of efflux or velocity. 
By Art. 32 , 

the coefficient of resistance =7^— 1=2*1 nearly. 

Now the velocity of efflux, 

_Q_ '2 1_ 

*^""a"-0218""-109' 

hence by eq. (2), Art. 32 , we have 

1 .. 1 



the loss of head =2*1 x- 



109« 2x32- 



Y=2-7 ft. nearly. 



Jets op Water. 

To find the distance to which water will spout through a small 
orifice made in the side of a vessel, 

33. Let QB be a vessel filled with water having its side ab 
perpendicular to the horizontal plane ah ; 
M a small orifice made in the side of the 
vessel, and mh the parabolic form of the 
jet. On AB describe the semicircle abd, 
and MN perpendicular to ab. Let v=the 
velocity with which the water is projected 
from the orifice m; and ^=the time of 
falling down ma ; then by Art. 27r, 

Fig, 17. 




V= V'2^XBM, 

and by Art. 26., page 18, ^= A / 



2ma 

9 
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Now the time of a body's motion in the parabola mh is equal to 
the time in falling through ma. 



2ma 



/. ah=vx*='^2^xbmX ^' 

=2 v/bmxma 

=2mn; 

that is to say, the horizontal range ah » equal to twice the 
ordinate mis of the semicircle. 

34. The horizontal range will obviously be a maximum when 
the orifice is made at c the centre of the side. In this case, the 
distance to which the fluid will be projected is equal to ab the 
height of the vessel. 

To find the time that a cylindrical vessel tahes to empty itself 
from a small orifice made in the bottom. 

35. Let an orifice be made in the bottom of the vessel abeq 
(see^. IT-X filled with water; and let k, A=the areas of the 
sections of the vessel and orifice respectively ; v=the velocity of 
efiiux from the orifice ; v=the velocity of descent of the water in 
the vessel when full ; /=the time which the vessel will take to 
empty itself. 

Now, since the velocity of efiiux varies as the square root of the 
depth, it follows that the velocity of descent of the water in the 
vessel will follow the same law ; hence we conclude. Art. 26., that 
the surface of the fluid in the vessel descends according to the 
same law of velocity as a falling body; therefore by eq. (2), 
Art. 26.^ we 

, , k k 

out v=j.t;=- . ^/2^xEQ, 

k , 

••• EQ=2^V2^XEQX^, 

- EQ=-^ .\g... (1), 
which gives the time required. 
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36. To find the time ti required in running off the portion 

EBF. 

Let /|=the time in emptying afq ; then by eq. (2) 

=r Vp^^^-^^^.-'-^^^- 
ST. To construct a clepsydra or water-clock. 
In eq. (1) Art. 35, let ^=12 hours = 12 x 60x60 seconds, then 
we have 

BQ=^. J^(12x60x60)« 

which gives the depth of fluid to empty itself in 12 hours. Now 
if EQ be divided into 144 equal^ spaces, and marked upwards from 
the bottom of the vessel; then the marks 0, 1, 4, 9, 16, ... , 144, 
will give the water level at 12, 11, 10, . . . , 2, 1, hours after the 
water begins to flow. 

Resistance and Percussion op Fluids. 

38. The resistance of a fluid to the motion of a body is occa- 
sioned by the force necessary to displace that fluid. Now the 
fluid displaced (supposing its particles to have a perfectly free 
motion amongst themselves) must have the same motion given to 
it as that of the moving body ; hence the work destroyed by the 
fluid will be equal to the work accumulated in the fluid. Let a= 
the area of the front of the body presented to the fluid ; v=the 
velocity of the body ; f£;=the weight of a cubic foot of the fluid ; 
Rasthe resistance of the fluid ; then 

Weight fluid displaced per sec.=at?w, 

but this mass has a velocity of v ft. given to it^ 

.•. Work expended in displacement per sec= — ^ •••(!); 

but this work is also expressed by R x t?, 



RXt?=- 



2g 
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Where we observe, that the resistance increases with the 

SQUARE OP THE TELOCITY, AS WELL AS WITH THE EXTENT OP 

SURFACE PRESENTED TO THE FLUID. In extreme velocities this 
law does not hold strictly true. It appears also from certain 
recent railway experiments, that the resistance of the atmosphere, 
to the motion of the train, depends as well upon the length of the 
train, as upon the extent of the frontage of the carriages. 

39. Eq. (2) will also express the force f with which the stream 
moving with the velocity v would strike the plane at rest ; that is, 

F 2^... (3). 

40. To find the force f with which a stream impinges perpen- 
dicularly on a plane which is itself in motion. 

Let v=the velocity of the fluid ; Vi=the velocity of the plane ; 
a=the area of the plane ; and fi;=the weight of a cubic foot of 
the fluid. 

Here the relative velocity of the plane and fluid is v— Yj, and 
since this is the velocity with which every particle of the fluid 
strikes the plane, we have, by eq. (3), substituting v— Vi for v, 

aw xjy-y.Y . . 



Work of a Jet of Fluid. 

41. To find the work of a jet of fluid which impinges perpendi- 
cularly upon the surface of a heavy body which is itself in motion, 
and whose weight is very great as compared with that of the 
impinging fluid. 

Let w=the weight of the fluid projected on the surface per 
second; v=its velocity, and v,=the velocity of the plane. Let 
us first suppose that the fluid after impact moves on with the 
body ; then by eq. (7), Art. 202., we have 

Work lost by impact = ^ 7" ^ , 
.% Work done on the body=^^^^-^^^""^^^' 

=^(^2^(y.V^)2} ...(5). 
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Let AB represent a plane surface upon which the fluid impinges 
perpendicularly; then, if after impact the 
fluid and the plane move on with a common 
velocity, eq. (5) will express the work ; but 
if the water leaves the plane there will be an 
additional portion of work lost, viz. the work 
remaining in the water ; in this case, there- 
fore, we have 




Fig, 18. 



w 



w 



Work done on the plane= — {v^— (v— v,)^} — 5- v,* 



w 



= _v,(v-vO...(6). 

If p be put for the pressure on the plane, then the work will 
be equal to p Vj ; making this equal to eq. (6), we get 






(7). 



If the surface is at rest or Vi=0, then 

(8). 



w 

P=— V . 

9 



Let a=:the section of the pipe, and A=the column of fluid 
equivalent to the velocity v ; then w=:o v x 62'5, 

A p=62-5ax2. ^r- 

=62-5ax2A . . . (9) ; 

that is, the pressure is equal to that which would be produced by a 
column of the fluid whose base is the section of the stream and 
perpendicular height equal to twice that which is equivalent to the 
velocity. 

By making the surface ab hollow, as shown in ^.19, the fluid 
after impact leaves the plane in a direction 
opposite to that in which it impinges, and by 
this means a great saving of work is effected ; 
for the work, remaining in the water upon 
leaving the curved surface, will be less than it 
is in the case of a plane. 

42. To find the work of a jet of fluid issuing 
from a nozzle with a given velocity. 

Let v= the given velocity; a=the area of the nozzle, tr^the 
wt. of a cubic foot of the fluid ; here we have 

Wt. of the fluid projected per sec.=avir; 
u 




Fig, 19. 
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/. Work per 8ec.=?^^— ^=^^ . . . (1). 
Here it will be observed, that the work varies as the cube 

OP the velocity op the PLtJID. 

Let 0=the coefficient of velocity (see Arts. 30. and 32.); then 
we have 

hence hj substitution in eq. (1), we get 

Work per sec.=0'att7A\/2^;i . . . (2). 

Exercises for the Student. 

1. With what theoretical velocity will water issue from a small 
orifice 1&]^ feet below the surface of the fluid? Ans. 32^ ft. 

2. If the area of the orifice, in the last example, is *1 sq. i\., 
and the coefficient of efflux is '615 ; how many cubic feet of water 
will be discharged per minute ? Ans. 118*695. 

3. A vessel filled with water is 4 ft. high and 1 sq. ft. in the 
section, and a hole of I sq. in. area is made in the bottom ; in 
what time will |- of the water be run off, supposing the coefficient 
of efflux to be *6 ? Ans. 60 sec. nearly. 

Here if ^ be the theoretical time as derived from eq. (3) Art. 

35.; then the true time -. 
u 

4. What must be the form of a clepsydra, so that the water 
may descend through equal spaces in equal times ? 



CHAP. XX. 

conveyance of water in pipes, canals, and btvers. 

conveyance of watee in pipes. 

43. When water is conveyed from a cistern to any considerable 
distance in pipes, as shown in the annexed cut, the friction of the 
water, as it moves in the pipe, to- . 

gether with the obstructions pre- ^.^^^ r"' 

sented by the bendings, &c., tends ^^^^ j 

very much to retard the motion of ^ ^ ■ j i jrf g ^ t ^ ^Jl^^^c: 

the fluid. By the theoretical rule jr;^. 20. 

the velocity of discharge would be 
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due to the vertical depth ab through which the water falls ; but 
owing to the resistances just mentioned this is very far from being 
practically true ; in such cases the engineer has to have recourse 
to some formula derived from experiment. 

Horizontal Pipes. 

44. Bossut found, from various experiments, that when water is 
conveyed from a reservoir in long horizontal pipes of the same 
apertures, the discharges made in equal times are nearly inversely 
as the square roots of the lengths. 



FLOW OF WATER IN PIPES KEPT CONTINUALLY FULL. 

When the Pipes are of the same Size throughout their 
Length and the Bendings are inconsiderable. 

45. In this case, the resistances to the flow of water are, — the 
resistance due to the ingress of the water at the fountain, and the 
resistance of friction to the passage of the water through the 
pipes. 

Let v=the velocity of the discharge in feet per second, rf=the 
diameter of the pipe in feet, Z=the length of the pipe in feet, A= 
the head or fall of water in feet, and w=the weight of water de- 
livered per second. 

It has been shown. Art. 38., that when a fluid in motion meets 
with any obstacle the resistance varies nearly with the squares of 
the velocity. But for a given quantity of water flowing through 
a pipe the resistance of friction increases with the number of 
points with which the water comes in contact, that is, the resist- 
ance is in proportion to the wetted surface ; for every particle of 
water, in contact with the interior surface of the pipe, acts as a 
retarding force. Now let^be the resistance of friction due to a 
unit of diameter, length, and velocity ; then the resistance in a 
pipe / feet long and d feet diameter with a unit of velocity will be 
fdl ; but the quantity of water delivered by this pipe will be d^ 
times that delivered by the former, therefore for the same quantity 
of water delivered, the resistance of friction in the latter pipe will 

■fill /v 
be*^^ ov^-^, that is to say, the resistance of friction in pipes is 

directly as their lengths and inversely as their diameters, the 
velocity being constant. Therefore if Ai be put for the height 

u 2 
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of a column of water equivalent to the resistance of friction, we 
have 

where « is a constant to be determined by experiment. 

I V 

/, Work due to the resistance of friction=A| w=f j^. 5— . w; 

Work accumulated in the water at discharge =rt- • w. 
And by eq. (1) Art 32/ 
Work due to the coefficient of velocity at ingre8s=/3^ . w j 

Work due to the bead of water = Aw. 

Now this work is equal to the work requisite in overcoming all 
the resistances, together with the work remaining in the water at 
discharge ; 



.•.A=(l-h/3-h^^)2^...(l)> 



and V 



v; 



2gdh 



e/+(l+j3)dr 

where the constants /3 and e are supposed to be determined by ex- 
periment. 

The constants in eq. (1) as determined from the reduction 
of experiments by Foncelet, viz., e='028, and fi=-'5y give us 



Eytelwein gave a formula which nearly coincides with this. 

46. The law of the variation of friction assumed in the fore- 
going investigation is not strictly true. It is more accurate to 
assume 

for the column of water equivalent to the resistance of friction ; 
where the resistance of friction depends upon the first power of 
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the velocity as well as upon its square. Hence, proceeding as 
before, we get 

or putting b for , and reducing, we get 

from which equation the value of v may be found by the solution 
of a quadratic ; but the following method of approximating to 
the value of v will be found more convenient. By reduction^ we 
get 



V^bd-^e^r v) "V bd^e^r 
Expanding by the binomial theorem 

V^bd+^riJ ''^^2(bd+e^iyv^^''' 

Now as €2 is found to be considerably greater than e^, we may 
neglect all the terms of this expansion after the second ; therefore 
by substitution, we get 



''(^ + 2(J3+i;Z5' J""V - 



hd 



2{bd+eJ)' vj ^ bd-^e^e 



•••-=\/z 



*^ ^1^ (4)^ 



We have now to assign the values of the constants in this ex- 
pression. From Art. 32., /S='5, .'. ^=-p- ~fi4i~*^^^'*> *°^ 

taking the mean of the reductions of Prony and d'Aubuisson, we 
find Ci= -00007, and ^2= '00042. Substituting these values in eq. 
(4), and reducing, we get 



*'=v' 



2380Arf l^ I . 

/+54rf""12W-i-54rf*"^ ^* 



If the last term of this formula be neglected, which may be 
done when h is not very small, we get 



^=a/- 



2380 A rf .^. 

7T543 • • • (^>- 

which is very nearly the same as formula (2). 

u 3 



Digitized by VjOOQIC 



294 PRINCIPLES OP MECHANICAL PHILOSOPHY. [PART V. 

When the pipes are very long, or ^ is a small quantity, eqs. (2) 

and (5) become 

r=47-9^^. . . (7), 

/ 2'dSO hd 1 ,QV 

and,t^=/Y/ —7 i2---^^^- 

Example 1. The length of a water-pipe is 5780 feet, the head 
of water 170 feet, and the diameter of the pipe 6 inches or '5 ft. ; 
required the velocity of discharge. 

By formula (3) 



.=47-9^^ 



5780+54 X -5 
By formula (5) 



=5*8 feet nearly. 



.=v 



2380 X 170 X '5 1 ___5780___5.gj 
5780+54 X -5 12* 5780+54 x -5 



By formula (7) 



By formula (8) 



t;=y/ 



2380 X 170 X -5 1 ^^.g2 



5780 12 

It will be observed how very nearly these results correspond 
with one another. 

When d is expressed in inches, all the other dimensions being 
in feet, formula (2) becomes 



»=v- 






To find the quantity of water discharged. 

47. Let Q=the number of cubic feet of water discharged per 
second, (f=the diameter of the pipe in inches ; then 



<»=s'(A)'* 



42'' 
576' 



^A7«"^* • • • (10)' 
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l£q=the discharge in gallons^Tor 24 hours, then, assuming that 
there are 6'2322 gallons in 1 cubic foot, we have 

9=-^^^^ X 86400 X 6-2322 

=z29S6'S6(Pv . . .(11). 
Or, for convenience of calculation, we have in logarithms, 

log 5'=3-4678835 + 21ogd+log v. .. (12). 
Example, How many gallons of water would the pipe of 
Example 1. Art. 46., deliver in 24- hours ? 

Here, taking «?=5-8, d::^6 in., we have by eq. (10) 

5'=2936-86 X 6» X 5-8=613216 gals, in 24 hours. • 
Or by eq. (12) 

log 3^=3-4678835 +2 log 6 + log 5 8 =5-7876140. 
/. 5^=613210 gallons in 24 hours. 

To find the diameter of pipes. 
Substituting in eq. (10) the value oft? given in eq. (9), we get 

^=5-76"^V 7+4^> 
. ,^|175Wi(±4^ 

Or by logarithms, 

logrf=i{2-2450532H-21ogQ-flog(/+4-5rf)-logA} ... (14), 

where d is in units of inches, all the other terms being in feet. 

When the pipes are very long, or when d is small as compared 
with /, eq. (14) becomes 

log (f=i{2-2450532+21ogQ + log/-logA} . . • (15). 

The value of d can only be obtained from eq. (13) by successive 
approximation. Thus, when considerable accuracy is required, • 
the value of J must be first calculated by eq, (15), and then sub- 
stituted in eq. (14), which will give a first approximate value of 
c?, and this again substituted in eq. (14) will give the value of rf 
more nearly ; and so on to any degree of accuracy; but in general 
the first approximate value will be found sufficiently accurate for 
all practical purposes. 

U 4 
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Example. What must be the diameter of a pipe which shall 
deliver 25,000 gallons of water per hour, when the length of the 
pipe is 2500 feet, and the head of water 225 feet ? 

Here A=225, /=250O, and to find Q, we have 

No. gals, delivered per sec. = r^r — — r, 

60 X 60 

/. No. c. ft. delivered per sec, or q= - 



3600x6-232 
= ril45 nearly. 
Now from eq. (15), we have 

t^g fl?=^ (2-2450532-1-2 log M145-flog 2500-log 225} 
=^{1 •9850309+3-3979400} = 67659. 
.*. c?= 4-7489 inches. 
Now substituting this value of d in eq. (14), we get 

log fl?= J {l-9850309-flog(2500+4-5 x 4-7489)} 
= •6773311 ; /. c?=4-757 inches. 
Here it is not necessary to carry the approximation any further. 

48. The formula given by Weisbach for the flow of water in 
long pipes is 

A=(l-505+4)g...(l); 

from this equation, we get 

(2). 




where « is a quantity depending to a certain extent upon Vy viz., 

vv 
Here the valve of v must be determined by successive approxi- 
mations. 

Example. Taking the data of Example 1, Art. 46., we first 

assume i?=5-3; then from eq. (3) we find a=-01482H- 

\''5'3 
= •02263 ; and substituting this in eq. (1), we have 

^64^x170 ^^^^ 



v/ 



l-505-f-02263x^^ 
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Substituting 6*4 for v and going over the whole work again, we 
find v=6'5, which gives the value true to the first decimal place. 
This result is about ^ greater than that derived from eq. (3), 
Art. 46. 

For high velocities this formula gives the value of v in excess 
of the values derived from eqs, (3) and (5), Art.46. ; and the con- 
verse is the case for low velocities. Thus if v=2'25, rf=i, 
/=1000, eq. (1) gives A =4*34; and these values substituted in 
eq. (5) give t>=2*l7, where there is a difference of about ^. If 
/=100, the other data being the same, eq. (1) gives A=*542, 
which substituted in eq. (5) gives t?=2'2 nearly, where there is a 
difference of about ^V- ^ v=3, (1=^, /=100, eq. (1) gives 
^=1*62; and these values substituted in eq. (5) give f= 2*84, 
and in eq. (3) give t?=2*86, where the first value of v is in ex- 
cess of the last two values by about ^. If i?=l, c?=f, /=100, 
eq. (1) gives A='0918; and from eq. (5) we find t?=l'02, and 
from eq. (3) t?=l*05, where the two last values are in excess of 
the first value. 

Resistances op Water in passing through Contractions. 

49. Owing to the sudden change in the velocity of the current 
of water, a loss of vis viva, or accumulated work, always takes 
place at all abrupt alterations in the 
dimensions of the pipe. Thus let bc 
represent an abrupt alteration in the 
dimensions of the pipe abcd, then as 
the fluid in the smaller pipe has a *" ^, ~Y 

greater velocity than the fluid in the 
larger one, a sudden change of velocity will take place in the pas- 
sage of the fluid from the one pipe to the other, and this change of 
velocity will occasion a loss of accumulated work, in the same 
manner as when two inelastic bodies impinge upon each other. 

Let t?i=the velocity of the water in the pipe abcd; t7,=the 
velocity of the water in bepc ; W|=the weight of water discharged 
from ABCD per second ; and Wj =the weight of the whole mass of 
water in bcpe. 

Now after impact the mass of fluid W| moves on with the whole 
mass of w» in the pipe bcpe, with the common velocity r,; and 
moreover, it will be observed, that Wj is very great as compared 
with VTi ; hence we have from eq. (7), Art. 202., page 187. 

Work lost by the water in passing from the one pipe to the 

other ^^V^V, 
2g 
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Now if Ai=the head of water corresponding to this loss of 
work, we have 

Work lostasAiWi, 



AjW, 



__ (vx-v.y 



2ff 



w„ 



Ap 






(IX 



that is to say, the loss of head of water, Aiusma from a 

SUDDEN OHANOE OF VELOCITY, IS MEASURED BY A COLUMN OF 
FLUID CORRESPONDING TO THE LOSS OR CHANGE OF VELOCITY. 

Let 01= the area of the section of the pipe abcd; a2=the area 
of the section of the pipe bcfe ; and /3,=::the coefficient of resist- 
ance; then 



^i^(h 



— =~, and .% v,= -t7j 



substituting in eq. (1), we get 




Fig, 22. 



This theoretical deduction appears to agree very nearly with 
the results of experiment. 

50. When the passage from one pipe to the other is rounded off, 
as in the annexed cut, and the difference 
in the sections is not considerable, the 
loss of work, as shown by experiment, is 
very small. 

51. In like manner, when a con- 
traction takes place in a pipe, the 
loss of work is very much diminished 
by rounding off the parts, as shown in 
the annexed cut. Fig, 23. 

Example, The diameters of the pipes, as shown in^. 21., are 
5 and 10 inches respectively, and the velocity of the water in the 
larger pipe is 4 feet ; required the loss of head of water, and also 
the coefficient of resistance. 

Here -= -=^=4, and «,=4, hence we have from eq. (2) 




A.=(4-l)« 



2^^r^^^^'' 
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which is the loss of bead of water due to the abrupt alteration in 
the size of the pipe. From eq. (3), we have 

A=(4-l)»=9, 
which is the coefficient of resistance. 




Resistance op Water in passing through bent Pipes. 

52. The loss of work, in this case, is due to the change which 

takes place in the direction of the motion of the water ; and this 

loss of work, or what amounts to the same thing, the loss of head 

of water, in curved pipes, increases with the 

square of the velocity and also with the angle 

of deviation. Let ABandAC be the axes of 

the pipes ; o the centre of the arc e p forming 

the curve of the bend ; c ad the angle of divia- 

tion, which is obviously equal to the angle eop. 

Put 0=Z.CAD = Z.EOP; r=the velocity of 

the water ; then 

v^ 
the loss of head, h=e • — . — ... (1), Fig. 24. 

where e is not strictly a constant, for it is evident that, other 
things being the same, the loss of head will be diminished by in- 
creasing the radius of curvature, oe or op, of the curve forming 
the bend of the pipe. J£ r=oe and r=the radius of the pipe; 
then, according to Weisbach, 

tf=-131-hl-847r^V... (2), 

Thus for bends whose radius is 4 times the radius of the pipe 
c=-131 + 1-847 x(i7=-1455. 
then the latter part of this expression, viz., 1*847 



^R 10' 



( - j is less than '0006; therefore for all cases where R exceeds 

10 times the radius of the pipe, e=*131 ; for such case, therefore, 
we have 

loss of head, A=*131 . j^^ . — 



180 



==•000736^ . . 



(3). 
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Example, The diameter of a curved pipe is 6 inches, the angle 
of deviation 40**, the velocity of the water 8 feet per second, and 
the radius of the curve forming the bend 30 in. ; required the loss 
of head of water due to the resistance of the bend of the pipe. 

r 3 1 
Here ■■=qo~io' ^^^^^ ®^* (^) app^i^s to the present example ; 

83 
A loss of head=-00073 x 40 x r2T=-0292 ft. nearly. 

53. When the bend of the pipe has the form of a knee, as 
shown in^. 25., the loss of head is much greater ^^^^ ^^ 

than when the bend is curved: thus when the ^^^^^^::i 
bend is a rectangular knee, the loss of head ac« ||>:i 

cording to Weisbach is ^956 ^, which is nearly i|^|| 

equal to the height due to the velocity. "'' ' 

Fiff, 25. 



General Formula taking all the Resistances to the Flow 
OP the Water into Account. 

54. In addition to the resistances expressed in eq. (3), Art. 46., 
let /3i=the coefficient of resistance for contractions (see eq. (3), 
Art. 49.) ; /3,=the coefficient of resistance for bendings (see 
eq. (3), Art. 52., &c.) ; then we find after the method of deriving 
eq. (3), Art. 46., 

A=(e..+e,^)^-hg./3g.AgH-A^; 

=(e,t;+e,i^) ^+(l+/3+/3,+/3,)g . . . (1); 

where the constants, as assigned in Art. 46., are as follows : 
ei=00007; e,=-00042; fi='5; ft as given eq. (3), Art. 49. ; 
/32='000736 under the limitations explained in Art 52. 

Neglecting «, and putting e-2gx «3= -028 (see eq. (1 ), Art. 45.), 
we get 

A=(6^+14-/3+A+/3,)g...(2). 

From these equations v, q, &c., may be determined. 
Example. In the pipe of Example L, Art. 46., there are forty 
bends having each an angle of 50** deviation, with a radius of 
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curvature exceeding ten times the radius of the pipe ; required 
the velocity of efflux. 

Here by eq. (2) we have 

c=-028; /5=-5; i32x40 = -00073 x 60x40 = -0365 x 40= 1-46; 

/=5780; rf=-5; A=170; 



170 



=c 



170=326-64 x-~* 



.*. t7=5'7885 feet per second. 

SS. It will be feen from these calculations, that in long tubes 
the principal resistance to the flow of the water is that of friction ; 
it is therefore especially desirable that the constants of friction 
should be determined with the greatest precision. 

It appears to the Author that the general formula for friction, 
assumed in Art. 46>, is not sufficiently exact, and that the ex- 
perimental data would be more completely represented by the 
relation 

where the constants Cj, e^ and « have to be assigned by experi- 
ment. 



FLOW OF WATER IN RIVERS, CANALS, AND OPEN 
CHANNELS. 

Mean Velocity, &c. 

56. Let A BCD represent a longitudinal section of a stream or 
any channel not filled with water; de a horizontal line perpen- 
dicular to the verticals ad and 
be; DC=ly the length m feet; 
CE=A, the fall of the stream in 
feet for the length /; Z.CDe=6, 
the angle of the fall ; a=:the 
transverse section at bc in sq. 
ft, and v=its mean velocity; 
^=the wetted perimeter of the 




Fisf. 26, 



transverse section ; r=-, the mean depth, or, as it may be ihWed, 
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the mean radius of the section ; Q=:the no. c. ft. of water flowing 
through the section at bc per second ; then 

sin 0=7} the fall for each foot^ 

and Q=av. 

If Vj=the mean velocity at any part ad having the section ai ; 
then when the stream has attained the condition of permanent 
flow, we also have 

Q=aiVi; 
for in this case the quantity of water flowing through these sec- 
tions is the same ; 

V a, * 
Vi a 

57. Owing to the friction of the water against its banks and 
the bottom of its channels, the greatest velocity of the stream is 
at the middle of its surface ; from this point the velocity decreases 
towards the sides and bottom, where it is least. If t7=the greatest 
velocity, or the velocity at the surface, then, according to Prony, 

«,(t,+7-77) 
.«+ 10-33* 

Example, If «=4 ft ; then 

4(4 + 7-77) ■„», , 

When the Velocity op the Stream is uniform. 

58. When water flows in an open channel the velocity goes on 
increasing so long as the accelerating force exceeds the resisting 
force of friction ; but when these forces are equal to each other, 
by the principle explained in Art. 286., p. 237., the velocity of the 
stream becomes uniform. In this case, therefore, the head of water 
due to the fall must be equal to the column of fluid due to the 
resistance of friction ; hence we have, as in Art. 46. 

A=(ciV4-c,v2)p 

where e^, e^ are the coeflicients of velocity due to the resistance 
of friction. By an obvious reduction this expression becomes 



A=r»(vv* + /3v)-. 
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Or substituting - for r, we have 

Taking the constants in accordance with Ejtelwein's reduction 
of the ninety -one observations and experiments made by Du Buat 
and others, we have 

«=^55?5?^=-0001114, and /3=-2028. 

' 59. From this equation v may be found by the solution of a 
quadratic ; but the following method of approximation gives the 
value of y more simple and at the same time exact enough for 
practical use. 

By reduction, we get 



'('-?)*=Vfr 



zpi 

expanding by the binomial theorem, we have 



('+«)'='+.4-Kf)'-«» 



Now when v is not less than -^ we may neglect all the terms 
in this expansion after the second; hence by substitution, we 
get 






Substituting the values of the constants a and j3 as above given, 
we get 



T=94'7y/^_.I014 . . . (3). 



When T is considerable the last constant in this equation may 
be neglected, and in this case, we have 



r=94-7^^^...(4) 



pl 

For the number of cubic feet of water flowing through the 
channel per second, we have 
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£q. (1) substantially agrees with the formula given bj Ejtel- 
wein.* 

Reducing the constants taken by Prony to English measure, 
we find a = -000091 1, and /J=-48. 

Now substituting these in eq. (2) and reducing, we get 

which for ordinary velocities does not differ much from eq. (3). 

It appears that Prony's values of the constants were taken in 
relation to comparatively small streams. 

Example 1. Let a=*5, />=2, A=5, /=1100 ; required v and q. 

Here by eq. (3), we have 

which is the mean velocity of the stream. 

And by eq. (5) 

Q='5 X 3-08 = 1 '504 cubic feet, 
which is the discharge of water per second. 

Again by eq. (6) we have 

^='°' V2So-24=3-2« f-*' 
which does not differ much from the result before found. 



When the Velocity op the Stream is accelerated. 

60. In this case the work due to the fall of the stream for a 
given distance will be equal to the work destroyed by friction 
together with the work accumulated in the water for that 
distance. 



* Experimentalists hare assigned different values to the constants in these 
equations ; bat this circumstance does not affect the general formulas given in 
eqs. (2) and (5). 
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Let G, g be the centres of gravity of the sections (see^^. 26., 
p. 301.) ; draw the horizontal line gp ; then p^ will be the fall of 
the water for the distance dc ; but when 
the depth of the stream does not relatively 
vary much, then vg will be nearly equal 
CE, that is, the fall of the centre of gra- 
vity of the stream will be nearly equal to 
the fall of its surface. Put v„, Vo=the 
mean velocities of the stream at the sec- 
tions BC and AD respectively ; a^ ao=*^c areas of these sections ; 
Q=the number of cubic feet of water flowing through the channel 
per second ; tr=the weight of cubic foot of water. Let the length 
DC of the stream be divided into n equal parts, de=eg= . . . =rc, 
and let a„ a^y . . be the areas of these sections as shown in the 
annexed cut, Vj, Vq, . . . the mean velocities of the stream at these 
sections, and J»i, />2> • • •» Pm ^^ mean wetted perimeters ; Ai, Aj* 
. . ., A^=:the falls of water in the portions dp, eh, . . ., rb re- 
spectively; A=the total fall from ad to bc. 

Now for the portion dp. If the stream flowed through dp with 
the velocity Vq, the mean perimeter of the channel being />i and 
the mean section ^(ao + ^i)> we should have by Art. 45., 



Work due to friction = a Vo^t-t-^ 






H(«o+«i)'*' 
and if it flowed with the velocity Vj, we should have. 



Work due to friction = a Vi^; 



P\ 



I 

-XQtr; 



i(«oH-«i)« 

but the former expression is less than the true amount of work, 
while the latter is greater than it is, hence the mean of these 
results will give the work approximately. 



Work due to friction = 



n («oH-«i) 



(Vo' + Vi2)xQW, 



.0^ 

On 



butVo=;^, and Vi= 



.*. Work due to friction = - — . — ^ — ( —:, + — s ) X Qt 

n ao-i-ai\ao ^i V 

By eq. (1), Art. 49., we have 



Work accumulated at ep=- 



XQW, 



2ff 
Work due to the fall of water= Ai x qw. 
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Now we have 

Work due to the fall = Work accd. in the water -f- Work due to 
friction ; 

In like manner, we find 

&c.=&c. 
Now A=A,4- ... +/*„ ; hence we get by addition, 

If »= 1, then we simply have 

From this equality Q is readily determined. 

In a prismoidal channel, we may assume, as a sufficient ap« 
proximntion to the truth, the surface line of the water to be 
straight ; and then, from this assumption, the sections a^, a,, &c., 
with their perimeters j»i, ^j, &c., may be calculated by geometry 
when the extreme sections a„, a^ are given. To determine h from 
eq. (4), therefore, we must have given v, Q, Vq, a^ I, and the form 
of the transverse section of the channel : for from v and q we may 
find a„ and consequently p^ ; from Oq we may find p^ ; and then 
from a^, p^ Oq, p^, and /, we may find the equidistant sections aTi, 
a„ &c. with their perimeters pi, pj, &c. 

Example 1. A stream has a fall of '81 feet in 300 feet, the 
upper transverse section contains 70 sq. feet, that of the lower 
section 60 sq. feet, and the mean perimeter 42 feet ; required the 
quantity of water, q, flowing through the channel per second. 

Here «=1, A=-81, /=300, Oq =70, «i=60, J0i=42, « = 
0001 11 4, see Art. 58. ; hence we have from eq. (4), 
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And the mean velocity at the lower section =—=-^^=6 feet. 



THE BEST FORM OF THE TRANSVERSE SECTION OF A 
STREAM. 

61. The best form of the section must be that which presents 
the least resistance to a given quantity of water flowing through 
the channel. Now it has been shown, Art. 45., that the resist- 
ance of friction varies directly as the perimeter and inversely 
as the area of the section, and when the area of the section is con- 
stant it will vary directly as the perimeter ; consequently the best 
form of the section will be that which has the least perimeter for 
a given area. Hence, the circle, and regular figures with a con- 
siderable of sides, are best adapted for the form of the transverse 
section of closed currents ; but in open channels the upper water 
line must not be included in the perimeter. Of all rectangular 
forms of sections the half square abcd is the best for open 
channels ; of all circles the semicircle acb is best; and of all tra- 
pezoidal sections the semi-hexagon abod is the best; and so on 




P C=r^_3.^= = 



Fig, 27. Fig, 28. Fig, 29. 

to the Other cases. But for equal flows of water the semi- circle 
will have less friction than the semi-hexagon, and this latter less 
than the semi -square. 

Now in canals which are not walled, the slope of the sides 
depends on the nature of the materials through which the water 
flows ; hence the following problem becomes important : 

To determine the best form of a trapezoidal section of a canal 
when the slope of the sides is given, 

X 2 
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62. Let A BCD be the section ; put 
x=zAB the breadth of the bottom ; 
y=BE the vertical depth ; 
6=:Z_CBE, the given angle which 

the side makes with the 

vertical ; 
a=the given area of the section abcd. 

Perimeter = A b -f 2 b c 

=x+2 sec dy ; 

but we have for the area of the section, 

ary-f tan 6y*=a; 

... ^^ «-tanfly« 

y \ /' 

therefore by substitution, we have 

. ^ a— tan 6y'^ ^ ^ 
Perimeter=: =^ + 2 sec Oy=A minimum. 



By differentiation, &c., we get 

a a cos 6 



r/2=- 



"2 sec 0— tan 2— sin 



.(2), 



whence the perpendicular depth be is determined, and this value 
substituted in eq. (I) will give the breadth of the bottom ab. 

Example, Required the dimensions of the transverse section of 
a canal whose banks have a slope of 45° with the vertical, and which 
is to conduct 108 cubic feet of water per second, with the mean 
velocity of 3 feet. 

Here 6=45^ and a c= 5= 1^=36 sq. ft. 

V o 

, 36 008 45" ,n^ , . , .^ 
••• y= 2-sin45° = '^■^' ""^ y='*'* ^'•^''^- 

Substituting these values in eq. (1), we find 

a?=3*7=AB the breadth of the bottom. 



Greatest Velocity of Water in Canals. 

63. The velocity of a stream should not be so slow as to allow 
the channel to be choked up with weeds and depositions of slime 
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or sand. A velocity of ^ to | of a foot is requisite for preventing 
the deposition of slime, and from 1 to 1 J feet to prevent the de- 
position of sand. On the other hand the velocity of a stream 
should not be so rapid as to wash away the material composing 
the channel. The maximum velocity of the stream depends upon 
the nature of the material forming the bed of the channel. On a 
slimy bed the mean velocity should not exceed ^ foot ; on clay ^ 
a foot ; on sand 1 foot ; on gravel 2 feet ; on conglomerate 5 feet ; 
and on stone 10 feet. 



General Remarks relative to Water Pipes. 

64. An enlargement should be made in the pipe at the part of 
ingress as well as egress ; and when any change takes place in the 
diameter of the pipe, the parts at the junction should be rounded 
off. - See Arts. 31. and 50. 

65. It may be advantageous to increase the size of the pip^at 
any considerable bendings. 

66. When different streams of water meet, they should if pos- 
sible have the same velocity. 

67. At junctions the currents should be made to flow on 
together as nearly as possible in the same 
direction, and therefore at such junctions the 

smaller pipe should be curved as in the accom- \^ vV ^ 

panying figure. =^^_^ 

68. When a pipe receives a considerable ac- 
cession of water from any branch pipe, the main pipe after this 
accession may be enlarged with advantage so as to maintain the 
velocity of the fluid unchanged ; at the same time, excepting in 
extreme cases, there would not be much additional loss occasioned 
by having the main pipe of the same dimensions throughout its 
length. 

69. At all considerable rises a provision should be made for 
clearing the pipe of air. Thus at the bending 

B, the ain which is time after time disengaged ^ 

from the water, will accumulate, and unless ^^^^^ 

some provision is made for its escape it will >^®^'***'^*'^'^k 

obstruct the flow of the current. ^^ ^^. 

70. Piezometers or pressure gauges are /r,^, qq, 
very useful for ascertaining the place in a pipe 

where an obstruction may have occurred. They also afford data 

X 3 
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for determining the coefficient of re- ..., ..> 

sistance to the motion of the water. ^^ 

Let piezometers be placed at c and M^ _..| 

e; and let cb=« the height of the ^^^^fesijz£ir 

column of water in the tube ; ch=A ^^^^a^^a 

the fall at c; ed=2?i the height of j^^ 33, 

the column at £ ; ersA, the fall at e ; 

/=AC the length of the pipe at c; /i=ce the length of the pipe 

between c and £ ; then we have 

The loss of head at c=bh=A— «, 
but the loss of head, due to the resistance of ingress and friction, 
is given in eq. (1) Art. 45., 

whence z is readilj determined. 
In like manner we have 

hence we have by subtraction, 

«j27"^*~*^'*'^"'^* • • • (2); 
from this- equation the coefficient of resistance, e, is readilj deter- 
mined. 



CHAP. XXL 

ON HYDRAULIC ENGINES. 
WORK OF WATER WHEELS. 



71. When a stream of water reaches the paddles of a wheel 
which has a certain velocity, the work imparted to the wheel by 
the water is expressed by eq. (5) Art. 41. ; but if the water 
descends with the paddle there is an additional portion of work 
done on the wheel due to the mean vertical space h through 
which the water falls ; hence we have 
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Work applied to the wheel per sec. = ^ {v^— (v— v,)^} + wA. 

Now this work applied must be equal to the useful work, u, 
which the wheel does, added to the accumulated work, remaining 
in the water after leaving the paddles. If ¥3= the velocity of 
the water after it has left the paddles, then the work remaining 

xy V V 3 

in the water will be equal to — ^ — ^5 hence we have, 

.% u=wA+g{2vv,-v,2-V32} . . . (1), 

which is the general expression for the work done by a water- 
wheel. 

We here suppose that the water impinges upon the paddles 
perpendicularly. 



Work of Undershot Wheels. 

72. In this case the water has no perpendicular fall, and the 
velocity of the water upon leaving the paddle is the same as the 
velocity of the paddle itself; hence we have /*=0, V2=Vi, and 
then eq. (1), Art. 71., becomes 

u=:J(v-Vi)Vi...(2); 

or, we have, by introducing m a constant coefficient to be deter- 
mined by experiment, 

U = -y<V-Vi)V, ...(3), 

where iw=*6, according to Morin's experiments. 

73. To find the relation of v and Vi so that the useful work of 
the wheel may be a maximum. 

Now eq. (3), may be written as follows : 

'^=y^{iV*-(iT-V.)'} . 

where u is evidently a maximum when 

^v— Vi=0 ; or when Vi= J v, 

that is to say, when the velocity of the wheel is one half the velocity 

of the water, 

X 4 



Digitized by VjOOQIC 



312 PRINCIPLES OP MECHANICAL PHILOSOPHY. [PART V. 



Work of Breast Wheels. 

74. In this case the height h of the fall is the vertical height of 
the point at which the water meets the paddles above the point 
where it leaves them ; and as in the foregoing case Y2='^i » hence 
eq. ( 1 ), Art. 71 , becomes 

u=wA-|-^(v-.v,)Vi . . . (4) ; 

or introducing the constant m^ 

u=»iw|A + -(v-vOvi|. . . (5), 

where »i='74, according to Morin. 

Theoretically the maximum work takes place, as in the fore- 
going case, when Tj=^y. But Morin found, by experiments, 
that the efficiency of the wheel is not much affected by changes in 
its velocity. This is owing to the circumstance that the useful 
work is principally dependent upon the term wA, see eq. (4), and 
not upon the other term in the formula which alone is affected by 
the velocity of the wheel. Hence the great advantage of this 
wheel is, that it may be worked, without materially impairing its 
efficiency, with velocities varying from -J^v to §v. 



Work of Overshot Wheels. 

75. In this wheel the mean vertical height A, which the water 
falls, is nearly equal to the diameter of the wheel, and as in the 
case of the breast wheel, V8=Vi ; hence eqs. (4) and (5), Art. 74. 
also apply to overshot wheels. But in this case, in= '78. 



Work op Poncelet's Undershot Wheel. 

76. In the common undershot water wheel, the paddles are flat, 
whereas in Poncelet's wheel they have a curved shape, ab ; ® 

so that the direction of the curve at a, where the water y 
first meets the paddle, is the same as the direction of the ^ 
stream. By this ingenious contrivance, the water rolls ^9' 34. 
up the curved incline ab, without meeting with any sudden ob- 
struction calculated to occasion a loss of work. The channel has 
a depression at the point where the water falls from the paddles. 
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Let V be the velocity of the stream, and v, that of the wheel, then 
since the point a of the paddle is moving away from the stream, 
the water will flow upon the paddle with the velocity v— Vi, and 
will continue to run up the curved incline until it has lost its 
motion, it will then descend, acquiring in its descent the same 
velocity as that which it had in its ascent, but in a contrary direc- 
tion. If the wheel were not moving v— Vi would be exactly the 
velocity of discharge from right to left, but the paddle is moving 
with the water from right to left with the velocity Vi, therefore 
the absolute velocity of the water upon leaving the paddle 
will be V— Vi--Vi=v— 2vi. 
Now we have in this wheel the following relation : 
Accd. work in the water = Work done on the wheel •+ Accd. 
work in the water after leaving the paddles. 

. wxv*__ w(v — 2vi')* 

.-. u=— (v-vOv, ...(6). 

Comparing this expression with eq. (2), Art. 72-, we find that 
the work performed by Poncelet's wheel is double that of the 
common undershot wheel. 

By Art. 73* we find that there will be the greatest work done 
when Vi=^v. This conclusion may also be established by the 
following mode of reasoning : — 

All the work will have been taken out of the water, when its 
motion upon leaving the paddle is nothing, that is, when v— 2vi=0 
or v=2 Vi- In this case, the water having lost all its motion, will 
simply drop from the paddle, and the work done upon the wheel 
will be equal to the work accumulated in the water of the stream. 
Moreover, it appears that this maximum condition is fulfilled when 
the velocity of the stream is double that of the wheel. However 
the distinguished inventor states, that, in practice, the velocity of 
the water, in order to produce its maximum effect, ought to be 
about 2^ times that of the wheels and that then the modulus of 
the wheel is about '7. 



BARKEB'S MILL, OR THE REACTION WHEEL. CENTRI- 
FUGAL PUMP. PUMPS. 

77- In the best form of the reaction wheel, the vanes or arms 
are curved and the water is projected from them in lines forming 
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tangents to the circle described by the orifice. The velocitj of 
the issuing fiuid depends upon the pressure of the water in the 
upright pipe and the rate at which the wheel revolves. In giving 
the theotj of the reaction wheel we shall first suppose that there 
is no work lost in the passage of the water through the pipes or 
channels from friction, &c. It will be necessary that we should 
first consider the work accumulated in water at its discharge 
from a revolving horizontal pipe. 



Work accumulated hy a Centrifugal Force* 

78- Let w=^i\kQ weight in lbs. of a portion of fiuid at the dis- 
tance X from the axis of motion, t;=the angular velocity of the 
arm in feet per second ; r=the radius of the circle described by the 
orifice at which the fiuid is discharged, and v=the velocity of this 
point; then from eq. (2), Art. 289, we have 

Centrifugal force acting on w at x, or p= . 

This expression shows that the pressure upon the fluid, result- 
ing from the centrifugal force, varies with the distance from the 
centre of motion or the vertical axis of the arm. b 

Now let AC represent the arm of the wheel ; a the 
axis; AC=r; AB=x; bd=f the pressure pro- 
duced at B by the centrifugal force. Through ab 
draw AE ; then this line will be the locus of the « g- 

pressures. Draw ce parallel to bd; then the 
area ace will represent the units of work, tiy done by the cen- 
tripetal force in moving w from a to c (see Art. 33. p. 24.) ; that is 

t^=:area ace 

= ^ACXCE, 



but AC3sr, CE^ centrifugal pressure at e= 



v^wr 



9 



/—I 



rx 



v^wr_{vrYw 



^ 9 ^9 

but »r=v, 

this expression shows, that the velocity of discharge is equal to 
the velocity of the orifice, and that the pressure of discharge is 

due to the height ^. 
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Babkeb's Mill, ob the Reaction Wheel. 

79. Let v=the velocity of the effluent stream due to the pres- 
sure of the water in the vertical pipe as well as that which is due 
to the centrifugal force ; t7i=:the absolute velocity of the water 
after discharge; w=iihe weight of water discharged per second; 
Ui=the useful work done per second; h=the height of the water 
in the vertical pipe above the orifice of discharge ; then 

Work at efflux = work due to the pressure of the vertical 
column-!- work due to the centrifugal force ; 

/. v= '/v2+2^A. 

Now the effluent water is projected in a direction contrary to 
that in which the orifice of the arm is moving, 

.% t7, = t7— V 

= \/vH2^-v. 
We now have, 

Useful work = Work due to the pressure of the vertical column— 
Work remaining in the water after efflux ; 

... „ _«,A-^ 

to , 

=-(^/v2-h2^A-v)v •.. (1). 

Here the useful work increases with v, the velocity of the 
arm ; for by the binomial theorem, we have 

v?r^=v(, +?|r*)'=<> +f?-f^+*-)i 

wfgh g^h^ , . \ 

=iwh when v=x; 

that is to say, the useful work is equal to the whole work applied 
when the velocity is infinite. 

But as the velocity of the wheel increases, the prejudicial resist- 
ances, arising as well from the friction of the water as the friction 
upon the axis, also increase; and consequently the maximum 
effect will take place for some definite velocity, which in general 
will be found to be considerable. This condition of maximum 
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efficiency is rather unfavourable to the working of the machine ; 
however for certain mean velocities of rotation, the modulus of 
the machine does not differ much from that maximum effect, as 
the following illustrations will show : 

Suppose the machine to be loaded so that r^ shall be equal 
to 2ghy or that the velocity of rotation shall be equal to the velo- 
city due to the pressure of the column of water; then eq. (1) 
becomes 

y J, 

=:2( x/2 ^ I) wh= 828 wh ... (2) 

where, in this case, -828 is the modulus. 

Supposing Y^=zSgh, we in like manner find the modulus to be 
•944. 

Hence it appears, that these wheels have a considerable modultiSy 
when the velocity of rotation exceeds the velocity due to the height 
of the fall. 

In the foregoing calculation no allowance has been made for 
the coefficient of efflux or for the loss of work occasioned by the 
passage of the water through the pipes or channels. According 
to the experiments of Morin the modulus of the best reaction 
wheels does not exceed '75. 

80. In order to diminish the friction upon the axis, the water 
is sometimes transmitted by a pipe which descends beneath the 
wheel and then turns vertically upwards. The vertical axle, in 
this case, is hollow and fits on to the extremity of the supply pipe 
with a stuffing box. In this construction the upward pressure of 
the water must be equal to the weight of the wheel, so that ^ the 
pressure upon the axis may be nothing. To calculate the propor- 
tion of the parts of this machine. Let w=the weight of the 
wheel; r=the radius of the supply pipe; A=the head of water; 
t£7=the weight of a cubic foot of water ; then we have 

Upward pressure water =7rr^Aw; 

but this must be equal to the weight of the wheel, 

,'. 7rr*Aw=w; 



V rrhw 



(3). 
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The Centrifugal Pump. 

81. In this machine water is raised by means of the centrifugal 
force given to the water in a curved vane or arm, proceeding 
from the vertical axis. The dynamical principles of this machine 
are precisely the same as those of the reaction wheel. But they 
differ in their objects : in the latter machine a fall of water gives 
a rotatory motion to a vertical . axis ; in the former a rotatory 
motion is given to a vertical axis with the view of elevating a 
column of water; in both machines the centrifugal action con- 
stitutes the characteristic feature. The formula (1), Art. 79., 
given for the reaction wheel, with slight modifications, will apply 
to the centrifugal pump. 

Let u=the work applied per second in giving motion to the 
vertical axis ; A=the height to which the water is raised or the 
distance between the level of the water in the well and the orifice 
of discharge ; and so on, as in the rotation for the reaction wheel. 

Now, in this case, we have 

Work at efllux--=:work due to the centrifugal force — work in 
raising the water ; 
hence we find, as in the case of the reaction wheel, 



vr=.^/y^-^2gh'y 



We also have 

Work applied=work in raising the water -f- work remaining in 
the water after efliux ; 



v=iwh-^ 



24 



^g 



^-{Y^ V/V2-2^A)V . . . (1). 

In this case the useful work is expressed by u,=m7A. Let m be 
put for the modulus of the machine ; then 



M = ~ 

u 



^* .(2). 



(Y-^Y2^2gh)y 

It may be shown, as in the case of the reaction wheel, that m is 
a maximum, or equals unity, when y is infinite. 
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As in the case of the reaction wheel, let v2=2^A ; then from 
eq. (2), we get 

2gh 
Let v'=4^A ; then 

gh 1 



,=•85. 



{^/^h^^2gh)^/'^h 2(2- ^^2)' 
Let v»=6^A ; then m=-9. 

Hence it appears that the centrifugal pump has a considerable 
modulus when the velocity of rotation exceeds the velocity due to 
twice the height of the column of water raised. To obtain the 
same theoretical modulus in this machine as in the reaction 
wheel, the velocity of the former must be about double the velo- 
city of the latter. 

82. The experiments, conducted at the Great Exhibition, on 
Appold's Centrifugal Pump, with curved arms, gave the maximum 
modulus *68. But when the arms were straight and radial, the 
modulus was as low as *24 ; showing the great advantage of 
having the curved form of the arms, which causes the water to be 
projected in a tangential direction. 

On this subject Professor Moseley observes in his report : — 

" If the vanes be straight, it is evident that whatever may be 
the velocity of the water in the direction of a radius, when it 
leaves the wheel, its velocity in the direction of a tangent will be 
that of the circumference of the wheel, so that the greater the 
velocity of the wheel, the greater will be the amount of vis viva 
remaining in the water when discharged, and the greater the 
amount of power uselessly expended to create that vis viva. 

** If, however, the vanes be curved backwards, as regards the 
motion of the wheel, so as to have nearly the direction of a tangent 
to the circumference of the wheel at the points where they inter- 
sect it, then the velocity due to the centrifugal force of the water 
carrying it over the surface of the vein in the opposite direction 
to that in which the wheel is moving, and nearly in the direction 
of a tangent to the circumference, will — if this velocity of the 
water over the vane in the one direction be equal to that in which 
the vane is itself moving in the other — produce a state of absolute 
rest in the water, and entire exhaustion of vis viva. And in 
whatever degree the equality of these two motions — of the water 
in one direction over the vane, and of the vane itself in the oppo- 
site direction — is attained, in that same degree will the water be 
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delivered in a state approaching to one of rest. The expedient of 
curved vanes is adopted in Mr. Appold's pump. 

" With regard to the admission of water to the wheel, it is ob- 
vious that it should pass directly from the suction-pipe into the 
wheel without the intervention of any reservoir in which the vis 
viva of the influent stream — communicated in the act of rising 
through the pipe — may expend itself, and that such space should 
be allowed at the centre as not to alter the dimensions of the 
influent stream. It would further seem expedient, by means of 
properly-constructed channels, to divide the water into separate 
streams, and to give to these divergent streams such curvatures as 
would facilitate their entrance upon the channels formed by the 
vanes ; as in the turbine, or in the reaction wheels. 

" It is obvious that the tendency of the centrifugal force con- 
tinually to increase the velocity of the water over the vanes as it 
recedes from the centre, cannot take effect in respect to all the 
particles of water in the same section, unless the sections of the 
channels diminish. If they do not, some of the particles of water 
in each section must be continually retarded, and power be use- 
lessly expended in producing this retardation ; whilst the current 
cannot but suffer from it a disturbance destructive of its vis viva. 

" This diminution of the sections of the channels might probably 
best be effected by giving to the sides of the wheel the forms of 
conical discs -, an expedient which is adopted in Mr. Lloyd's blow- 
ing-machines, and in Mr. Bessemer's centrifugal pump. 

" The communication of motion to the water of the reservoir in 
which the wheel revolves, and into which the water is discharged, 
should by every practicable expedient be avoided ; and for this 
object the water should be kept as much as possible from the sides 
of the wheel. This is effected in Mr. Appold's pump,, by fixing 
the wheel between two cheeks which project from opposite sides 
of the reservoir. . The velocity with which the wheel must be 
driven depends upon the height to which the water is to be raised. 
Beyond a certain height this velocity is practically unattainable. 
But long before this limit is reached, it becomes inconsistent with 
an economical application of the power which drives the pump. 
It is probably therefore only in comparatively small lifts, where a 
large quantity of water is to be discharged, that the centrifugal 
pump will be found useful." 

Pumps. 
83. The proportion of the parts of a pump, as in every other 
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engine, should be determined by the principle of the equality of 
work, that is, in the present case, the work applied to the piston 
should be equal to the work in raising the water. 

In the common pump. Let A=the area of the piston ; /=the 
length of the stroke ; As=the vertical height of the bottom of the 
barrel above the surface of the water to be raised ; Ai=A + /=the 
vertical height of the pipe by which the water is discharged from 
the water to be raised ; ii7=the weight of a cubic foot of water ; u 
=the work applied at each double stroke; m=the modulus of the 
pump ; then by Art. 169., page 157., 

Work in raising the water into the barrel = A /m? (A f 1 • • • (0> 
„ „ from the barrel =aIw x^l; 

.\ Total work=A/ir(A+i/)-hA/tt;xi/=A/w(A-f /), 
/. mv==A.lw(h-]-l)=Alwhi . . . (2) ; 

which gives the length of the stroke when u, A, &c., are given. 

84. In the case of the forcing pump, let hi=the vertical height 
of the nozzle by which the water is discharged from the bottom of 
the barrel ; then we have 

Work of the downward stroke=A/M?(Ai— ^/), 

which added to eq. (1), gives 

Total yfOTk=Alw{h-\-^l)-\'Alwi^hi-^l) 

=a/w(A + Ai), 

.*. mv=Alw(h-\-hi) . . . (4), 

Aw{h + hi) ^ ^ 

85. The pump, although simple in its construction, is far from 
being an economical machine for raising water. According to the 
experiments of Morin, its modulus rarely exceeds '45. This loss 
of work chiefly depends upon the following causes : 

1. On the large size of the barrel of the pump as compared with 
the suction and force pipes. See Art. 49. 

2. On the form of these pipes where they join with the barrel, 
or at their extremities. See Arts. 50. and 31. 

3. On the small size of the valves. See Art. 51. 

4. On the want of a due attention to the proper proportion of 
the parts of the pump (see Art. 84.) ; and the rate at which it is 
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worked, which occasions a loss of work hj giving an unnecessary 
motion to the water in its passage through the barrel and the pipes. 
If more work be done upon the piston than is requisite for raising 
the water, that excess of work becomes accumulated in the water, 
which in the pump, as it is usually constructed, is lost. 



77ie Pump with Suction Air Chamber, 

86. A pump of this kind was exhibited by Mr. Self in the 
Agricultural Department of the Great Exhibition. The pecu- 
liarity of its construction consists in having an air chamber added 
to a common suction pump ; this air chamber communicates with 
the suction pipe immediately below the barrel. In working the 
common pump the sudden jerk, which it is desirable to give to the 
piston at the commencement of the stroke, not unfrequently sepa- 
rates the piston from the water in the barrel, and thereby causes a 
vacuum to be formed, into which the external air is almost sure to 
find its way. Now the suction air chamber is calculated to remedy 
this evil, as well as to save the work accumulated in the water. 
On this subject Professor Moseley observes in his report : — 

" It is immaterial in what proportions this work is distributed 
over the stroke, or under what varying degrees of pressure it is 
generated, provided that the pressure never exceeds that of the 
atmosphere on the surface of the piston. If this pressure be ex- 
ceeded, the piston may separate itself from the water beneath it in 
the barrel, the pump drawing air ; and this is more likely to occur 
at the commencement than at any other period of the stroke, the 
motion of the water at that point being necessarily slow. 

" To communicate a finite velocity to the water at the com- 
mencement of the stroke, or while the space described by the 
piston is still exceedingly small, requires a much greater pressure 
than afterwards ; and the greater, as the section of the suction pipe 
is less, as compared with that of the barrel, and as the lift is 
greater. Thus at the commencement of the stroke a finite velocity 
of the piston can only be obtained by an extraordinary effort of 
the motive power associated with the chance of drawing air and of 
a shock, if the pressure be suddenly apjplied. A remedy for some 
of these evils in the working of a pump has been sought in the ap- 
plication to it of a second air vessel, communicating with the 
suction pipe immediately below the barrel, or with the top of the 
suction pipe and the bottom of the barrel. The commencement of 
each stroke is eased by a supply of water from this air chamber to 

Y 
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the space beneath it. The influx of the water into that space is 
aided by the pressure of the condensed air in the air chamber, and 
when the stroke is completed, the state of condensation of this air 
is, by the momentum of the water in the suction pipe, restored, 
causing it to rush through the passage by which that pipe com- 
municates with the air chamber. Thus, by this contrivance, the 
surplus work, which remains in the water of the suction pipe at the 
conclusion of each stroke, is stored up in the compressed air of the 
air chamber, and helps to begin the next stroke of the piston. 

" The nature of this action will be best understood from that of 
the hydraulic ram. The contrivance constitutes, indeed, in some 
respects, a union of the action of the ram with that of the pump ; 
and, besides accomplishing the object for which it was applied, 
appears to have the effect of considerably economising the power 
employed in working pumps." 



CHAP. XXII. 

PRESSURE AND DENSITY OP ELASTIC FLUIDS GENERALLY. WORK 
IN THE EXPANSION OP ELASTIC FLUIDS, ETC. 

Pressure of the Atmosphere, 

87. The pressure of the atmosphere is determined at any time 
by the height of the column of mercury in the tube of the baro^ 
meter. (See the Author's Hydrostatics, &c. published in Gleig's 
Series.) 

Let A = the height of the column of mercury ; K=the no. sq. in. 
in the section of the tube ; 13568 oz. or 848 lbs. = the weight of a 
c. ft. of mercury at the mean temperature ; jo=the no. lbs. pressure 
of the air on sq. inch of surface ; then 

Pressure of the atmosphere on e sq. in.sp x e, 

Weight of the column of mercury = y=-^ x 848. 

But the column of mercury balances the pressure of the atmo- 
sphere ; 
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^ 848 , 53 , ,,v 

^=l728><*=108^---(^>- 

•*• j»=iA, very nearly; 

hence it appears, that the pressure of the atmosphere in lbs. per 
square inchy is very nearly equal to one^half the column ofmer^ 
cury in the barometer tube in inches. 

The column of mercury in the barometer varies in this country 
from 28 to 31 inches; therefore the mean column is 29*5 inches; 
and by the foregoing result the mean pressure of the atmosphere 
will be about 14*7 lbs. per sq. in. 

The elasticity or pressure of air is inversely as the space which 
it occupies. 

88. This law of elasticity was first proved by Marriotte in the 
following manner. 

Experiment. Take a bent tube, hear, closed at r; introduce 
a little mercury, so as to make it stand at the same 
level EA in both legs of the tube; let the space ar, 
occupied by the inclosed air, be divided into equal 
parts ; pour mercury into the tube until the volume 
of air in AR is reduced to cd; then it will be found, 
that when c R is one-half a r, the column of mercury 
DH, producing this compression, is about 30 inches, 
or a column of mercury which balances the pressure 
of the atmosphere; that when CR is one-half ar, or 
when the volume of air is reduced three times, the 
column of mercury, dh, is twice 30 inches; and 
so on, thereby proving the law of elasticity just ex- 
plained. 

89. If p be pressure of a given volume v of air, to find the 
pressure Pi of this air when its volume is Vi- 

Here by Marriotte*s law, we have 

Pressure air at v volumesssp, 



F^f, 36. 



1 



=PXV, 



PXV 



that IS, Pi = •••(!) 

or, PXV=PiXV, . . . (2). 

Y 2 
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Law of Expansion of Gases by Heat, 

90. The following experimental laws were discovered by Graj 
Lussac and Dalton: Ist. All gases, under the same pressure, 
expand uniformly for equal increments of temperature ; 2nd. 
The expansion due to the same increase of temperature is the 
same for all gases ; and Srd. The expansion of a given volume of 
gas at freezing point, or 32®, is ^ij^ih part of this volume for 
every degree of temperature. 

Let i;=the volume of gas at 32% and y=the volume at t 
degrees; then 

Increase of temperature above 32°=^^ 32. 

Increase of volume for 1 degree=2g^. 

for (^-32) degrees=^(e-32). 

Let V be the volume of air at t temperature, and Vi the volume 
of the same air at ti temperature ; then 



hence we have by division, 

V 45S + t 



.(2). 



Vi 458+^1 '.* 

91. When the volume of a gas remains the same^ its increase of 
pressure is in proportion to the increase of temperature. 

Let V be the volume of the gas at 32*^ and j9 its pressure ; v the 
volume of the same gas at t degrees when the pressure remains 
the same, and p its pressure when the volume remains the same ; 
then 

but by Marriotte's law, we have 

VXT=YXpy 

and by multiplying these equalities together, and reducing, we get 
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r=|o(458 + 0...(l). 

Comparing this with eq. (1), Art. 90., it will be seen that the 
relation of pressures is expressed by the same law as the relation 
of volumes. 

In like manner, we have 

p_4^^ 

92. Given the weight w lbs. of a cubic foot of gas at t tem- 
perature, to find the weight, w^, of a cubic foot of the gas when 
the temperature ia t^. • 

Let V and Vi be the same quantity of air at the temperatures t 
and ^1 ; then 

V w. 
V X w= Vi X Wiy or — =— i ; 

\ ■ . Yy to 

substituting in eq. (2), Art. 90., and reducing, we get 

Now if we take If oz. as the weight of a cubic foot of air at 
60°, the barometer having a mean height, we have by making 
^=60, and tt?=lf in eq. (1) 

518 : .^ 633-r. 



458 + ^1 ® 458- +^1 
- ^^'^^ lbs. . . . (2), 



458-f-^i 

which gives the weight of a cubic foot of air at ti temperature. 

It has been found from . expieriraent, that the density of steam, 
in contact with the water from which it is raised, is always ^ of 
the density of atmospheric air at the same pressure and tempera- 
ture; hence we have for the weight Wi of a cubic foot of steam 
at ti temperature - 

If Vi be put for the volume of a cubic foot of water in the form 
of steam at ti ; then 

_ wt. c. ft. water _ 5 39-57 

^^~wt. c. ft. steam" * * 8*458+^^ 

Y 3 
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=2-527 (458+^0 ... (4) 
=2^(458+^1) nearly, 

which express the number of times that the volume of the steam 
is greater than the volume of the water from which it is raised. 
If the water be at the boiling point, or ^i=212% then from eq. 
(4), we find ri = 1693, or 1700 nearly. 

93. To find the relative volumes of a gas at different tempera- 
tures and pressures. 

Let V be the volume of the gas at 32^, and p its pressure ; y' 
the volume of the same gas at t temperature the pressure remain- 
ing the same ; then 

Now suppose this gas to change its volume from v' to v, and 
let p be pressure at this new volume, then we have by Mar- 
riotte's law 

p X v=p X v', 

eliminating v' between these equations, we get 



similarly, we have 






hence we have by division 

v^458+Y P, 

Vi 458+^1 ^ p • • • U; 

vxp 458-f-^ ,^. 

or = r?s-~ . . . (2), 

VjXP 458-i-^i ^ ^ 

In the case of steam, if ^i=212% Pi = 15, and Vi=1670, which 
is the volume of steam raised from a unit of water at this tempe- 
rature and pressure ; then eq. (3) becomes 

V _458 + e 15 



1670 670 p ' 



^^. 458 +e 
/. v=371x ^, nearly . . . (3), 

which gives the volume of steam, at p pressure and t temperature, 
raised from a unit of water. 

When the values of p and t are given by experiment, the value 
of V may be determined from this formula. It is in this way that 
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tables giving the volume and pressure of steam are usually con- 
structed : For example, let the pressure of steam as determined 
by experiment, be 100 lbs. when the temperature is 330°, then we 
have 

v=37ixi^^=294. 



Work op the Expansion op Gases. 

94. The relation of the volume and pressure of gases admits of 
the following graphic representation. 

Suppose the gas to be confined in a cylinder having a piston 
working air-tight, as in jig, 1., p. 6. ; let K=the area of the 
piston in sq. in.; Ai=the height of the piston in the cylinder 
when the pressure of the gas is plbs. per sq. in. ; a;=the height 
of the piston when the pressure is y lbs. ; then 

the volume at plbs. pressure=KxAi, 

» » » 5^ lbs. „ =KXar, 

therefore by Mar riot te's law eq. (2), Art. 89., 

yxKxa?=PXKxAi, 

/. a?y=pAi • . . (1). 

Now if X and y be taken as the variable coordinates of a curve, 
this expression will represent the equation of a rectangular 
hyperbola. 

Take a a;. Ay as rectangular axes of co- 
ordinates, a:=AN, y=NM, Ai=ab, p=bo; 
then the rectangular hyperbola cmq will re- 
present the locus of eq. (1), where the axes 
Ao?, Ay are the asymptotes to the curve. 

95. To find the work of expansion be- i b n~ 
tween the pressures p and y. Fig, 37. 

It has been shown in Art. 33., p.24., that the 
work of expansion between the pressures, p=bc, and y=NM, is 
equal to the area of the space bomn ; but by mensuration this 

area is equal to h{2 log t- or h^ log -, where log expresses the 

hyperbolic logarithm ; 

Y 4 . 
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•% Work of expansion upon each sq. in. of the piston=AiP 
logf-orAiPlog^... (1). 

Let ^=:the no. c. ft. of gas; P and Pi the pressures between 
which the work is done ; u^=the work ; then 

u^=:kA,p log-, 

/. u^=1445'Plog^.. .(2), 

which is the work of q c ft. of gas, when it expands itself from 
p to Pi pressure. 

Efflux of Gases. 

96. Let the gas be discharged from an orifice with the velocitj 
V ft per sec. 

Put tr=the weight of a cubic foot of the gas ; ^=the volume 
of gas discharged per second ; then 

Work accumulated in the ga8=^^= ; 

but this work has to be accumulated by the expansion of the gas ; 
.. L^=l44yPlog-; 

Or, since 2^=64^, we have very nearly, 

*'=^^a/I^, • • • (2)- 

From the property of logarithms this result may abo be ex- 
pressed by 

"=96/^^^... (3). 

When the pressures differ little from each other, the following 
approximate formulae may be employed. 
By development, we have 
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. Pl— p 



Neglecting the powers of -^ above the first, and substituting 

in eq. (3), we get 



-96 V^ 



=^...(4). 

Neglecting the powers of — above the second, we have more 

accurately 

If A be put for the height of a homogeneous fluid, of the same 
density as the gas, requisite to produce the pressure p~Pi of pro- 

P p ^ 

pulsion; then 144(p— Pi)=trA, and TaI* substituting in 

eq. (4), we get 

t;=8A/A. ..(6). 

It must be observed that this formula is only true when the 
pressures p and P| are nearly equal to each other. 

97. Coeffici^jU of efflux. — When air issues from an orifice the 
section of the current undergoes a contraction similar to that 
observed in the efQuz of water. 

Let «r=the coefficient of efflux, and a=the area of the orifice in 
sq. ft. ; then 

g=:ey.axv 



z=\2eaK/ 



'-^^V-m- 



According to the experiments of Koch, 6=*58 when the air 
issues from an orifice made in a thin plate ; 6=*74 when the air 
issues from a pipe about six times as long as it is wide; and 
6s3*85, when the air issues from the conical nozzle of a bellows 
about five times as long as it is wide and having a lateral con- 
vergence of 6®. 

To find the velocity ofeffltix, S^c.y when the pressure of the air 
is given in the tube through which it flows. 

98. Let Pi=the pressure of the air in the tube (as indicated by 
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the air gauge o), and ri=its velocitj ; 

p,=the pressure of the air at efflux, and ":Jg^j| [fif 

t7,=its velocity; p=the pressure of the r^^Wr"'%^j^ 

quiescent air in the receirer; fli=the -'^^^^^^^^ pi 

section of the tube A; a,=the section of =?*^ 

the orifice o ; then ^- ^^' 

Work gained by the air passing from the tube to the orifice of 

discharge a=^ (»/ — Vj"). 

Now this work is due to the expansion of the air from Pj to p, 
pressure : hence we have from eq. (2), Art. 95., 

^(V-«'i^)=144?P,logL^ . . (1). 

but the volume of air passing through the tube per sec. is ayV^ 
and that which passes through the nozzle is 02^2 : hence we have, 
by Marriotte's law, 

a^pj 
substituting this in eq. (1), and reducing, we get 

p, ^i 



2ffTi log 



.-{'-(S;)'} 



.(2), 



which expresses the velocity of efflux. 

The relation of p and Pj, is given in eq. (1), Art. 96., by 
changing v into r, and Pi into P2. 



CHAP. xxni. 



ON THE LAW OP THE EXPANSION OF STEAM. WORK OP 
STEAM, ETC. 

99. When steam is generated in a close vessel, as in the boiler of 
a steam engine, the density of the steam increases with the tem- 
perature, but so long as the temperature continues the same only a 
certain quantity of steam can be raised from the water, and if the 
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temperature fall, a portion of the steam resumes the liquid form, 
and then the density of the steam is diminished. Under these cir- 
cumstances, the space in the boiler is said to be saturated with 
steam, or that the steam has a maximum density/. 

It has been already stated, that the density of saturated steam is 
ahvays about five-eighths that of the atmosphere when they are 
both under the same pressure and at the same temperature. 

The relation of the temperature and the pressure of saturated 
steam has also been determined experimentally, and from that the 
relation of the volume and pressure has been deduced. (See Table 
p. 43.) When saturated steam changes its volume, as in the 
cylinder of a steam engine, it preserves its condition of maximum 
density, without any deposition of water, provided there is no ab- 
solute heat abstracted from it ; but if the cylinder should have a 
less temperature than the steam, a certain quantity of caloric is 
taken away from the steam, and then a portion of that steam 
resumes the form of water. 

Various empirical formulae, based upon experimental data, have 
been given for expressing the relation of the volume and pressure 
of steam at a maximum density. The most recent of these have 
been given by Chevalier Pambour and Mr. Pole. 

Mr. Fole*s formula, although a decided improvement on the 
Chevalier Pambour's, is not sufficiently accurate for pressures 
above 70 lbs. or below 16 lbs. Owing to the improvements which 
have taken place in expansive steam-engines, it becomes necessary 
to have a formula embracing a much more extensive range of 
pressures than this. The plan of adopting two formulae, is of 
little utility ; for in calculating the work of an engine, one formula 
only can be used, and all properly constructed expansive engines 
must work with steam having a high pressure at the commence- 
ment, and a very low pressure, at the end of the stroke. For this 
reason, the expressions given for the work of expansive engines, 
in Pambour s Treatise on the Steam-engine, bring out results 
which are certainly not sufficiently exact. 

In this chapter it is proposed to demonstrate and apply a 
formula, which the Author some time ago discovered, expressing 
the law of the expansion of steam ; and at the same time to 
establish certain general equations relative to the work of steam, 
applicable to all formulae professing to give the law of volume and 
pressure.* 

* The leading portions of this chapter were first published in the Transac- 
tions of the Institution of Civil Engineers, for the year 1S48. 
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The investigation of the formula is instractive, not only as 
affording an illustration of a general method, which may be used 
with success for deriving formulas of a similar kind, but also as 
giving the scientific man the means of judging how far the formula 
may be regarded as a. mathematical interpretation of the law of 
expansion. As Mr. Pole had given a table, showing the supe* 
riority of his formula over that of the Chevalier Pambour, the 
Author has only presented a comparative view of his formula and 
that of Mr. Pole's. 

The discussion of the abstract relation of the volume and pres- 
sure of steam y=/ (p), besides leading to several important 
general deductions, gives a more scientific character to the mathe- 
matical theory of the steam-engine. The principle, which the 
Author calls the conservation of the work of steam, is a deduction 
from this general theory. This principle admits of various and 
interesting illustrations, but on this, as well as other matters con« 
nected with the general theory of work of steam, it is not con« 
sidered expedient to enlarge in this treatise. 



Law of the Expansion of Steam* 

100. Let y=the volume of a cubic foot of water in the form of 
steam at p lbs. pressure per square inch ; then we have the follow- 
ing relation between v and p : — 

v=at ftp-, 
where a=12-5, ft=20570, and a=— -9301. 

The volume of steam must obviously be some function of its 
corresponding pressure, that is, v==/*(p) ; and in order to deter- 
mine this function, assume, 

v= o + ft p* -h c p^ -h &c., 

where the coefficients a, ft, c, &c., as well as the exponents, «, j3, 
&c. are constants which have to be determined. 

In order to find the values of these constants, it is only necessary 
to substitute a series of corresponding values of v and p, given in 
experimental tables, and thus obtain as many equations as there 
are constants in the expression. However, it appears that the 
determination of three constants gives an expression for v, which 
assimilates so closely to the relations determined by experiment, 
as to lead to the inference that it may almost be regarded as an 
analytical exponent of these experimental data. 
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Assuming, therefore, 

v=a-|-5p*. . . (1) 

the next process is to determine the constants a, ft, and a. 

Let Vi be the volume of the steam corresponding to Pj pressure, 
Vg the volume corresponding to 4Pi pressure, and V3 the volume 
corresponding to 16 Pi pressure, then the assumed relation be- 
comes, 

Vi=a + ftPi-. . . (2) 

V2=o-fft(4p0- 
V3=a-fft(16Pi)- 
By transposition these equations become, 
Vj — o=ftPi" 
Va-«=ft(4Pi)- 
V8-a=ft(16Pi)- 
Dividing the second by the first, and the third by the second, 
we get 



(3); and 



V3-a_ 



Vi— a Ya— a* 

Hence by solving this equation, we get 

■,^ V1V3-V2' . 
yiH-V8-2v2' 

which gives the value of the constant a, in terms of ihe known 
tabular volumes Vj, Vg, and V3. 
From equation (3), 

Log. 4x«=log^^^ 
, _ log (V2 -- fl) - log (Ti - fl) 

This expression gives the value of a, the exponent of P, in terms 
of Vi, V2, and a which has just been determined. 
Then from equation (2), 

^_Vi— o^ /. log ft = log(vi— «)-» log Pi. 
Pi 
Now, since a and « are known, the value of b may be readily 
found from this expression. 
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In making the calculations, Pi is taken =5 lbs., and therefore, 
Vi=4617; then 4Pi=201bs., giving 1281 for Vg; and 16Pi = 
80 lbs., giving 362 for ¥3. Substituting these values in the 
equations for a, as, and b, we find a =12*5, ^=20570, and »= — 
•9301. 

The following Table will show how very nearly the volumes, 
calculated by this formula, coincide with those derived from 
experiment. 



p in pounds 


V derived 




V calculated 


Errors of the 


Errors of 


per square 
inch. 


from 
Experiment. 


from the pro- 
posed Formula. 


from Pole's 
Formula. 


proposed 
Formula. 


Pole's 
Formula. 


5 


4617 


4617 


4915 





+ 298 


15 


1669 


1668 


1681 


-1 


+ 12 


16 


1573 


1573 


1580 





+ 7 


60 


470 


469 


470 


-1 





70 


408 


408 


411 





+ 3 


150 


205 


206 


226 


+1 


+ 21 



101. As an application of this formula, let it be required to 
find the volume of a cubic foot of water in the form of steam at 
16 lbs. pressure per square inch. 

Here p=16, .-. v= 12-5 + 20570 x le-*'***. 

In order to calculate the latter part of this expression, take 
log (20570 X 16-^0=l<>g 20570--9301 log 16=log 1560-5. 

.\ v=12-5+ 1560-5= 1573 c. ft. 

When V is given to find p, 



-c-i^y-w 



/. Log. p=- {log (v— a)— log b) . 
Let v=325, then, 

log P=3:^j {log (325-12-5)-log 20570} ==log 901, that is, 
p=90-l lbs. 



Work op Steam considered in relation to the abstract 
Formula v=/(p). 

102. Let u, be put for the work performed by s cubic feet of 
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water, iA the form of steam, between the pressures p and P| ; and 
in order to discuss the subject in its most gene- 
ral form, let ABmn be the section of the space 
in which the steam expands itself; ab sp the 
original volume of the steam at p pressure ; abcc 
the space v^ occupied hj the steam at p^ pros, 
sure ; A ft. the area of the section at ce; dv the 
distance between the sections ce and nm, taken *^' ^' 

indefinitely near to each other ; then the element of work, or dVi 
= 144AXPiXC^r; 

but A X dv=:dYi 5 
.-. rfUi=144Pirfvi = 144Pirf/(Pi). 
Integrating between the limits p and Pi, we have, 

Ui=144jr'{p,rf/(P0} 

Multipljing each side of the equality bj «, 

XJ.=144* Api^'/Cpi)} • • • (!)• 

When the function /(Pj) is known, this expression may be in- 
tegrated, and then it is obvious that the resulting expression will 
only contain the elements s, p, and p^, with certain numerical con- 
stants depending upon the form of the function /(p). 



Principle of the Conservation of the Work of Steam. 

103. Since the preceding expression for u, shows that the work 
is entirely independent of the equation of the curve Aj>n, it 
follows, that the work of steam between any given pressures p and 
Pi is always the same, whatever may be the nature of the space 
through which the steam expands itself, or whatever may be the 
form of the law expressing the relation between the volume and 
pressure of steam. 



The Work increases with the Pressure. 

104. It also follows from the preceding expression, that, other 
things being the same, the work will increase with the pressure p, 
at which the steam is generated ; and since the quantity of fuel 
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necessary to evaporate a given weight of water, does irt>t at all 
depend upon the pressure under which the steam is raised, it 
follows that it is most economical to employ steam of as high a 
temperature as possible. 



Efflux of Steam. 

105. Let A ft = the section of an orifice from which steam dis- 
charges itself with the velocity of v ft. per second ; ws=ihe weight 
of water evaporated per second; and P|=the pressure of the 
steam at the point of efflux ; then, the work accumulated in the 
steam per second, 

wxv^ 

Now »=^, v=/(p), .-. *v,=*/(p,)-^/(p,); 
but«v,=A»; /. A»=^/(P,) ; 

Substituting this value of v in the expression for the accumu- 
lated work, 

Here as/(Pi) is independent of w, it follows that the theoretical 
work of steam discharging itself from a nozzle varies as the cube 
of the water evaporated, 

106. The work accumulated in the steam at efflux is due to the 
work of expansion between the pressures p and p^, and as it is no 
matter (Art. 102 ,) through what peculiar form of vessel this ex- 
pansion takes place, we have by eq. (I), Art. 102., the identity, 

tt?Xt7* 



^9 



~=144*jr'{Pirf/(pO}, 



w 



and by substituting g^^ for *, this equation becomes 






WXi 

9 -- -*/P, 
which is an expression for the vis viva of the steam. 
107. From eq. (3), we get 
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which gives the velocity of efflux, e being put for the coefficient 
of efflux. (See Art. 97.) 

To find the velocity of efflux^ Sfc. when the pressure of the steam 
is given in the tube through which itfiows. See Art. 98. 

108. Here, putting w=the weight of s cubic feet of water evapo- 
rated per second, we have from Art. 98., 

Now let Vj, Vg, be put for the volumes of a cubic foot of water 
at Pi and Pg pressures respectively ; then 

5Vi = ail?i, SY2 = a2'^29 
SYi - ^Vo 

•*. Vi= — i, and ^2= — -9 
a^ €^2 

substituting in eq. (1), and reducing, we get, 

where Vj and Vg may be eliminated by the formula v==/'(p). 

Here again it will be observed, that the worh varies as the cube 
of the water evaporated. 

Solving this equation for the value of — - or v^^ we get, 

a^ 

which gives the velocity of efflux. It will be observed that u, is 
given in eq. (1), Art. 102., and that Vi may be eliminated by the 
formula Vi=/(Pi). 

Worh of Steam in the Expansive Engine, 

109. In order to investigate a general formula expressing the 
work of steam in an expansive engine, let K=the area of the piston 
in square inches; Ai=the length of the stroke, including the 
clearance c; A=the point of the cylinder at which the steam is 
cut off; 5= the number of cubic feet of water evaporated per 
minute; P=the pressure of the steam at the commencement of 
the stroke ; Pi=the pressure of the steam at the end of the stroke ; 
and N=the number of strokes performed by the piston per minute ; 
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then, assuming as before, v=/(p), the volume of steam discharged 
per minute at p pressure, is 5V=5/(p) ; 

- ^ nkA 



nkA 



*/(p)=l44 • • • (1)> 



and similarly. 






••••$fe^= A ' and/(pO=^/(p) . . . (2> 

The work performed upon the piston before the steam is cut off 
=NKp(A— c); and, as the work performed by the expansion of 
the steam is given in eq. (1), Art. 102., the total work performed 
by the steam per minute is 

u,=144# /"{Pirf/(Pi)} +NKP(A-c); 
«/pi 

but by eq. (1), nk= ^^ ^, 

.-. U.= 144*[^'{P'^/(P)} +^V(P)] • . • (3), 

where p, in the final expression may be eliminated by eq. (2). 

Now let the work of the resistances opposed to the work of the 
steam be considered, and take L=the useful load in lbs. upon 
each inch of the piston; p=the friction in lbs. per inch of the 
piston, arising from the motion of the unloaded piston ;y\= the 
coefficient of friction arising from the useful load; and /7= the 
pressure of the steam in the condenser ; then the total resistance 
upon the piston=K{F + L(l +/i)4-j[>}, and therefore the work 
expended per minute in overcoming this resistance=(Ai— c)nk 

{F+I.(l+/,)+i>}...(4). 

Now it is obvious, that when the motion of the piston of the 
engine attains a certain mean uniformity, the work of the resist- 
ances will be equal to the work of the steam ; therefore by equating 

h 144* 
eq. (3) and (4), and substituting ^wj-^ for , we have 

(A,-c) {F+L(l +/;)+/»} ==^jrV<^/(p)} +(A-c)p ... (5) 



Digitized by VjOOQiC 



CHAP. XXm.] WOBK OF STEAM. 339 

From this equation the value of the useful load L is readily de- 
termined, and then, 

the useful H P - ^^^(^i-^ - 144^/(p)l(A,-c) 

the useful H.!-.- ^^^^ ^^^^^ ...(6). 

Equation (5) gives the general relation of the elements of the 
problem. 



Work op Steam considered in relation to the Formula 

v=a-fftp«. 

110. In the preceding general expressions it is necessary now to 
substitute the value of/(p), that is,/(p)=a + &p*. 

By differentiating, c?/(p)=a&p^^<fp. 
Equation (1), Art^ 102 , then becomes^ 

u.=144« r\b^dp=z UUbs |p^,^i_j^,H.i^ 
t/pi » + A 

111. Equation (3), Art. 109., becomes, 

u.= 144*[^j {p,-*'-p-*'} +^P(a+6P-)] . . . (1). 
where, by eq. (2), Art 109., Pi may be eliminated. Thus, 

a+ftPi-=-^(a+5p-), and /. Pi-+»= | '^ ^^^"^ j • .-.(2). 

In order to facilitate the numerical calculations, it is necessary 
to bear in mind, that the expression a + 6p*is the volume of steam 
from a cubic foot of water at p pressure, which may at once 
be obtained from a table of volumes and pressures. 

112. Equation (1), Art. 109., becomes, 

,(a + *P-)=^...(l). 
_ lUs(a + bF^) 

which expresses the number of strokes in terms of the water 
evaporated, &c. 
From eq. (1), 



-C^feir)'-w- 



z 2 
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and similarly, Pi= \^ ^^^ y . . . (3). 

These two formulaB express the pressure of the steam in the 
cylinder, at the commencement and at the end of the stroke, 
in terms of the number of strokes and the water evaporated. 

113. Equation (5), Art. 109., becomes 

(A,-C) {F + L(l+/0+/>} = (.+ lff^6p-) t^^'"--^"> +(^-^) 
P...(l), 

where Pi*"^* may be eliminated by eq. (2), Art. 111. 

From this general relation of the elements of the problem the 
value of the useful load is readily determined; then eq. (6), 
Art. 109., becomes. 

When N and s are the given elements in the problem, the 
following general relation is found by substituting in eq. (1), the 
values of P and Pi given in the equations (1), (2), and (3), Art. 
112., or, 
/r \f . /i./-\. 1 144aft5 r /nkAi — 144aA*tI 

/nkA— 144aA^l ,, ./NKA-144aAl ,«. 



Work of Steam considered in relation to Marriotte's 
Formula. 

114. According to this formula /(p) varies as -, or by eq. (2), 

Art. 109., p X A==Pi X Ai. In this case we find as in eq. (1), Art 
95., 

Work done expansively on 1 inch of the piston in 1 stroke=Ap 

log — , or Ap log T^. 
Pj fi 

Hence we have from eq. (5), Art. 109., 
(Ai-c){F+L(l+/0+i>} =Ap log ?- +(A-c)p . . . (1). 



Digitized by VjOOQIC 



CHAP. XXni.] WORK OP STEAM. 341 



Maximum Velocity op the Piston. 

115. By Art. 286., page 237., this will take place at that point 
of the stroke where the pressure of the steam is equal to the sum 
of all the resisting pressures. But, eq. (3), Art. 40., the sum of 
all the resistances on the piston is equal to the mean pressure of 
the steam (see eq. (4), Art. 45.) ; therefore, the pressure of the 
steam at the point of maximum velocity is equal to the meanpres' 
sure of the steam. In order to determine this point ; let A'=it8 
height from the bottom of the cylinder ; p'=the mean pressure of 
the steam ; u=the work of the steam on 1 inch of the piston in 1 
stroke, as given in eq. (4), p. 54., and in the right-hand member 
of eq. (1), Art. 113., &c.; then, 

P'=^...(l); 

by eq. (2), Art. 109., 

A^_ /(p^) __ tabular vol. at p^ pressure . . 
h f{p) tabular vol. at p pressure * * * ^ ^' 

h' a + b'p' 
See page 41. Or taking the Author's formula, t- = -j^ — 

A' p 
Or taking Marriotte's formula, t-=3/« 

Whence A' is determined, the value of p' being given in eq. (1). 

In order to find the maximum velocity v of the piston ; let u'= 
the work done by the steam up to the point of maximum velocity 
as given in Art. 109., &c. ; «^;=the weight of the whole mass in 
motion referred to the piston as determined in Art. 252., page 216. ; 
then. 

Work accumulated in «i7=work steam— work resistances, 

.-. ^'=T,'-P'K(A'-C)...(3), 

whence v may be found. It will be observed, that p' is given in 
eq. (1), and A' in eq. (2). 



Maximum Work op Steam in the Condensing Engine. 

116. The steam will perform the greatest amount of work, when 
the work of the useful load l is a maximum ; and this maximum 
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condition will obviously depend upon the extent to which the ex- 
pansion of the steam is carried. 
From eq. (5), Art. 109., we get, 

(Al-.c)L(l+/i) + (Ai-c)(F f;,) = -^^'(p,c^/(p^)} +(A-C)P. 

Taking p, A, c, &c. as constant, and p^, Ai, as the variables ; and 
differentiating with respect to Pi, we get, 

dTi ^ rfPi /(P)' rfPi ' 

Now, taking ^ — ^=0, so as to render (Ai~c)l a maxi- 
mum, we get, 

but by eq. (2), Art. 109., we have, 

/(Pi),^i . h v,df{Y,) dji,, 

/(p) h'-firy dp, -"^^-rfp/ 

hence we have by equality, 

dki. . V dhi 

/. Pi=p+jt). .. (1) ; 
that is to say, the pressure of the steam at the end of the 

STROKE IS EQUAL TO THE SUM OP THE RESISTANCES OP THE UN- 
LOADED ENGINE, WHATEVER MAT BE THE LAVT EXPRESSING THE 
RELATION OP THE VOLUME AND PRESSURE OP STEAM. 

This simple and general theorem, the Author believes, is here 
given for the first time. 

Substituting this value of Pi in eq. (2), Art. 109-, we get, 

hi ^(f +/>)_ tabular vol. at f +p pressure . v ^ 

h /(p) "" tabular voL at p pressure ' * ' ^ ^ * 
whence the value of /*i, the length of the stroke, is determined, so 
as to secure the maximum work. 

These values of Pi and h, substituted in eqs. (3) and (5), Art. 
109., and in eqs. (1), (2), and (3), Art. 113., give the various rela- 
tions for maximum efficiency. 



THE END. 



London: 

Spottiswoodbb and Shaw, 
New-itreet-Square. 
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ELEHEITTABY 

gld^matkal anir Stbtifit Mark, 

BY THOMAS TATE, F.R.A.S., 

OF KNELLKR TRAINING COLLEGE, TIVICKZNHAM ; 

LATK MATHEMATICAL PROFZSSOB OP THE NATIONAL SOCIETY*8 TRAINING COLLEGE, 

BATTER8EA ; AND FORMERLY LECTURER ON CHEMISTRY IN THE 

YORK SCHOOL OF MEDICINE. 



From the JRev, H. Moseley's JReport of Training Schools for 1861 and 1862. 
** Under the head * Industrial Mechanics,* I set last year a section lYom Mr. Tate*s recently 
published work, entitled Elements qf Mechanism^ and propose to do so next year. I mention 
this, because such questions have not heretofore been included in the industrial inecharics 
paper. This work must not be confounded with Mr. Tate's Exercises on Mechanics. The 
word ' mechanism * is to be understood in a different sense from mechanics." 

From the Bev, H. Moseletfs Beport oftheKneUer Hall Training Schools for 1861. 
** They have been taught arithmetic on those first principles of which Mr. Tate's little 
work gires so simple an exposition ; and they apply them to complicated arithmetical questions 
with great readiness and accuracy. The advantage of this method is, that each operation 
of numbers in the solution of arithmetical questions becomes a demonstration ; and that 
arithmetic is made by it — for educational purposes —the logic of the people." i . 

These works were originally undertaken to supply the Masters 
and Students of the Battersea College with a series of School Books on the 
subjects of which they respectively treat. They not only contain numerous 
examples for the use of the Pupil, but embody the principles of the methods 
of instruction which had been for some years so successfully practised in that 
institution. The very extensive sale which they have had, taken in connexion 
with the favourable manner in which they have been received by eminent friends 
of education, shows that the labour of the author has been duly appreciated, and 
that they have been a means of introducing a more intellectual system of in- 
struction into our Elementary Schools. Several of Her Majesty's Inspectors of 
Schools have uniformly spoken of the Books in terms of commendation, and 
four of them have been placed upon the list of School Books reconmiended by 
the Committee of CouncH on Education. 



TREATISE on the FIRST PRINCIPLES of ARITHMETIC, 
after the Method of Festalozzi. Designed for the Use of Teachers and 
Monitors in Elementary Schools. With Additions and Improvements. 
12mo. price Eighteenpence. 

n. 

EXERCISES on MECHANICS and NATURAL PHILO- 
SOPHY ; or, an Easy Introduction to Engineering. Containing various 
Applications of the Principle of Work ; the Theory of the Steam Engine, 
with Simple Machines ; Theorems and Problems on Accumulated Work, 
&c. Enlarged and improved. Ecp. 8vo. price Two Shillings. 

iir. 

KEY to TATE'S EXERCISES on MECHANICS and NATU- 
RAL PHILOSOPHY: Containing full Solutions to all the unworked 
Examples and Problems. With numerous Diagrams. 12mo. price d«. 6</. 
" Mr. Tate's book gives in a practical and popular form the substance of every mechanical 
principle, whether belonging to statics or dynamics, which can ever become applicable In any 
combination of engineering operations ; and In order that they mav be fully understood, it 
supplies under each a number of illustrative examples, the solutions of which are given in the 
little book now before us. Practical mechanics will derive from it the greatest assistance, and 

the number of examples worked will serve to make the calculations perfectly obvious." 

Morning Advertiser, 

liondon : LONGMAN, BROWN, GREEN, and LONGMANS. 
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Works by Mr. Thomas Tate. 



The PRINCIPLES of MECHANICAL PHILOSOPHY applied 
to INDUSTRIAL MECHANICS : Forming a Sequel to the Author's 
Exercises on Mechanics and Natural PhiUmphy, 8vo. with numerous 
Wood Engravings. 

V. 

The ELEMENTS of MECHANISM; Containing a familiar 
Explanation of the Construction of various kinds of Machinery, &c For 
the use of Schoolmasters and Private Students. With numerous Woodcuts. 
12mo. price 3s. 6d 

VI. 

HYDROSTATICS, HYDRAULICS, and PNEUMATICS. 

For the Use of Beginners. With numerous Woodcuts and Diagrams. 
Forming the Sixth Work of the New School Series, edited by the Rev. 
G. R Gleig, ma., Inspector- General of Military Schools. 18mo. price 
One Shilling. 

VII. 

ASTRONOMY and the USE of the GLOBES, simplified for 
the Instruction of Beginners. With a Course of Easy Problems, pro- 
gressively arranged ; and numerous Woodcuts. Forming the Ninth 
Work of the New School Series, edited by the Rev. G. R. Gleig, MA., 
Inspector-General of Military Schools. 18mo. price One ShilUng. 

VIII. 

OUTLINES of EXPERIMENTAL CHEMISTRY : Being a 
familiar Introduction to the Science of Agriculture. Designed for the 
Use of Schools and Schoolmasters. With numerous Woodcuts. 12mo. 
price Eighteenpence. 

IX. 

The FIRST THREE BOOKS of EUCLID'S ELEMENTS of 
GEOMETRY. From the Text of Dr. Robert Simson : Together with 
various useftd Theorems and Problems, as Geometrical Exercises on each 
Book. 12mo. price Eighteenpence, cloth ; or in 18mo. price One Shilling, 
sewed. 

X. 

The PRmCIPLES of the DIFFERENTIAL and INTEGRAL 
CALCULUS, simplified and applied to the Solution of various useful 
Problems in Practical Mathematics and Mechanics. 12mo. price 4s. ed, 

XI. 

The PRINCIPLES of GEOMETRY, MENSURATION, 
TRIGONOMETRY, LAND-SURVEYING, and LEVELLING : Con- 
taining familiar Demonstrations and Illustrations of the most important 
Pl-opositions in Euclid's Elements ; Proofs of all the useful Rules and 
Formulae in Mensuration and Trigonometry, with their application to the 
Solution of Practical Problems in Estimation, Surveying, and Hallway 
Engineering. With 317 Diagrams and Woodcuts. 12mo. price 3s, ed, 

XII. 

ALGEBRA MADE EASY: Chiefly intended for the Use of 
Schools. 12mo. price Two Shillings. 

XIII. 

On the STRENGTH of MATERIALS; Containing various 
original and useful Formulse, especially applied to Tubular Bridges, 
Wrought-Iron and Cast-Iron Beams, &c. 8vo. price 5s. 6dL 

London ; LONGMAN, BROWN, GREEN, and LONGMANS. 
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Miss Acton's Modern Cookery-Book.— 

Modern Cookery in all its Branches, reduced 
to a System of Easy Pi-actiee. For the use 
of Pri V ate Families . In a Series of Receipts, 
all of which have been strictly tested, and 
are given with the most minute exactness. 
By Eliza Aoton. New Edition; with 
Directions for Carving, and other Additions, 
Plates and Woodcuts. Fcp. 8vo. price Vs. 6d. 

Adams.— A Spring in the Canterbury 
Settlement. By C. Wabben Adams, Esq. 
With 5 Illustrations. Post 8vo. price 6s. 6d. 

Aikin.— Select Works of the British 

Poets, from Ben Jonsoh to Beattie. With 
Biographical and Critical Prefeces by Dr. 
Aikin. New Edition, with Supplement by 
Lucy Aikin ; consisting of additional Selec- 
tions from more recent Poets. 8vo. price IBs. 

Arnold.— Poems. By Matthew Arnold, 

Author of Foems hy A. A New Edition, 
greatly altered : With a Prefiace. Fcp. Svo. 
price 5s. 6d. 

*^ More than one-third of the contents of 
i/iiivolume consists of Foernsnowjirst joublished. 

Austin.-Germany from 1760 to 1814; 

Or, Sketches of German Life from the Decay 
of the Empire to the Expulsion of the 
French. Reprinted from the Edinburgh 
Ruvieto ; with large Additions. By Mrs. 
Austin. Post Svo. [Nearly ready, 

Joanna Baillie's Dramatic and Poetica 

Works, complete in One "Volume: Com- 
prising the Plays of the Passions, Miscella- 
neous Dramas, Metrical Legends, Fugitive 
Pieces (several now first published), and 
Ahalya Baee. Second Edition, including 
a new Life of Joanna Baillie ; with a Por- 
trait, and a View of Bothwell Manse. Square 
«own Svo. 2Is. cloth; or 428. bound in 



Baker.— The Rifle and the Hound in 

Ceylon. By S. W. Baker, Esq. With 
several Illustrations printed in Colours, and 
Engravings on Wood. Svo. price 14s. 

<* Mr. Baker has a loving relish of the beauties 
of nature, a keen eye for the antecedents of wild 
animals, and the coolness to observe them when 
face to face in a deadly straggle. He has also 
graphic powers of no mean order, whether as 
regards landscape, its living denizens, or the 
sportsman's actions. Some of his descnptions of 
scenery and wild creatures may vie with any- 
thing Wilson or Audubon could produce." 

Spkctatoi». 



Balfour.— Sketches of English Literature 

from the Fourteenth to the Present Century. 
By Claba Lucas Balpguk. Fcp. Svo. 78. 

Bayldon's Art of Valuing Bents and 

Tillages, and Tenant's Bight of Entering and 
Quitting Farms, explained by several Speci- 
mens of Valuations ; with Bemarks on the 
Cultivation pursued on Soils in difierent 
Situations. Adapted to the Use of Land- 
lords, Land-Agents, Appraisers, Farmers, 
and Tenants. New Edition ; corrected and 
revised by John DoNALDSOiir. Svo. lOs. 6d. 

Lord Belfast.— Lectures on the English 

Poets and Poetry of the Nineteenth Century. 
By the Bight Hon. the EasIi of Belfast. 
Svo. price 68. 6d. ,^^ 

Banfield.— The StatisticalGompanionfor 

1S54 : Exhibiting the most Interesting Facts 
in Moral and Intellectual, Vital, Economical, 
and Political Statistics, at Home and Abroad. 
Corrected to the Present Time j and includ- 
ing the Census of the British Population 
taken in 1S51. Compiled from Official and 
other Authentic Sources, by T. C. Banfield, 
Esq., Statistical Clerk to the Council of Edu- 
cation. Fcp. Svo. price 5s. 
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Berkeley. — Reminiscences of a Hunts- 
man. By the Honourable Grantlet F. 
Berkeley. With Four Etchings by John 
Leech (one coloured). Svo. price 14b. 

Bewley. — Decimal Interest Tables, 

calculated at 5 per Cent, from 1 Day to 
865 Days, and from 1 Month to 12 Months, 
on from £1 to £40,000 : To which are 
added, Tables of Commission, from i per 
Cent, to 5 per Cent, advancing by Eightns. 
By JouN Bewley. 8to. price 2l8. 

Black's Practical Treatise on Brewing, 

Based on Chemical and Economical Frinci- 

files : With Formules for Public Brewers, and 
nstructions for Private Families. New 
Edition, with Additions. Svo. price lOs. 6d. 

Blaine's Encyclopsdia of Rural Sports; 

Or, a complete Account, Historical, Prac- 
tical, and Descriptive, of Hunting, Shooting, 
Fishing, Bacing, ancT other Field Sports and 
Athletic Amusements of the present day. 
A new and thoroughly revised Edition j 
with numerous additional Illustrations. The 
Hunting, Racing, and all relative to Horses 
and Horsemanship, revised by Habby 
HiEOTEB; Shooting and Fishing by 
Ephsmbba ; and Coursing by . Mr. A. 
0BAHAM. With upwards of 600 Woodcuts . 
8vo. price 50b. half-bound. 

Blair's Chronological and Historical 

Tables, from the Creation to the present 
time : With Additions and Corrections from 
the most authentic Writers ; including the 
Computation of St. Paid, as connecting the 
Period from the Exode to the Temple. 
Under the revision of Sir Hbvby Ellis, 
£.H. New Edition, with Corrections. 
Imperial 8vo. price 3l8. 6d. half>morocco. 

Bloomfield. — The Greek Testament : 

With copious English Notes, Critical, Phi- 
lological, and Explanatory. Especially 
formed for the use of advanced Students and 
Candidates for Holy Orders. By the Bev. 
S. T. Bloomfieib, D.D., F.S.A. New 
Edition. 2 vols. 8vo. with Map, price £2. 

Dr. Bloomfield'B Additional Annota- 
tions tSb- the above. 8vo. price 15s. 

Bloomfield.— College and School Greek 

Testament: With shorter English Notes, 
Critical, Philological, and Explanatory, 
formed for use in Colleges and the Public 
Schools. By the Bev. S. T. Bloohpibld, 
D.D. , F.S. A. New Edition, greatly enlarged 
and improved. Fcp. 8vo. price 10s. 6d. 

Dr. Bloonifleld*8 College and School 

Lexicon to the Greek Testament. Fcp. 8vo. 
price 10s, 6d. 



Bode.— Ballads from Herodotus: With 

an Introductory Poem. By the Eer. J. E. 
Bode, M.A., late Student of Christ Church. 
16mo. price Ss. 



Bourne.— A Treatise on the Steam En- 
gine, in its Application to Mines, Mills, 
Steam Navigation, and Railways. By the 
Artisan Club. Edited by John Boubne, C.E. 
New Edition ; with 80 Steel Plates and 349 
Wood Engravings. 4to. price 27s. 



Bourne. — A Catechism of the Steam 

Engine, illustrative of the Scientific Priuci- 
pies upon which its Operation depends, and 
the Practical Details of its Structure, in its 
applications to Mines, Mills, Steam Naviga- 
tion, and Bailwaya : With various Sugges- 
tions of Improvement. By John Boubne, 
C.E. New Edition. Fcp. 8vo. price 6s. 



Bourne.— A Treatise on the Screw Pro- 
peller.* With various Suggestions of Im- 
provement. By John Boubne, C.E., Editor 
of The Artisan CluVs Treatise on the Steam 
Efigine. With 20 large Plates and numerous 
Woodcuts. 4to. price 38s. 



Brande.— A Dictionary of Science, Litera- 
ture, and Art ; comprising the History, 
Description, and Scientific Principles of 
every Branch of Human Knowledge ; with 
the Derivation and Definition of all the 
Terms in General Use. Edited by W. T. 
Bbande, F.B.S.L. and E. ; assisted by Dr. 
J. Cauyin. The Second Edition, revised 
and corrected ; including a Supplement, and 
numerous Wood Engravings. 8vo. 60b. 

The SuppLEMEi^T, separately, price Ss. 6d. 



Bull. — The Maternal Management of 

Cliildren in Health and Disease. By 
T. Bull, M.D., Member of the Koyal 
College of Physicians ; formerly Physician- 
Accoucheur to the Finsbury Midwifery 
Institution. New Edition. Fcp. 8vo. 
price 5s. 



Bull.— Hints to Mothers, for the Ma- 
nagement of their Health during the Period 
of Pregnancy and in the Lying-in Boom : 
With an Exposure of Popular Errors in 
connexion with those subjects, &o. ; rfhd 
Hints upon Nursing. By T. Bull, M.D. 
New Edition. Pep. price 5s. 
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Bunsen.— Hippolytus and his Age ; Or, 

Doctrine and Practice of the Church of 
Rome under Commodus and Alexander 
Severus : And Ancient and Modern Chris- 
tianity and Divinity compared. By C. C. J. 
Bunsen, D.D., D.C.L. A New Edition, 
corrected, remodelled, and extended. 7 vole. 
8vo. [Nearly ready. 

1. Hippolytus and his Age ; or, the Be- 

ginnings and Prospects of Christia- 
nity. New Edition. 2 vols. 8vo. 

Separate Works connected with Eippolyftu 
and his Jge, as forming its Philosophical and 
Philological Key ; — 

2. Sketch of the Philosophy of Language 

and Beligion ; or, the Beginnings and 
Prospects of Mankind. 2 vols. 8vo. 

3. Analecta Ante-Nicaena. 3 vols. 8vo. 

I. Beliquiae Literariae ; 

II. Beliquiae Canonicae ; 

ni. Beliquiae Liturgicae. 

Bunsen. — Egypt's Place in Universal 

History: An Historical Investigation, in 
Five Books. By C. C. J. Bunsen, D.D., 
D.C.L. Translated from the German, by 
C. H. CoTTEELL, Esq. M.A.— Vol, I. con- 
taining the Furst Book, or Sources and Pri- 
meval Facts of Egyptian History : With an 
Egyptian Grammar and Dictionary, and a 
complete List of Hieroglyphical Signs j an 
Appendix of Authorities, embracing the 
complete Text of Manetho and Eratosthenes, 
^gyptiaca from Pliny, Strabo, &c. ; and 
Plates representing the Egyptian Divinities. 
With many Hlustrations. 8vo. price 28s. 

*** The second Volume is preparing for 
publication. 

Burton.—The History of Scotland, from 

the Revolution to the Extinction of the last 
Jacobite Insurrection (1689—1748). By 
John Hill Buetok, Author of The lAfe of 
David Hume^ &c. 2 vols. 8vo. price 26s. 

Bishop Butler's General Atlas of Modem 

and Ancient Geography ; comprising Eifty- 
two full-coloured Maps ; with complete In- 
dices. New Edition, nearly all re-engraved, 
enlarged, and greatly improved ; with Cor- 
rections from the most authentic sources in 
both the Ancient and Modem Maps, many 
of which are entirely new. Edited by the 
Author's Son, the Bev. T. Butlbb. Eoyal 
8vo. price 24s, half-bound. 

(The Modem Atlas of 28 full- 
coloured Maps. Ki. 8vo. 12s. 



[The Ancient Atlas of 24 fuU- 
coloured Maps. El. 8vo. 12s. 



Bishop Butler's Bketch of Modem and 

Ancient Geography. New Edition, care- 
fully revised, with such Alterations intro- 
duced as continually progressive Discoveries 
and the latest Information have rendered 
necessary. Edited by the Author's Son, the 
Bev. T. Butleb. 8vo. price 9s. 

The Cabinet Gazetteer: A Popular Ex- 
position of all the Countries of the World ; 
their Government, Population, Bovenues, 
Commerce, and Industries ; Agricultural, 
Manufactured, and Mineral Products ; Re- 
ligion, Laws, Manners, and Social State : 
With brief Notices of their History and An- 
tiquities. From the latest Authorities. By 
the Author of The Cabinet Lawyer, Fcp. 8vo, 
price IDs. 6d. cloth ; or ISs. calf lettered. 

The Cabinet Lawyer : A Popular Digest 

of the Laws of England, Civil and Criminal ; 
vdth a Dictionary of Law Terms, Maxims, 
Statutes, and Judicial Antiquities ; Ccrect 
Tables of Assessed Taxes, Stamp Duties, 
Excise Licenses, and Post-Horse Duties; 
Post-Offiee Begulations, and Prison Disci- 
pline. 16th Edition, comprising the Public 
Acts of the Session 18&3. Fcp. 8vo. price 
10s. 6d. — Supplement, pHce Is. 

Caird. —English Agriculture in 1850 and 
1851 ; Its Condition and Prospects. By 
James Caied, Esq., of Baldoon, Agricultural 
Commissioner of The Times, The Second 
Edition.. 8vo. price 146. 

The Calling and Responsibilities of a 

QtJvemesB. By Amiga. Fcp. 8vo. 4s. 6d. 
Calvert. — The Wife's Manual ; or, 

Prayers and Thoughts on Several Occasions 
of a Matron's Life. By the E«v. William 
Calvebt, Bector of St. Antholin, and one 
of the Minor Canons of St. Paul's. Post 
8vo. [In the press, 

Catlow.— Popular Conchology; or, the 

Shell Cabinet arranged : being an Introduc- 
tion to the Modern System of Conchology : 
with a Sketch of the Natural History of the 
Animals, an account of the Formation of the 
Shells, and a complete Descriptive List of 
the Families and Genera. By AG^^ES 
Catlow. New Edition, with nmnerous 
additional Woodcuts. Post 8vo. 

[In the press, 

Cecil. — The Stud Farm; or, Hints on 

Breeding Horses for the Turf, the Chase, and 
the Boad. Addressed to Breeders of Bace 
. Horses and Hunters, Landed Proprietors, 
and especially to Tenant Farmers. By 
Cecil. Fcp. 8vo. with Frontispiece, 5s. 
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GecU. — Records of the Chase, and 

Memoirs of Celebrated Sportsmen ; Illus- 
trating some of the Usages of Olden Times 
and comparing them with prevailing Cus- 
toms : together with an Introduction to 
most of the Fashionable Hunting Countries ; 
and Comments. By Cecil. With Two 
Plates by B. Herring. Fop. 8vo. 

Cecil. —Stable Practice; or, Hints on 

Training for the Turf, the Chase, and the 
Boad ; with Observations on Racing and 
Hunting, Wasting, Bace Biding, and Handi- 
capping : Addressed to Owners of Bacers, 
Hunters, and other Horses, and to all who 
are concerned in Bacing, Steeple Cliasiug, 
and Fox Hunting. By Cecil. Fcp. 8vo. 
with Plate, price 69. half-bound. 

Chalybaeus's Historical Survey of Mo- 
dern Speculative Philosophy, from Kant to 
Hegel. Translated from the German by 
Alfbed Tulk. Post 8vo. [JmI ready. 

Captain Chesterton's Autobiography.— 

Peace, War, and Adventure : Being an Auto- 
biographical Memoir of Gborge Laval Ches- 
terton, formerly of the Field-Train Depart- 
ment of the Boyal Artillery, subsequently 
a Captain in the Army of Columbia, and 
at present Q-ovemor of the House of Cor- 
rection at Cold Bath Fields. 2 vols, post 
8vo. price 168. 

Chevreul on Colour. — The Principles 

of Harmony and Contrast of Colours, and 
their Applications to the Arts : Including 
Painting, Interior Decoration, Tapestries, 
Carpets, Mosaics, Coloured G-lazing, Paper- 
Staining, Calico Printing, Letterpress Print- 
ing, Map Colouring, Dress, Landscape and 
Flower Gardening, &c. By M. E. 
Chevbeul, Membre de I'lnstitut de 
France, etc. Translated from the French 
by Charles Mautel. IRlustrated with 
grams, &o. Crown 8vo. [/» the press. 



Conversations on Botany. New Edition, 

improved ; with 22 Plates. Fcp. 8vo. price 
7s. 6d. ; or with the Plates coloured, 128. 

Conybeare and Howson.— The Life and 

Epistles of Saint Paul: Comprising a 
complete Biogi^aphy of the Apostle, and 
a Translation of his Epistles inserted in 
Chronological Order. By the Bev. W. J. 
Contbeaee, M.A., late Fellow of Trinity 
College, Cambridge ; and the Bev. J. S. 
Howson, M.A., Principal of the Collegiate 
Institution, Liverpool. With 40 Engravings 
on Steel and 100 Woodcuts. 2 vols. 4to. 
price £2. 8s. 



Copland. —A Dictionary of Practical 

Medicine: Comprising Greneral Pathology, 
tihe Nature and Treatment of Diseases, 
Morbid Structures, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to the different Epoclis of Life ; with nume- 
rous approved Formulae of the Medicines 
recommended. By James Copland, M.D., 
Consulting Physician to Queea Charlotte's 
Lying* in Hospital, &c. Vols. I. and II. 8vo. 
price £3 ; and Parts X. to XYI. 4s. 6d. each. 



The Children's Own Sunday-Book. By 

Julia Cobneb, Author of Queitions oh 
the History of Europe, With Two Illustra- 
tions. Square fcp. 8vo. price 58. 

Cresy.—An Encyclopaedia of Civil Engi- 
neering, Historical, Theoretical, and Practical. 
By Edward Cebsy, F.S.A., C.E. lUus- 
trated by upwards of 3,000 Woodcuts, 
explanatory of the Principles, Machinery, 
and Constructions which come under the 
direction of the Civil Engineer. 8vo. 
price £3. 13e. 6d. 

The Cricket-Field; or, the Science and 

History of the Game. Illustrated with 
Diagrams, and enlivened with anecdotes. 
By the Author of Principles of Scientijic 
Batting. Fcp. 8vo. with 2 Plates, 5s. 
half-bound. 



Lady Cust's Invalid's Book. — The In- 
valid's Own Book : A Collection of Recipes 
from various Books and various Countries. 
By the Honourable Lady Cubt. Fcp. 8vo. 
price 3s. 6d. 

Dale.— The Domestic Liturgy and Family 

Chaplain, in Two Parts : The First Part 
being Church Services adapted for Domestic 
UbC, with Prayers for every day of the ^oeky 
selectedexclusiyely from the Book of Common 
Prayer ; Part II. comprising an appropriate 
Sermon for every Sundj^ in the year. By 
the Rev. Thomas Dai.e, M.A., Canon Resi- 
dentiary of St. Paul's. Second Edition. 
Post 4to. 21s. cloth 5 31s. 6d. calf; or 
£2. 10s. morocco. 



Separately 



f The Family Chaplaut, 128. 
i The Domestic LiTirEOY,10s.6d. 



Davis.— China during the War and since 

the Peace. By Sir J. F^Davis, Bart., F.B.S., 
late H.M. Plenipotentiary in China; Qav 
nor and Commander-in-Chief of the ^ 
of Hongkong. % vols, post 8vo. ^ 
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De Felice.— History of the Protestants 

of France, from the Commencement of the 
Keformation to the Present Time. Trans- 
lated from the French of Or. De Felice, D.D. 
Professor of Theology at Montauban, by 
E. West : With a Supplemental Chapter, 
written expressly for this translation by Dr. 
Be Felice. 2 vols, post 8vo. price 12s. 

«* The work of Professor de PiUce is one of the most valuable 
additions which have been made of late years to the history of 
that great crisis in "Western Christendom which goes by the 

general name 6f the Reformation Of this work two rival 

translations hare simultaneously made their appearance ; one 
condensed by typographical cramming into one volume, the 
other occupying two handsomely printed octavos. The diffe- 
rence, however, in the value of the two translations is by no 
means confined to the external appearance of the respective 
volumes. The version which has the name of the translator on 
the title-page, though a respectable performance, yet bears 
traces of the carelessness and haste incident to the manufacture 
of cheap literature ; while the other version, authenticated only 
by the translator's initials at the end of his preface [Mr. West's 
translation] is manifestly execut(>d with greater care, and with 
a more correct appreciation of the niceties of tiie idli m in which 
the original work was written. The latter translation han, 
moreover, the advantage of being executed with the sanction 
and. apparently, the co-operation of the author, and it continues 
the history down to a later point than the former ; a supplemen- 
tary chapter, written expressly for this translation by M. d« 
Felice, being added, which, in the other translation, is alto- 
gether wanting, and which possesses a more than ordinary 
interest, bfing occupied with the historv of the Protestants of 
France under the new reffime established by l.ouls Napoleon." 

JoHK Bull. 



Delabeche. — The Geological Observer. 

By Sir Heney T. Delabechb, F.R.S., 
Director- General of the Geological Surrey of 
the United Kingdom. New Edition ; with 
numerous Woodcuts. 8vo. price 18s. 

Delabeche.--Report on the Geology of 

Cornwall, Devon, and West Somerset. By 
Sir Henby T. Delabeche, F.R.S., Director- 
General of the Geological Survey. With 
Maps, Woodcuts, and 12 Plates. 8vo. 
price 14s. 

De la Rive.— A Treatise on Electricity, 

in Theory and Practice. By A. De la Rite, 
Professor in the Academy of Geneva. In 
Two Volumes, with numerous Wood En- 
gravings. Vol. 1. 8vo. price 18s. 

Discipline. By the Author of " Letters 

to my Unknown Friends," &c. Second 
Edition, enlarged. 18mo. price 28. 6d. 

Eastlake.-^Materials for a History of Oil 

Painting. By Sir Chableb Lock Eastlaee, 
F.B.S., F.S.A., President of the Royal 
Academy. 8vo. price IGs. 

The Eclipse of Faith ; or, a Visit to a 

Beligious Sceptic. New Edition. Post Svo. 
price 98. 6d. 

A Defence of The Eclipse of Faith, by 

I its Author : Being a Rejoinder to Professor 

Newman's JRepfy. Post Svo. price 5s. 6d. 



The Englishman's Greek Concordance of 

the New Testament : Being an Attempt at a 
Verbal Connexion between the Greek and 
the English Texts j including a Concordance 
to the Proper Names, with Indexes, Greek- 
^ EngUsh and English Greek. New Edition, 
with a new Index. Royal Svo. price 42s. 
« 

The Englishman's Hebrew and Ghaldee 

Concordance of the Old Testament : Being 
an Attempt at a Verbal Connection between 
the Original and the English Translations ; 
with Indexes, a List of the Proper Names 
and their occunences, &c. 2 vols, royal 
8vo. price £3. 13s. 6d. ; large paper, price 
£4>. 14s. 6d. 

Ephemera. — A Handbook of Angling; 

Teaching Fly-fishing, Trolling, Bottom- 
fishing, Salmon fishing ; with the Natural 
Histoiy of River Fish, and the best modes 
of Catching them. By Epuemeba. Third 
and cheaper Edition, corrected and im- 
proved ; with Woodcuts. Fcp. Svo. 58. 

Ephemera.— The Book of the Salmon : 

Comprising the Theory, Principles, and 
Practice of Fly-fishing for Salmon ; Lists of 
good Salmon Flies for every good River in 
the Empire ; the Natural History of tlie 
Salmon, all its known Habits described, and 
the best way of artificially Breeding it ex- 
plained. With numerous coloured En- 
gravings of Salmon Flies and Salmon Fry. 
By Ephemeba ; assisted by Andrew 
Young. Fcp. Svo. with coloured Plates, 
price 14s. 

W. Erskine, Esq. — History of India 

under the House of Taimur (1526 to' 1707). 
By William Ebskine, Esq., Editor of 
Memoirs of the Jlimperor Baber, The First 
Volume, — History of Baber ; His Early 
Life, 1483-1526 ; his Reign in India, 
1526-1530. The Second Volume,— History 
of Humayun, 1530-1556. Volg. I. and II. 
Svo. [Just ready. 

Faraday (Professor). — The Subject- 

Matter of Six Lectures on the Non-Metallic 
Elements, delivered before the Members of 
the Royal Institution in 1852, by Professor 
Fabadat, D.C.L., F.R S., &o. Arranged by 
permission from the Lecturer's Notes by 
J. SooFFEBN, M.B., late Professor of Che- 
mistry in the Aldersgate College of Medicine. 
To which are appended Remarks on the 
Quality and Tendencies of Chemical Philo- 
sophy, on Allotropism, and on Ozone ; to- 
gether with Manipulative Details relating 
to the Performances of Experiments in- 
dicated by Professor Fabaday. Fcp. Svo. 
price 5b. 6d. 
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Forester and Biddalph's Norway. — 

Norway in 1848 and 1849: Containing 
Bambles among the Fields and Fjords of the 
Central and Western Districts ; and includ- 
ing Bemarks on its Political, Military, £c- 
clesiastical, and Social Organisation. By 
Thomas Forester, Esq. ; and Lieutenant 
M. S. BiDDULPH, Boyal Artillery. With 
Map, Woodcuts, and Plates. 8yo. price ISs. 

Francis. — Annals, Anecdotes, and 

Legends : A Chronicle, of Life Assurance. 
By John Francis, Author of The History 
of the Bank of England^ " Chronicles and 
Characters of the Stock Exchange," and A 
History of the English Railway. Post 8to. 
price 8s. 6d. 

"Nothing in the whole range of fiction or 
romance can exceed the marvellous incidents and 
events which are detailed here, and have the 
additional value, like all Mr. Francis's previous 
productions, of being strictly and historically 
accurate. The book will well repay perusal, and 
while furnishing abundant matter both of interest 
and excitement to the g^eneral reader, will form, 
for many years to come, a standard work upon 
the rise and progress of assurance societies in 
this country." Obsebvbr. 

The Poetical Works of Oliver Goldsmith. 

Edited by Bolton Cobnut, Esq. Illustrated 
by Wood Engravings, from Designs by 
Members of the Etching Club. Square 
crown 8to. cloth, 21s. j morocco, £1. 16s. 



Mr. W. R. Greg's Contributions to The 

Edinburgh Beview. — Essays on Political and 
Social Science. Contributed chiefly to the 
Edinburgh Mevieio. By WlLLlAJi B. GJ-BEa. 
2 vols. 8to. price 24s. 

Gumey.— Historical Sketches ; illustrat- 
ing some Memorable Eyents and Epochs, 
from A.J>, 1,400 to a.d. 1,546. By the Bev. 
John Hampden Q^ubney, M.A., Bector of 
St. Mary's, Marylebone. Fcp. 8vo. 7b. 6d. 

Gosse. — A Naturalist's Sojourn in 

Jamaica. By P. H. G^SSE, Esq. With 
Plates. Post 8vo. price 148. 

Gwilt.— AnEncyclopaedia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Qwilt. • lUustrated with more than 
One Thousand Engravings on Wood, ^m 
Designs by J. S. Gwilt. Second Edition, 
with a Supplemental View of the Symmetry 
and" Stability of Gothic Architecture ; com- 
prising upwards of Eighty additional Wood- 
cuts. 8vo. price 52s. &i. 

The Supplement separately, price 6s. 



Sidney Hall's General Large Library 

Atlas of Fifty-three Maps (size, 20 in. by 
16 in.), with the Divisions and Boundaries 
carefully coloured ; and an Alphabetical In- 
dex of all the Names contained in the Maps. 
New Edition, corrected from the best and 
, most recent Authorities ; with the Bailways 
laid down and many entirely new Maps. 
Colombier 4to. price £5. &b. half-russia. 

Hamilton. — Discussions in Philosophy 

and literature, Education and University 
Beform. Chiefly from the Edinburgh Review ; 
corrected, vindicated, enlarged, in Notes and 
Appendices. By Sir William Hamilton, 
Bart. Second Edition, with Additions. 
8vo. price 2l8. 



Hare (Archdeacon).— The Life of Luther, 

in Forty -eight Historical Engravings. By 
GrsTAV K6NIO. With Explanations by 
Archdeacon Habe. Square crown 8vo. 

[In the press, 

Harrison.— The Light of the Forge ; or, 

Counsels drawn from the Siek-Bed of E. M. 
By the Bev. William Habeison, M.A., 
Bector of Birch, Essex, and Domestic Cliap- 
lain to H.B.H. the Duchess of Cambridge. 
With 2 Woodcuts. Fcp. 8vo. price 58. 



Harry Hieover. — The Hunting-Field 

By Haeey HiEOi^B, With Two Plates- 
One representing The Right Sort ; the otlier. 
The Wrong Sort, Fcp. 8vo. 5s. half-bound. 



Harry Hieover. — Practical Horseman 

ship. By Haebt Hieoyee. With 2 Plate* 
— One representing Going like Workmen ; tlie 
other. Going like Muffs, Fcp. 8vo. price 58. 
half-bound. 



Harry Hieover.— The Stud, for Practical 

Purposes and Practical Men : being a Guide 
to the Choice of a Horse for use more than 
for show. By Habby Hieoveb. With 2 
Plates — One representing J pretty good sort 
for most purposes ; the other, Rayther a had 
sort for any purpose. Fop. 8vo. price 5s. Iialf- 
bound. 



Harry Hieover. ~ The Pocket and thf 

Stud ; or. Practical Hints on the Manage 
ment of the Stable. By Habby Hieovkt 
Second Edition j with Portrait of the Author 
on his favourite Horse Harlequin, Fcp. 8' 
price 58. half-bound. 
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Hany Hieover.— Stable Talk and Table 

Talk J or, Spectacles for Young Sportsmen. 
By Harby Hieoveb. New Edition, 2 vols. 
8vo. with Portrait, price 248. 

Haj^don.— The Life of Benjamin Robert 

Hajdon, Historical Painter, from his Auto- 
biography and Journals. Edited and com- 
pile by Tom TayiiOB, M.A., of the Inner 
Temple, Esq. ; late Fellow of Trinity College, 
Cambridge; and late Professor of the English 
Language and Literature in University Col- 
lege, London. Second Edition, with Addi- 
tions and an Index. 3 vols, post 8vo. price 
3l8. 6d. 

" It is difficult to say in which sense the work 
before us possesses the fp*eater interest,— whether 
as a coDtribution to the critical history of art in 
England, during the first half of this century, or 
as an illustration of high moral trutlis, enforced 
by a terrible conclusion. In either point of view 
its value can hardly be overrated. The artist and 
the moralist may alike pore over its pages, and 
learn from it lessons at once fctern and profound. 
The editor has performed his difficult and delicate 
task in a manner which does him the highest 
credit." John Bull. 

Haydn's Book of Dignities : Containing 

Bolls of the Official Personages of the British 
Empire, Civil, Ecclesiastical, Judicial, Mili- 
tary, Nayal, and Municipal, from the Earliest 
Periods to the Present Timej Compiled 
chiefly from the Records of the Public 
Offices. Together with the Sovereigns of 
Europe, from the foundation of their re- 
spective States ; the Peerage and Nobility of 
Great Britain, and numerous other Lists. 
Being a New Edition, improvefl and conti- 
nued, of Beatson's Political Index. By 
Joseph Hatdii, Compiler of The Dictionary 
of Dates, and other Works. 8vo. price 25s. 
half-bound. 

Sir John Herschel.— Outlines of Astro- 
nomy. By Sir John F. W. Hebschel, 
Bart. &c. New Edition j with Plates and 
Wood Engravings. 8vo. price IBs. 

Hill.~Travels in Siberia. By S. S. Hill, 

Esq. 2 vols, post 8vo. with Map. 

[Jitst ready. 

Hints on Etiquette and the Usages of 

Society: With a Glance at Bad Habits. 
By Ky<»y6s. "Mannei-s make the man." 
New Edition, revised (with Additions) by a 
Lady of Bank. Ecp.Svo. price Half-a-Crown. 

Lord Holland's Memoirs.— Memoirs of 

^ the Whig Party during my Time. By 
Henby Bichaed Lohd Holland. Edited 
by hisSon, HenetEdwaed Loed Holland. 
Yols. I. and II. post 8vo. prioe 98. 6d. each. 



Lord Holland's Foreign Reminiscences. 
Edfted by his Son, Henet Edwa.ed Loed 
Holland. Second Edition; with Fac- 
simile. Post 8vo. price 10s. 6d. 



Holland.— Chapters on Mental Physio- 

logy. By Sir Heney Holland, Bart., 
F.R.S., Physician-Extraordinary to the 
Queen ; and Physician in Ordinary to His 
Boyal Highness Prince Albert. Pounded 
chiefly on Chapters contained in Medical 
Notes and Reflections by the same Authoi), 
Fcp. 8vo. price 10s. 6d. 



Hole.— Prize Essay on the History and 

Management of Literary, Scientific, and 
Mechanics' Institutions, and especially how 
far they may be developed and combined so 
as to promote the Moral Well-being and 
Industry of the Country. By James Hole, 
Hon. Secretary of the Yorkshire Union of 
Mechanics* Institutes. 8vo. price 5s. 



Hook.— The Last Days of Our Lord's 

Ministry : A Course of Lectures on the 
principal Events of Passion Week. By 
Waltee Eaequhae Hook, D.D., Ciiaplain 
in Ordinary to the Queen. New Edition. 
. Fcp. 8vo. price 6s. 

Hooker and Amott.-The British Flora; 

Comprising the Phaenogamous or Flowering 
Plants, and the Perns. The Sixth Edition, 
with Additions and Corrections ; and nu- 
merous Figures illustrative of the Umbelli- 
ferous Plants, the Composite Plants, the 
G-rasaes, and the Ferns. By Sir W. J. 
Hookee, F.B.A. and L.S., &c., and GI-. A. 
WALKEE-AiJNOTT, LL.D., F.L.S. 12mo. 
with 12 Plates, price 14s. ; with the Plates 
coloured, price 21s, 



Hooker.— Kew Gardens; or, a Popular 

Guide to the Royal Botanic Gktrdens of 
Kew. By Sir William Jackson Hookeb, 
K:.H., D.C.L., F.R.A., and L.S., &c. &o. 
Director. New Edition ; with numerous 
Wood Engravings. 16mo. price Sixpence. 

Home.— An Introduction to the Critical 

Study and Knowledge of the Holy. Scrip- 
tures*. By Thojias Haetwbll Hoenb, 
B.D. of St. John's College, Cambridge ; Pre- 
bendary of St. Paul's. New Edition, revised 
and corrected ; with numerous Maps and 
Facsimiles of Biblical Manuscripts. 5 vols 
Svo. price .633. 
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Home.— A Compendious Introdnction to 

the Study of the Bihle. By Thomab 
Hartwbll Hosnb, B.D., of St. John's 
College, Cambridge. Being an AnalySiS of 
his Introduction to the Critical Study and 
Knowledge of the Holy Scriptures. New 
Edition, corrected and enlarged ; with Maps 
and other Engravings. 12mo. price 9s. 

Hewitt (A. M.) — An Art-Student in 

Munich. By Axha Mabt Howitt. 2 
▼ols. post 8to. price 148. 

«* Since Bu^Met from the Bnmn»n* of ira$9au we have had 
BO local handbook to airj and buoyant, ao cAWnrewent ami tila- 
phanon«, as thia jowa% lady's Munich experiences. No vulgar 
German viand, made up of questionable ingredients, is here ; 
but a vol <nt vetit of choice and delicate materials. Wonder, 
deliffht. girlish enthusiasm, deep an<i varied emotion, sudden 
traasitlMls rnun the pictaresque and paJiieUe to the vlajtai and 
familiar, acenes of nrti«tic blended with those or domestic 



familiar, acenes of nrti«tic 
Bavarian lift, keep the reade 
fair atodvnt'a own genuine ei^jo; 



Bavarian lift, keep the reader in a perpetual participation of ihe 
' * ' * -" ■ '-tymenia." " 



Howitt.-The Children's Tear. By Mary 

Howitt. With Four Illustrations, engrared 
by John Absolon, from Original Designs by 
AmrA Mabt Howitt. Square 16ino. prioo Ss. 

William Hewitt's Boy's Country Book; 

Being the Eeal Life of a Country Boy, 
written by himself ; exhibiting all the Amuse- 
ments, Pleasures, and Pursuits of Children 
in the Country. New Edition j with 40 
Woodcuts. Fcp. 8vo. price Gs. 

Hewitt. — The Rural Life of England. 
By William Howitt. New Edition, cor- 
rected and revised; with Woodcuts by 
Bewick and Williams : Uniform with Vitfts 
to Remarkable Places, Medium 8yo. 21s. 

Hewitt— Visits to Remarkable Places ; 

Old Halls, Battle-Fields, and Scenes illustra- 
tive of Striking Passages in English History 
and Poetry. By William Howitt. New 
Edition, with 40 Woodcuts. Medium Svo. 
price 2l8. 

SBCOMD SBRZBS, d&iefly Itt th« 

Counties of Northumberland and Durham, 
with a Stroll along the Border. With up- 
wards of 40 Woodcuts. Medium Svo. 2l0. 

Hudson.— Plain Directions for Making 

Wills in Conformity with the Law : with a 
clear Exposition of the Law relating to the 
distribution of Personal Estate in the case 
of Intestacy, two Forms i»f Wills, and much 
useful information. By J. C. Hudson, Esq., 
late of the Legacy Duty Office, London. 
New and enlarged Edition; including the 
provisions of the Wills Act Amendment 
Act of 1862 (introduced by Lord St. 
Leonard's) ^ Fcp. 8vo. price 26. 6d. 



Hudson. — The Executor's Guide. By 

J. 0. HuDSOK, Esq. New and enlarged 
Edition ; with the Addition of Directions 
for paying Succession Duties on Real Pro- 
perty under Wills and Intestacies, and a 
Table for finding the Values of Annuities and 
the Amount of Legacy and Succession Duty 
thereon. Fcp. 8vo. price Gs. 



Humboldt's Aspects of Nature. Trans- 
lated, with the Author's authority, by Mrs. 
Sabine. New Edition. 16mo. price 6s. : 
or in 2 vols. Ss. 6d. each, cloth; 2s. 6d. 
each, sewed. 

Humboldt's Cosmos. Translated, with 

the Author's authority, by Mrs. Sabine. 
Vols. I. and II. 16mo. Hafr-a-Orown each, 
sewed ; 3s. 6d. each, cloth : or in post 8vo. 
12e. 6d. eaoh, cloth. Vol. III. post 8vo. 
128. 6d. cloth : or in 16mo. Part I. 2s. 6d. 
sewed, 3s. 6d. cloth ; and Part II. 3b. sewed, 
46. cloth. 

Humphreys.— Sentiments and Similes of 

Shakspeare^ A Classified Selection of Similes, 
Definitiona, Descriptions, and other remark- 
able Passages in Shakspeare's Plays and 
Poems. With an elaborately illuminated 
border in the characteristic style of the 
Elizabethan Period, massive carved covers, 
and other Embdlishments, designed and 
executed by H. N. Humphbetb. Square 
post 8vo. price 2l8. 

Industrial Instruction.--The Report of 

the Committee appointed by the Council of 
the Society of Arts to inquire into the 
Subject of Industrial Instruction : With 
the Evidence. 8vo. price Ss. 

Jameson. — A Commonplace Book of 

Thoughts, Memories, and Fancies, Original 
and Selected. Part I. Ethics and Character ; 
Part II. Literature and Art. .By Mrs. 
Jameson. With Etchings and Wood En- 
gravings. Square crown 8to. {/utt ready, 

Mrs. Jameson's Legends of the Saints 

and Martyrs. Forming the First Series of 
Sacred andl/eyendary Art. Second Edition ; 
with numeroofl Woodcuts, and 16 Etchings 
by the Author. Square crown 8vo. price 2^. 

Mrs. Jameson's Legends of the Monastic 

Orders, as represented in the Fine Arts. 
Forming the Second Series of Sacred and 
Legendary A>t. Second Edition, corrected 
and enlarged; with 11 Etchings by the 
Author, and 88 Woodcuts. Square crown 
8vo. price 288. 
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Mrs. Jameson's Legends of the Madonna, 

as represented in the Fine Arts. Forming 
the Thtfd Series of Sutcred and Leqendary 
Art. With 55 Drawings by the Author, and 
152 Wood Engrayings. Square crown 8vo. 
price 288. 

Lord Jeffrey's Contributions to The 

Edinburgh Review. A New Edition, com- 
plete in One Volume, with a Portrait en- 
graved by Henry Robinson, and a Vignette 
View of Craigcrook engraved by J. Cousen. 
Square crown 8vo. 21s. cloth ; or 30s. calf.^ 

*»* Also a LIBRARY EDITION, in 3 
vols. 8vo. price 42s. 

Bishop Jeremy Taylor's Entire Works : 

With Life by Bishop Hebeb. Revised and 
corrected by the Rev. CHABLEe Paos Eden, 
'Fellow of Oriel College, Oxford. In Ten 
Volumes. Vols. II. to X. 8vo price Half -a- 
61-uiiiea each-— Vol. I. comprising Bishop 
Heber's Life of Jeremy Taylor, extended by 
the Editor, is nearly readff. 

Johnston.—A New Dictionary of Geo- 
graphy, Descriptive, Physical, Statistical, and 
Historical: Forming a complete General 
Gbzetleer of the World. By Alexandbb 
Keith Johnston, F.R.S.E., F.R.G.S., 
F.Q-.S., Geographer at Edinburgh in Ordi- 
nary to Her Majesty. In One Volume of 
1,440 pages; comprising nearly 50,000 
Names of Places. 8vo. price 36s. doik ; or 
half- bound in russia, 4l8. 

Kemble.— The Saxons in England: A 

History of the EngUsh Commonwealth till 
the period of the Norman Conquest. By 
John Mitchbli« Kemblb, MA,,F.C.P.S., 
&c. 2 vols. 8vo. price 28s. 



Eippis's GoUecticm of Hymns and Psahns 

for PubUc and Private Worship. New 
Edition; including a New Supplement by 
the Rev. Edmund Eeli<, M.A. 18mo. 
price 4s. cloth; or 48. 6d. roan. — The 
SujPPLEMENT, separately, price Eightpence. 

Eirhy and Spenee's Introduction to 

Entomology ; or. Elements of the Natural 
Histoiy or Insects : ComprisiBg an account 
of noxious and useful Insects, of their Meta- 
morphoses, Food, Stratagems, Habitations, 
Societies, Modons, Noibes, Hybernation, 
Im&tinct, &e. New Edition. 2 vols. 8to. 
with Pktos^ piioe au. 6d. 



Eirby.-The Life of the Rev. WiUiam 

Kirby, M.A., F.R.S., P.L.S^ &c.. Rector of 
Barham ; Author of one of the Bridgewate *• 
Treatises, and Joint- Author of the Intro- 
duction^to Entomology. By the Rev. John 
Freeman, M.A., Rector of Ashwicken, Nor- 
folk, and Rural Dean. With Portrait, Vig- 
nette, and Facsimile. 8vo» price 15s. 

Laing's (S.) Observations on the Social 

and Political State of Denmark and the 
Duchies of Sleswick and Holsfcein in 1851 : 
Being the Third Series of Notes of a Traveller. 
8vo. price 12s. 

Laing's (&) Observations on the Social 

and Political State of the European People 
in 1848 and 1849 : Being the Second Series 
oi Notes of a Traveller. 8vo. price 14s. 



Dr. Latham on Diseases of the Heart. 

Lectures on Subjects connected with Clinical 
Medicioe : Diseases of the Heart. By P. M. 
Latham, M.D., Pliysician Extraordinary to 
the Queen. New Edition. 2 vols. 12mo. 
price 169. 

Mrs. R. Lee's Elements of Natural His- 
tory; or. First Principle* of Zoology : Com- 
prising the Principles of Classification, inter- 
spersed with amusing and instructive Ac- 
counts of the most remarkable Animals. 
New Edition, enlarged, with numerous addi- 
tional Woodcuts. Fcp. 8vOi price Ts. 6d. 



L. E. L.— The Poetical Works of Letitia 

Elizabeth Landon; comprising the ImprO' 
visatrice, the Fefietian Bracelet, the Golden 
Violet, the Troubadour, and Poetical Remains. 
New Editicm ; with 2 Vignettes by R. Doyle. 
2 vols. 16mo. lOSk cloth ; moroeco, 21s. 



Letters on Happiness, addressed to a 

Frigid. By the Author of Letters to My 
Vnknoum Friends, &c. Fcp. 8vo. price 68. 



a 



Letters to my Unknown Friends. By .. 

Lady, AjAhovoi Letters on Happiness. Fourth 
and cheaper Edition. Fcp. 8vo. price 5s. 



Lindley.— The Theory of Horticnltore ; 

Or, an Attempt to explain the principal 
Operations of Gardening upon Physiological 
Principles. By John Lindley, Ph.]>. F.B.S. 
New Edition^ revised and improved ; with 
Wood Engravings. 8vo. [In tkepr§ss. 
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LABDNER'S CABINET CYGLOP^DU 

Of History, Biography, Literature, tlie Arts and Sciences, Natural History, and Manufactures : 
A Series of Original Works by 



Sir John Hrrschbl, 
Sir Jambs Mackintosh* 
Robert South by, 
Sir David Brbwstbb, 



Thomas Keightlbt, 
John Fobstbr, 
Sir Waltbr Scott, 
TiroMAS Moorb, 



Bishop Thirlwall, 
Thb Rev. G. R. Gleio, 
J. C. L. Db Sismondi, 
John Phillips, F.R.S. G.S. 



And othbr Eminent Writer?, 

Complete In 132 vols. fcp. 8vo. with Vig^aette Titles, price, in cloth, Nineteen Gnineas. 
The Works teparaUly, in Sets or Series, price Three Shillings and Sixpence each VoTame, 



A lAit qf the Works composing the Cabinet CrcLOPiBniA :— 



1. Bell's History of Russia S vols. 10s. 6d. 

2. Bell's Lives of British Poets.. 3 vols. 78. 

8. Brewster's Optics 1 vol. 88. 6d. 

4. Cooley's Maritime and Inland 

Discovery 8 vols. lOs. 6d 

fi. Crowe's History ot France 3 vols. lOs. 6d. 

6. De Morgan on Probabilities . . I vol. 8s. 6d. 

7. De Sismondi's History of the 

Italian Republics 1 vol. sa. 6d. 

8. De Sismondi's Fall of the 

Roman Empire 3 vols. 7s. 

9. Donovan's Chemistry 1 vol. Ss. 6d. 

10. Donovan's Domestic Economy ,2 vols. 7s. 

11. Dunham's Spain and Portugal, 6 vols. 17s. 6d. 

12. Dunham's History of Denmark, 

Sweden, and Norway 3 vols. 10s. 6d. 

IS. Dunham's History of Poland. . 1 vol. 3s. 6d. 

14. Dunham's Germanic Empire. . 3 vols. 108.6d. 

15. Dunham's Europe during the 

Middle Ages 4 vols. 14b. 

10. Dunham's British Dramatists, 2 vols. 78. 

17. Dunham's Lives of Early 

Writers of Great Britain . . 1 vol. 3s. 6d. 

18. Fergus's History of the United 

States 2 vols. 7s. 

19. Fosbroke's Grecian and Roman 

Antiquities 2 vols. 7s. 

20. Forster's Livss of the States- 

men of the Commonwealth, 5 vols. 17s. 6d. 

21. Gleigr's Lives of British Mili- 

tary Commanders 3 vols. 10s. 6d. 

22. Grattan's History of the 

Netherlands 1 vol. 3s. 6d. 

28. Henslow's Botany 1 vol. 3s. 6d. 

24. Herschel's Astronomy 1 vol. 3s. 6d. 

25. Herschel's Discoiirse on Na- 

tural Philosophy 1 vol. Ss. 6d. 

26. History of Rome 2 vols. 7s. 

27. History of Switzerland 1 vol. Ss. 6d. 

28. Holland's Manufactures in 

Metal 3 vols. 10s. 6d. 

29. James's Lives of Foreign States- 

men 5 vols. I7s. 6d. 

80. Kater and Lardner's Mechanics,! vol. 3s.6d. 
31. Keightley'sOutlines of History,! vol. 3s. 6d. 

S2. Lardner's Arithmetic 1 vol. Ss. 6d. 

3S. Lardner's Geometry i vol, Ss. 6d, 



86. 
67. 



40. 
41. 
42. 
43. 



45. 

46. 
47. 
48. 

49. 
60. 

61. 
62. 

63. 

64. 

55. 

66. 
57. 
68. 
69. 
60. 

61. 

62. 



Lardneron Heat 1 vol. 38.6d. 

Lardner's Hydrostatics and 

Pneumatics 1 vol. 8s.r6d« 

Lardner and Walker's Electri- 
city and Magnetism ...... 2 vols. 78. 

Mackintosh, Forster, and 
Courtenay's Lives of British 
Statesmen 7 vols. 248. 6d. 

Mackinto&h,Wallace,aBd Bell's 

History of England 10 vols. 35s. 

Montgomery and Shelley's 
eminent Italian, Spanish, 
and Portuguese Authors . 8 vols. lOs. 6d. 

Moore's History of Ireland . . 4 vols. 14s. 

Nicolas's Chronology of Hist. 1 vol. 3s. 6d. 

Phillips's Treatise on Geology, 2 vols. 78. 

Powell's History of Natural 

Philosophy 1 vol. 3s. 6d. 

Porter's Treatise on the Manu- 

• nufactare of Silk 1 vol. Ss. 6d. 

Porter's Manufactures of Por- 
celain and Glass 1 vol. Ss. 6d. 

Roscoe's British Lawyers .... 1 vol. Ss. 6d. 

Scott's History of Scotland 2 vols. 7s. 

Shelley's Lives of eminent 

French Authors 2 vols. 78. 

Shuckard and Swainson's Insects, 1 vol. Ss. 6d. 

Southey's Lives of British 

Admirals 6 vols. 178. 6d. 

Stebbing's Church History 2 vols. 78. 

Stebbing's History of the 

Rrformation 2 vols. 78. 

Swainson's Discourse on Na- 
tural History 1 vol. Ss 6d. 

Swainson's Natural History & 

Classification of Animals . . 1 vol. 3s. 6d. 

Swainson's Habits & Instincts 
of Animals 1 vol. Ss. 6d. 

Swainson's Birds 2 vols. 78. 

Swainson's Fish, Reptiles, &c. 2 vols. 7s. 

Swainson's Quadrupeds 1 vol. 3s. 6d. 

Swainson's Shells and Shell-fish, 1 vol. Ss. 6d. 

Swainson's Animals in Mena- 
geries 1 vol. 3s. 6d. 

Swainson's Taxidermy and 

Biography of Zoologists. ... 1 vol. 3s. 6d. 

Thirlwall's History of Greeoe. . 8 vols. 288. 
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Dr. John Lindley^s Introduction to 

Botany. New Edition, -with Corrections and 
copious Additions. 2 vols. 8vo. with Six 
Plates and numerous Woodcuts, price 24s. 

Linwood.— Antbologia Oxoniensis, sive 

Florilegium e lusibus poeticis diversorum 
Oxoniensium Grsecis et Latinis decorptum. 
Curante Gulielmo Linwood, M.A. -^dis 
Christi Alummo. 8vo. price 148. 

Dr. Little on Deformities.— On the Nature 

and Treatment of Deformities of the Human 
Frame. By W. J. Little, M.D., Physician 
to the London Hospital, Founder of the 
Royal Orthopaedic Hospital, &c. With 160 
Woodcuts and Diagrams. 8vo. price 15s. 

" Dr. Little's labours have largely contributed to 
the extension and perfection of the modem 
methods of healing the deformities of the human 
frame. In all that relates to the pathology and 
cure of these affections he is second to none as an 
authority, and the present edition will enhance 
his already high reputation. We unreservedly 
commend Dr. Little's production as the best 
treatise on the subject in any language." 

Thb Lancet. 

Litton.— The Church of Christ, in its 

Idea, Attributes, and Ministry: With a 
particular Eeference to the Controversy on 
the Subject between Eomanists and Pro- 
testants. By the Rev. Edwabd Abthub 
Litton, M. A ., Yice-Principal of St. Edmund 
Hall, Oxford. 8vo. price 16s. 

Lorimer's (C.) Letters to a Young Master 

Mariner on some Subjects connected with 
his callings New Edition. Fcp. 8yo. 5b. 6d. 

Loudon's Self-Instruction for Young 

Gardeners,Foresters,Bailifi8, Land Stewards, 
and Farmers ; in Arithmetic, Book-keeping, 
Geometry, Mensurafioii, Practical Trigono- 
metry, Mechanics. Land-Siu^eying,Levelling, 
Planning and Mapping, Architectural Draw- 
ing, and Isometi'ical Projection and Perspec- 
tive : With Examples shewing their applica- 
tions to Horticullure and Agricultural Pur- 
poses ; a» Memoir, Portrait, and Woodcuts. 
8vo. price 7s. 6d. 

Loudon's Encyclopsedia of Gardening; 

comprising the Theory and Practice of Hor- 
ticulture, Floriculture, Arboriculture, and 
Landscape Gbrdening: Including all thp 
latest improvements j a General History of 
Gardening in all Countries ; a Statistical 
View of its Present State ; and Suggestions 
for its Futiire Progress in the British Isles. 
With many hundred Woodcuts. New Edi- 
tion, corrected and improved by Mrs. 
LoTTDON. 8vo. price 60s. 



Loudon's Encyclopaedia of Trees and 

Shrubs; or, the Arhoretam et Fruticeium 
Bntannicum abridged : Containing the Hardy 
Trees and Shrubs of. Great Britain, Native 
and Foreign, Scientifically and Popularly 
Described ; with their Propagation, Culture, 
and Uses in the Arts ; and with Engravings 
of nearly all the Species. Adapted for the 
use of Nurserymen, Gardener8,and Foresters. 
With about 2,000 Woodcuts. 8vo. price 50s. 

Loudon's EncyclopsBdia of Agriculture : 

comprising the Theory and Practice of the 
Valuation, Transfer, Laying-out, Improve- 
ment, and Management of Landed Property, 
and of the Cultivation and Economy of the 
Animal and Vegetable Productions of Agri- 
culture; Including all the latest Improve- 
ments, a general History of Agriculture in 
all Countries, a Statistical View of its present 
State, and Suggestions for its future progress 
in the British Isles. New Edition j with 
1,100 Woodcuts. 8vo. price 608. 

Loudon's Encyclopaedia of Plants, in- 
cluding all which are now found in, or 
have been introduced into, Great Britain: 
Giving their Natural History, accompanied 
by such descriptions, engraved figured, and 
elementary details, as may enable a beginner, 
who is a mere English reader, to discover 
the name of every Plant which he may find 
in flower, and acquire all the information 
respecting it which is useful and interesting. 
New Edition, corrected throughout- and 
brought down to the year 1854, by Mrs. 
LoTJDON and Geobgb Don, Esq., F.L.S. &c., 
8vo. \In the Spring. 

Loudon's Encyclopaedia of Cottage, 

Farm, and Villa Architecture and Furniture : 
containing numerous Designs, from the ViUa 
to the Cottage and the Farm, including Farm 
Houses, Farmeries, and other Agricultural 
Buildings; Country Inns, Public Houses, 
and Parochial Schools; with the requisite 
Fittings-up, Fixtures, and Furniture, and 
appropriate Offices, Gku*denB, and Garden 
Scenery : Each Design accompanied by 
Analytical and Critical Bemarks. New 
Edition, edited by Mrs. LoitdoN" ; with more 
than 2,000 Woodcuts. Svo. price 63s. 

Loudon's Hortus Britannicus ; or, Cata- 
logue of all the Plants indigenous to, culti- 
vated in, or introduced into Britain. An 
entirely New Edition, corrected throughout; 
With a Supplement, including all the New 
Plants, and a New General Index to the 
whole Work. Edited by Mrs. LotTDON ; 
assisted by W. H. Baxteb and David 
WoosTBB. Svo. price 31b. 6d. — The Sup- 
PLEHEKT sei^ajm^ly, price 14f . 
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Mrs. London's Amatenr Oardenier's 

Galendsr: Being a Monthly Guide as to 
what should be avoided as well as what 
should be done, in a Ghirden in each Month ; 
with plain Rules how to do whatis requisite ; 
Directions for Laying Out and Planting 
Kitchen and Flower Gardens, Pleasure 
Grounds, and Shrubberies : and a short 
Account, in each Month, of the Quadrupeds, 
Birds, and Insects then most injurious to 
Gardens. I6mo. \»ith Woodcuts, price 7s.6d. 

Mrs. Loudon's Lady's Country Compa- 
nion; or, How to enjoy a Country Lifj 
Bationally. Fourth Edition ; with Plat«s 
and Wood EngraTings. Fop, 8vo. price 68. 

Low.— A Treatise on the Domesticated 

Animalsof the British Islands : Comprehend- 
ing the Natural and Economical History of 
. Species and Varieties ; the Description of 
the Properties of external Form ; and Obser- 
vations on the Principles and Practice of 
Breeding. By D. Low, Esq., F.R.S.E. 
With Wood Engra?ings. 8vo. price 25s. 

Low.r-£lement8ofPracti€al Agriculture; 

comprehendinur the Cultivation of Plants, tlie 
Husbandry of the Domestic Animab, and 
the Economv of the Farm. By D . Low, Esq. 
P.II.S.E. New Edition j with 200 Woodcuts. 
8vo. price 21s. 

Macaulay.—Speeches of l^e Right Hon. 

T. B. Macaulay, M.P. Corrected by Him- 
self. 8vo. price 12s. 

Macaulay. — The History of England 

from the Accession of James II. By 
Thoicjl» Babiitoton Macaulay. New 
Edition. Vols. I. and II. 8vo. price 32a. 

Mr. Macaulay'8 Critical and Historical 

Essays contributed to The Edinburgh 
Beview. Eour Editions, as follows : — 

1. LiBBABT EDiTMor (the SweHtk)^ in 

3 vols. Sro. price 368. 

2. Complete in Oins Yolxtme, with Por- 

trait and Vignette. Square crown 
8vo. price 2l8. cloth j or 80s. calf. 

8. A Kxw Ei>iTiONy in 3 vola.* fop. Svo. 
price 21s. 

4. Pxoplb'b Bmrioir, in course of pnblir 
cation, crown 8vo. in Weekly Num- 
bers at l^d. and in 7 Monthly Parts, 
price One Shilling each. 

Macaulay.'Lays of Ancient Home, with 
Ivry and the Armada. By Thomas 
Babinoton MAOAuiiAY. New Edition. 
lOmo. price 4e. 6d. doth; or lOi. 6d. 
bound in movocoo. 



ttr. Maoaulay'8 Layr of Ancidnt Borne. 

With numerous IllustmtionS) Original and 
from the Antique, drawn on Wood by 
George Scarf, Jun., and engraved by Samuel 
Williams. New Edition. Pep. 4to. price 
21s. boards ; or 42s. bound in morocco. 

Macdonald.- Villa Verocchio; or, the 

Youth of Leonardo da Yinoi : A Tale. By 
the late Diana Louisa Maodonald. 
Pep. 8vo. price 6s. 

Sir James Mackintosh's History of Eng- 
land from the E«*liest Times to the final 
Establishment of the- Reformation. Being 
that portion of the Hialoi-y of Englafui pub- 
lished in Dr. Lardner's Cabinnt Offciopadia 
which was contributed by Sir James Mack- 
intosh. Library Edition, revised by the 
Author's Son. 2 vols.. 8vo. price 21s. 

Mackintosh. — Sir James Mackintosh's 

Miscellaneous Works: Including his Con- 
tributions to The Edinburgh Keview. A 
New Edition, complete in One Volume ; 
with Portrait and Vignette. Square crown 
8vo. price 2is. cloth ; or SOs. bound in calf. 

M*CnIloch.~A Dictionary, Practical, 

Theoretical, and Hii^torical, of Commerce 
and Commercial Navigation. Illustrated 
with Maps and Plans. By J. R. M*Culloch, 
Esq. New Edition (1854), adapted to the 
Present Time ; and embracing a large mass 
of new and important Information in regard 
to the Trade, Commercial Law, and Navi- 
gation of this and other Countries. Svo. 
price 50s. cloth ; half-ruseia, 55sk 

M'Gulloch. - A Dictionary, Geographical, 

Statistical, and Historical, of the various 
Countries, Places, and principal Natural 
Objects in the World. By J. E.M'CiriiiOCH, 
Esq. Illustrated with Six large Maps. New 
Edition; with a Supplement, comprising 
the Population of Great Britain from the 
Census of 1851. 2 vols. 8vo. price 03s. 

M'Golloch.— An Aeconnt, Descriptive 

and Statistical, of the British Empire ; 
Exhibiting its Extent, Physical Capacities, 
Population, Industry^ and Civil and Religious 
Institutions. By J. R. M'Culloch, Esq. 
New Edition, corrected, enlarged, and greatJy 
improved. 2 vols. Svo. price 42s. 

M^tland.— Tlfe Chnrqh in the Cata- 
combs ; A Description of the Primitive 
Church of Kome. lUustrated by its Sepul- 
chral Remains. By the Bev. Chasles 
MaitIiANP. New jSdition; with many 
Woodcuts. 8vo. pri(pa 14a, 
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Mrs. Marcet's GonversectionB on Chemis- 
try, in which the Elements of that Science 
are familiarly explained and illustrated by 
Experiments. New Edition, enlarged and 
improved. 2 vols. fcp. 8vo. price 148. 

Mrs. Marcet's Conversati<ms on Natural 

Philosophy, in which the Elements of 
that Science are familiarly explained. New 
Edition, enlarged and corrected; with 23 
Plates. Fcp. 8vo. price lOs. 6d. 

Mrs. Marcet's Conversations on Political 

Economy, in which the Elements of that 
Science are familiarly explained. New 
Edition. Fcp. 8vo. price 7s. 6d. 



Mrs. Marcet's Conversations on Vege- 
table Physiology ; comprehending the Ele- 
ments of Botany, with their Application 
to Agriculture. New Edition $ with 4 
Plates.' Fcp. 8vo. price 9s. 

Mrs. Marcet's Conversations on Land 

and Water. New Edition, revised and 
corrected; with a coloured Map, shewing 
the comparative Altitude of Mountains. 
Fcp. Svo. price 5s. 6d. 

Martineau.- Cbnrch History in England : 

Being a Sketch of the History of the Church 
of England from the Earliest Times to the 
Period of the Heformation. By the Rev. 
Abthxtb Mabtineait, M.A. late Fellow of 
Trinity College, Cambridge. 12mo. price 6s. 

Maunder's Biographical Treasury; con- 
sisting of Memoirs, Sketches, and brief 
Notices of above 12,000 Emment Persons of 
All Ages and Nations, from the Earliest 
Period of History ; forming a new and com- 
plete Dictionary of Cniversal Biography. 
The Eighth Edition, revised throughout, 
and brought dovm to the close of the year 
1863. Fcp. Svo. IDs. cloth; bound in roan, 
12s. ; calf lettered, 12s. 6d. 

Maunder's Historical Treasury; com- 
prising a General Introductory Outline of 
Universal History, Ancient and Modem, 
and a Series of separate Histories of every 
principal Nation that exists; their Aise, 
Progress, and Present Condition, the Moral 
and Social Character of their respective in- 
habitants, their Beligion, Manners and Cus- 
toms, &c. &c. New Edition ; revised through- 
out and brought down to the Present Time. 
Fop. Svo. lOs. cloth ; roan, 12s. ; calf, 12s. 6d. 



Maunder's Scientific and Literary Trea- 
sury : A new and popular Encyclopedia of 
Science and the Belles-Jjettres ; inducing 
all Branches of Science, and every subject 
connected with Literature and Art. New 
Edition. Fcp. 8vo. price IDs. cloth ; bound 
in roan, 128. ; calf lettered, 12s. 6d. 

Maunder's Treasury of Natural History ; 

Or, a Popular Dictionary of Animated 
Nature : In which the Zoological Character- 
istics that distinguish the dSerent Classes, 
Genera, and Species, are combined with a 
variety of interesting Information illustrative 
of the Habits, Instincts, and General Eco- 
nomy of the Animal Kingdom. With 900 
Woodcuts. New Edition. Fcp. Svo. price 
10s. cloth ; roan, 12s. ; calf, 12s. 6d. 

Maunder's Treasury of Knowledge, and 

Library of Reference. Comprising an Eng- 
lish Dictionary and Grammar, an Universal 
Gkizetteer, a Classical Dictionary, a Chrono- 
l^ogy, a Law Dictionary, a Synopsis of the 
Peerage, numerous useful Tables, &c. The 
Twentieth Edition, carefully revised and 
corrected throughout: With some Additions. 
Fcp. Svo. price lOs. cloth ; bound in roan, 
12s. ; ealf lettered, 12s. 6d. 

Merivale. — A History of the Romans 

under the Empire. By the Rev. Charles 
Mekivalb, B.D., late Fellow of St. John's 
College, Cambridge. Vois. I. and II. Svo. 
price 28s. ; and Vol. III. price 14s. 

Merivale.- The Fall of the Roman Re- 
public : A Short History of the Last Cen- 
tury of the Commonwealth. By the Rev. 
Chablbs Mebiyalb, B.D , late Fellow of 
St. John's CoUege, Cambridge. 12mo. 
price 7s. 6d. 

Merivale. — Memoirs of Cicero : A 

Translation of Oicero in his LHttrs^ by 
Bernard Budolf Abeken. Edited by the 
Rev. Chasles MesiyaiiE, B.D. 12mo. 
\J%k8t ready, 

Milner's History of the Church of Christ. 

With Additions by the late Rev. Isaac 
Milnbb, D.D., F.R.S. A New Edition, 
revised, with additional Notes by the Rev. 
T. G^BANTHAK, B.D. 4 vols. 8vo. price 62s. 

James Montgomery's Poetical Works : 

Collective Edition ; with the Author's Auto- 
biographical Prefaces. A New Edition, 
complete in One Volume ; with Portrait and 
Vignette. Square crown Svo. price lOs. 6d, 
cloth; morocco, 2l8. — Or, in 4 vols. fcp. 
Svo. with Portrait, and Seven other Plates, 
price 20s. cloth ; morocco, 86s. 
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NEW WOBKS AWD NEW EDITIONS 



Montgomery.— Original Hymns for Pub- 
lic, Social, and Private Derotion. By Jas. 
MoNTCK>MBBT. 18mo. prioe Ss. 6d. 

Moore. — Man and his Motives. By 

Geoboe Moobe, M.D., Member of the 
Boyal College of Physicians. Third and 
cheaper Edition, Fcp. 8vo. price Gs. 



Moore.— The Power of the Soul over the 

Body, considered in relation to Health and 
Moi^s. By Geobok Moobe, M.D., Member 
of tlie Boyal College of Physicians. Fifth 
and cheaper Edition. Fcp. 8vo. price 6s. 



Moore.— The Use of the Body in relation 

to the Mind. By Geohge Moobe, M.D., 
Member of the Royal Oollvge of Physicians. 
Third and cheaper Edition. Fcp. Svo. 6s, 



Moore.— Health, Disease, and Remedy, 

familiariy and practically considered in a 
few of their relations to the Blood. By 
Geobge Moobe, M.D., Post Svo. prioe 
7s. 6d. 



Moore.-Memoirs, Journal, and Corre- 

apondence of Thomas Moore. Edited by 
the Bight Hon. Lobd John Euss£LI<, M.P. 
With Portraits and Vignette Illustrations. 
Vols. I. to IV. post Svo. price 10s. 6d. each. 

The Fifth and Sixth Volnmes of 

Moobe's Memoibs, Joubkaii, and Cob- 
BB8P0NDENCE, with Portraits of Lord John 
Bu38ell and Mr. Corry, and Vignettes by 
T. Creswick, R.A. of Moore's Residence at 
Paris and at Sloperton. Vols. V. and VI. 
post 8yo. price 2l8. 



Thomas Moore's Poetical Works. Con- 
taining the Author's recent Introduction 
and Notes. Complete in One Volume ; with 
a Portrait, and a View of Sloperton Cottage. 
Medium 8to. price 2Is. cloth ; morocco, 42s. 

*#* Also a New and cheaper Issue of the 
First collected Edition of the above, in 10 
vols. fcp. Svo. with Portrait, and 19 Plates, 
price 358. 

Moore. — Songs, Ballads, a:d Sacred 
Songs. By Thomas Moobe, Author of 
ImUx Rookh, &c. First collected Edition, 
with Vignette by R. Doyle. 16mo. price 
5s. cloth J 12s. 6a, bound in morocco. 



Moore's Irish Melodies. New Edition, 

with the Autobiographical Preface from the 
Collective Edition of Mr. Moore's Poetical 
Works, and a Vignette Title by B. Maclise, 
R.A. lOrao. price 5s. cloth ; 12s. 6d. bound 
in morocco. 

Moore's Irish Melodies. Illustrated by 

D. Maclise, R.A. New and cheaper Edition ; 
with 161 Designs, and the whole of the 
Letterpress engraved on Steel, by F. P. 
Becker. Super-royal Svo. price Sis. 6d. 
boards ; bound in morocco, £2. 12s. 6d. 

The Original Bditlon of the above, 

in imperial Svo. price 63s. boards ; morocco, 
£4. 148. 6d. ; proofs, £6. 68. boards, — ma^ 
still be had. 

Moore's Lalla Rookh: An Oriental 

Romance. New Edition, with the Auto- 
biographical Preface from the Collective 
Edition of Mr. Moore's Poetical Works, and 
a Vignette Title by D. Maclise, R.A. 16mo. 
price 5s. cloth; 12s. 6d. bound in morocco. 

Moore's Lalla Rookh: An Oriental 

Romance. With 13 highly-finished Steel 
Plates from Designs by Corbould, Meadows, 
and Stephanoff, engraved under the super- 
intendence of the late Charles Heath. New 
Edition. Square crown Svo. prioe 15s. 
cloth ; morocco, 2Sa. 

A few copies of the Original Edition, in 
royal Svo. price One Guinea, still remain, 

Morton.— A Manual of Pharmacy for the 

Student of Veterinary Medicine : Contain- 
ing the Substances employed at the Royal 
Veteiinary College, with an attempt at their 
Classification ; and the Pharmacopoeia of 
that Institution. By W^. J. T. Mobton, 
Professor of Chemistry and Materia Medica 
in the CoUege. Hfth Edition (1S54). Fcp. 
Svo. price lOs. 

Moseley.— The Mechanical Principles of 

Engineering and Architecture. By the R«v. 
H. MosBLEY, M.A., F.B.S., Professor of 
Natural Philosophy and Astronomy in 
King's College, London. Svo. price 249. 

Mure.— A Critical History of the Lan- 

gunge ard Literature of Ancient Greece. 
By William Muuk, M.P. of CaldwelL 3 

vols. Svo. price 363. 

Vol. ZV. comprislnar Historical Ute- 

rature from the Rise of Prose Composition 
to the Death of Herodotus. Svo. with 
Map, price 158, 
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Murray's Encyclopffldia of Geography j 

Comprising a complete Description of the 
Earth : Exhibiting its Relation to the 
Heavenly Bodies, its Physical Structure, the 
Natural History of each Country, and the 
Industry, Commerce, Political Institutions, 
and Civil and Social State of All Nations. 
Second Edition ; with 82 Maps, and upwards 
of 1,000 other Woodcuts. 8vo. price 60s. 

Neale.— "Risen from the Ranks;" or, 

Conduct versus Caste. By the Bev. Ebbeikb 
Neale, M.A., Eector of Kirton, Suffblk, 
Fcp. Svo. price 6s. 

Neale.— The Richesthathring noSorrow. 
By the Rev. Erszinb Neale, M.A., Bector 
of Kirton, Suffolk. Pep. Svo. price 68. 

Neale.— The Earthly Resting Places of 

the Just. By the Bev. Esbeinb Neai.e, 
M.A. Bector of Kirton,. Suffolk. Fcp. Svo. 
with Woodcuts, price 7s. 

Neale.— The Closing Scene; or, Chris- 
tianity and Infidelity contrasted in the Last 

' Hours of Remarkable Persons. By the 
Rev. Erszine Neale, M.A., Rector of 
Kirton, Suffolk. New Editions of the First 
and Second Series. 2 vols. fcp. Svo. price 
12s. ; or separately, 6s. each. 

Newman. — Discourses addressed to 

Mixed Congregations. By John He»bt 
Newman, Priest of the Oratory of St. Philip 
Neri. Second Edition. Svo. price 12b. 

Lieutenant Oshom's Arctic Journal. 

Stray Leaves from an Arctic Journal j or. 
Eighteen Months in the Polar Regions in 
Search of Sir John Franklin's Expedition. 
By Lieut. Shbbabd Osbobn, R.W., Com- 
manding H.M.S.V. Pioneer, With Map and 
Four coloured Plates. Post Svo. price 12s. 

Owen Jones.— Flowers and their Kindred 

Thoughts : A Series of Stanzas. By Mabt 
Anne Baoon. With beautiful Hlustrations 
of Flowers printed in Colours by Owen 
Jones. Imperial Svo. price 81s. 6d. elegantly 
bound in calf. 

Owen. — Lectures on the Comparative 

Anatomy and Physiology of the Invertebrate 
Animals, delivered at the Royal College of 
Surgeons in 1843. By Richabd Owen, 
F.R.S., Hunterian Professor to the College. 
New Edition, corrected. Svo. with Wood 
Engravings. [In ike press. 



Professor Owen's Lectures on the Com- 
parative Anatomy and Physiology of the 
Vertebrate Animals, delivered at the Royal 
College of Surgeons in 1844 and 1846. With 
numerous Woodcuts. Vol. I. Svo. price 14s. 

The Complete Works of Blaise Pascal. 

Translated from the French, with Memoir, 
Introductions to the various Works, Edito- 
rial Notes, and Appendices, by GEOBas 
Peabce, Esq. 3 vols, post 8vo. with Por- 
trait, 25s. 6d. 

TOIi. 1. PA8CAI<*8 PROTINCIAIi lilST- 

ten : with M. Villenudn's E*ny on Pmc«1 praflxed, and a new 
Memoir. Post Svo. Portrait, 8«. 6d. 

TOIi. 9. PA8CAIi*8 THOUGHTS OM BB- 

ligiou and Evidences of Cliristianitv, with Additions, from 
Original MSS. r from M, Faogire'e Edition. Poet Svo. Se. 6d 

VOli. 8. PA8CAI<'8 MlgCEIiliAMBOUS 

Writinga, Correspondence, Detached Thoughts, &c. : from M. 
Faug&re'a^fidition. Post Svo. 8s. «d. 

Captain Peel's Travels in Nubia.— A Ride 

through the Nubian Desert. By Captain 
W. Peel, BN. Post Svo. with a Boute 
Map, price 5s. 

Pereira's Treatise on Food and Diet: 

With Observations on the Dietetical B^;imen 
suited for Disordered States of the Digestive 
Organs ; and an Account of the Dietaries of 
some of the principal Metropolitan and other 
Establishments for Paupers, Lunatics, Cri- 
minals, Children, the Sick, &c. Svo. 168. 



PescheFs Elements of Physics. Trans- 
lated from the German, with Notes, by 
E. West. With Diagrams and Woodcuts. 
3 vols. fcp. Svo. 21s. 

Peterborough.— A Memoir of Charles 

Mordaunt, Earl of Peterborough and Mon- 
mouth : With Selections from his Correspon- 
dence. By the Author of HockelagUy &o. 
2 vols, post Svo. price ISs. 

Phillips.— A Guide to Geology. By John 

Phillips, M.A. F.B.S. F.G.S., Deputy Beader 
in Geology in the University of Oxford; 
Honorary Member of the Imperial Academy 
of Sciences of Moscow, &c. Eourth'Edition, 
corrected to the Present Time; with 4 
Plates. Fcp. Svo. price 5s. 

Phillips's Elementary Introduction to 

Mineralogy. A New Edition, with extensive 
Alterations and Additions, by H. J. Bbooei, 
F.B.S., F.G.S. ; and W. H. Milibb, M.A., 
F.G.S., Professor of Mineralogy in the 
University of Cambridge. With numerous 
Wood Engravings. Post Svo. price ISs. 
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Phillips.— Figores and Descriptions of 

the FalflBOzoic FosbUb of Cornwall, Devon, 
and West Somerset i obBerved in the course 
of the Ordnance Gkologioal Survey of that 
District. By Joimr Phillips, F.It.S. E.d.S. 
&c. 8vo. with 60 Plates, price 9s. 

Captain Portlock's Report on the Geology 

of the County of Londonderry, and of Parts 
of Tyrone and Fernuuiagh, examined and 
described under the Authority of the Master- 
General and Board of Ordnance. Svo. with 
48 Plates, price 24s. 

Power'9 Sketches in New Zealand, with 

Pen and Pencil. From a Journal kept in 
that Country, from July 1846 to June 1848. 
With Plates and Woodcuts. Post 8vo. 12s. 

Polman's Vade-mecum of Fly-Fishing 

for Trout j being a complete Practical Trea- 
tise on that Branch of the Art of Angling ; 
with plain and copious Instructions for the 
Manufacture of Artificial Flies. Third 
Edition, with Woodcuts. Fcp. 8yo. price 6s. 

FycToft's Course of English Beading, 

adapted to every Taste and Capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8to. price 6b. 

Dr. Recce's Medical Guide ; for the Use 

of the Clergy, Heads of Families, Schools, 
and Junior Medical Practitioners: Com- 
prising a complete Modem Dispensatory, 
and a Practical Treatise on the distmguishing 
Symptoms, Causes, Prerention, Core and 
Palliation of the Diseases incident to the 
Human Frame. With the latest Disooyeries 
in the diflSsrent departments of the Heahng 
Art, Materia Medica, &c. Seventeenth 
Edition, corrected and enlarged by the 
Authoi's Son, Dr. H. Bbbob, M.B.C.S. &o. 
8vo. price 12s. 

Rich's Illustrated Companion to the 

Latin Dictionary and Gh»ek Lexicon : Form- 
ing a Ghlossary of all the Words representing 
Visible Objects connected with the Arts, 
Manufactures, cmd £very-day Life of the 
Ancients. With Woodcut Bepresentations 
of neariy 2000 Objects from the Antique. 
Post 8vo. price 21s. 

Sir J. Richardson's Journal of a Boat 

Voyage through Bupert's Land and the 
Arctic Sea, in Search of the Discovery Ships 
under Command of Sir John Franklin. With 
an Appendix on the Physical Orography of 
North America ; a Map, Pktes, and Wood- 
cuts. 2 vols. 8vo. price 31s. 6d. 



Richardson (Captain).— Horsemanship ; 

or, the Art of Biding and Managing a Horse, 
adapted to the G^oidance of Ladies and Gen- 
tlemen on the Boad and in the Field ; With 
InstructionsforBreaking-in Colts and Young 
Horses. Bj Cbiptain Bxchasbsoit, late of 
the 4th Light Dragoons. With 5 Line 
Engravings. Square crown 8vo. price 14e. 

** Plain, weU-arranged directions to the student 
in horsemansbip, Arom mounting ap to huntlDg, 
and to buying or breakinff-in a hone. Every pafi^e 
shews the experienced horseman, who handles 
notblnir bat what is actually necessary, and to 
attain that disregards repetition or minuteness.'' 
Spbctatok. 

Riddle's Complete Latin-English and 

English-Latin Dictionary, for the use of 
Colleges and Schools. New and cheaper 
Editiofiy revised and corrected. 8vo. 21s. 

* 1 f ^® English-Latin Dictionary, 7s. 
P*"* y \ rpjjg Latin-English Dictionar7,15s. 

Riddle's Copious and Critical Latin- 
English Lexicon, founded on the Gherman- 
Latin Dictionaries of Dr. William Freund. 
New Edition. Post 4to. price Sis. 6d. 

Riddle's Diamond Lathi-English Dic- 
tionary : A Guide to the Meaning, Quality, 
and right Accentuation of Latin Classical 
Words. Boyal 82mo. price 48. 



Rivers's Rose-Amateur's Guide ; contain- 
ing ample Descriptions of all the fine leading 
varieties of Boses, regularly classed in their 
respective Families; their History and 
mode of Culture. New Edition. Fcp. Svo.Gs. 

Dr. E. Robinson's Greek and English 

Lexicon to the Greek Testament. A New 
Edition, revised and in great part re- written. 
8vo. price 188. 

*' Take it as a whole, for soundness of theolo^ry, 
extent of scholarship, the philosophy of its 
analysis, and the beauty of its arrangement, this 
lexicon, while in the modest language of its 
author * an unpretending memorial of the state 
and progress oft the interpretation and lexico- 
g^raphy of the New Testament at the first half of 
the nineteenth centurv,' supplies a model for all 
future productions of the kind, uid in oar own 
day is not likely to be surpassed in value, accuracy, 
and completeness." 

Brit, and For. Evanoblical Rbvibw. 



Roby.— Remains, Legendary & Poetical, 

of John Boby, Author of Traditions of Lan- 
cashire, With a Sketch of his Literary Life 
and Character by his Widow ; and a Por- 
trait. Post 8vo. price lOs. 6d. 
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Rogers.— Essays selected from Contilba- 

tions to the Edinburgh Beriew. B^ Hbnsy 
BoOBBS. 2 Tols. 8to. price 248. 

Dr. Boget's Thesaoras of English Words 

and Phrases Classified and arranged so as to 
facilitate the Expression of Ideas and assist 
in Literary Composition. New Edition, ro- 
yised and enlarged. Medium 8to. price 14s. 

Bowton's Debater : A Series of complete 

Debates, Outlines of Debates, and Questions 
for Discussion ; with ample Beferences 
to the best Sources of Information on 
each particular Topic. New Edition. Fcp. 
8vo. price 68. 

Letters of Bacbel Lady Bussell. A New 

Bdi|;ion, including several unpublished Let- 
ters, together with those edited by Miss 
Bebby. With Portraits, Vignettes, and 
Facsimile. 2 yoIs. post 8yo. price ISs. 

The Life of William Lord Bussell. By 
the Bight Hon. Lord John Bussell, M.P. 
The Fourth Edition, complete in One 
Volume ; with a Portrait engrared on Steel 
by S. Bellin, from the original by Sir Peter 
Lely at Wobum Abbey. Post 8vo. IDs. 6d. 

St. John (the Hon. F.) — Bambles in 

Search of Sport, in Germany, France, Italy, 
and Bussia. By the Honourable Febdikand 
ST John. With Four coloured Plates. 
Post 8to. price 98. 6d. 

" As pretty »ud pleasant a little TOltune of ■poxting adTenture 
as need come from the hand of a devoted aoo of 'Nimrod. The 
book is a Tery nice book ; well got up and tasteftdiy ilTiutrated : 
and the sabfltance of it is interesting, being a narrative of sport 
by one who could richly avail himsetf of unusually Avourable 
opportunities, and who tells his story convenationally and very 
agreeably." Eka^ 

St. John (H.)— The Indian Archipelago ; 

Its History and Present State. By Hobaoe 
S7 John, Author of The Briiuh Conguettt in 
India, &c. 2 yols. post 8to. pried 21s. 

St. John (J. A.)--There and Back Again 

in search of Beauty. By Jakes Auoxtstus 
St John, Author of Isis, an Egyptian Pil- 
primage, &c. 2 vols, post 8to. price 21s. 

St. John (J. A.)— The Nemesis of Power. 
By James Augustus St John, Author of 
liere and Back Again in Search of Beauiy, 
Ac. Fcp. 8yo. [Jiat ready, 

Mr. St. John's Work on Egypt. 

Isis : An Egyptian Pilgrimage. By James 
Augustus ST John. 2 toIs. post 8?o. 2l8. 



The Saints our Example. By the Author 

of Letters to My Unknown tHends, &c. Fcp. 
Syo. price 7b. 

Schmitz.— History of Greece, from the 

Earliest Times to the Taking of Corinth by 
the Bomans, b.o. 146, mainly based upon 
Bishpp Thirlwall's History of Qreece. By 
Dr. Leonhabd Sohmitz,~F.B.S.E., Beotor 
of the- High School of Bdinbur^. Kew 
Edition. 12mo. price 7s. 6d. 

A Schoolmaster's Difficulties at Home 

and Abroad : — 1. In regard to his CSalling ; 
2. In relation to Hirns^; 3. As oonoeminff 
his Charge; 4. About Committees; 5. With 
Pupil-Teachers ; 6. Touching Inspectors ; 
7. On the matter of Society ; 8. In prospect 
of the Future; and 9. Affecting Personal 
Belations. Fcp. 8vo. price 4s. 6d. 

Sir Edward Seaward's Narrative of his 

Shipwreck, and consequent Discovery of 
certain Islands in the Caribbean Sea : With 
a detail of many extraordinary and highly 
interesting Events in his Life, from 1733 to 
1749, as written in his own Diary. Edited 
by Jane Pobteb. Third Edition ; 2 vols, 
post 8vo. 2l8.--An Absidgmbnt, in 16mo. 
price 2s. 6d. 

The Sermon on the Mount. Printed on 

Silver ; with Picture Subjects, numerous 
Landscape and Illustrative Vignettes, and 
Illuminated Borders in Gold and Colours, 
designed expressly for this work by M. 
Lepeujs du Bois-GaIiLAIS, formerly em- 
ployed by the French Government on the 
great Work of Count Bastard. Square 
18mo. price in ornamental boards, One 
Guinea ; or 3l8. 6d. bound in morocco. 

Self-Denial the Preparation for Easter. 

By the Author of Letter* to my Unknown 
Fiiendt^ &o. Fcp. 8vo. price 2s. 6d. 

Sharp's New British Gazetteer, or Topo- 
graphical Dictionary of the British Islands 
and Narrow Seas : Comprising concise De- 
scriptions of about Sixty Thousand Places, 
Seats, Natural Features, and Objects of Note, 
founded on the best Authorities ; full Par- 
ticulars of the Boundaries, Begistered Elec- 
tors, &c. of the Parliamentary Boroughs ; 
with a reference under every name to the 
Sheet of the Ordnance Survey, as far as com- 
pleted; and an Appendix* containing a 
General View of the Besources of the United 
Kingdom, a Short Chronology, and an 
Abstract of certain Besults of the Census of 
1851. 2 Tols. dvo. price £2. 16b. 
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NEW WORKS AKD NEW EDITIONS 



SeweH. — Amy Herbert. By a Lady. 

Edited by the Rev. William Sewbll, B.D. 
Fellow and Tutor of Exeter College, Oxford. 
New Edition. Fcp. 8vo. price -68. 

Sewell.— The Earl's Daughter. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sbwull, B.D. 2 vols. fop. 8vo. Sj^. 

Sewell. — Gertrude : A Tale. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewbll, B.D. New Edition. Fcp. 
8vo. price Gs. 

Sewell.— Laneton Parsonage : A Tale for 

Children, on the Practical Use of a portion 
of the Church Catechism. By the Author 
of Amy Herbert, Edited by the Rev. W. 
Sewell, B.D. New Edition. 8 vols. fcp. 
8vo. price 16s. 

Sewell. -- Margaret Percival. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewell, B.D. New Edition. 2 vols, 
fcp. 8vo. price 128. 

By the same Author, 

The Experience of Life. New Edition. 

Fcp. 8vo. price 78. 6d. 

" Those who read for Instmction as well as 
amusement will find in these experiences much 
moral and pious sentiment &;racefally interpreted 
and practically illustrated" 

Morning Chroniclh. 

Readings for a Month preparatory to 

Confirmation : Compiled from the Works of 
Writers of the Early and of the English 
Church. Fcp. 8vo. price 6s. 6d. 

** A Tolnm« ftill of devout meditations and hoW counsels, 
which, while it will prove profitable in the hands of candidates 



for conftrmation durins the period of preparation for that sacred 
lite, will be found no wss valuable by cici] 
the instruction of their catechumens.'^ 



iigymen as a guide ia 
John bvll. 



Readings for Every Day in Lent : Gom- 

?iled ^om the Writings of Bishop Jesemt 
'atlob. Fcp. 8vo.- price 58. 



The Family Shakspeare; in which 

nothing is added to the Original Text ; but 
those words and expressions are omitted 
which cannot with propriety be read aloud. 
By T. BowDMSB, Esq. F.K.S. New Edition, 
in Volumes for the Pocket. 6 vols. fcp. 8vo. 
price SOs. 

*#* Also a LiBBAET Edition : With 36 
Wood Engravings from designs by Smirke, 
Howard, and other Artists. 8vo. priee 2l8. 



Short Whist; Its Rise, Progress, and 

Laws : With Observations to make any one a 
Whist Player. Containing also the Laws of 
Piquet, Oassino, Ecart6, Gribbage, Back- 
gammon. By Major A • * * • *. New 
Edition ; to which are added, Precepts for 
Tyros, by Mrs. B ♦ * * *. 'Fcp. 8vo. Ss. 

Sinclair. — The Joomey of Life. By 

CiiTHBRiNE SiNCLAiB, Author of The Bun- 
nets of lAfe (2 vols. fcp. 8vo. price lOs.) 
New Edition, corrected and enlarged. Fcp. 
8vo. price 58. 

Sinclair. — Popish Legends or Bible 

Truths. By Cathebine Sinolaib. Dedi- 
cated to her Nieces. Fcp. 8vo. price 68. 



" Miss Sinclair has brought to her task a well disciplined 
miad, and a memory richly stored with the results of extensiv* 
and varied reading; and her book not only cimtains many a 
clear statement of the truth in opposition to error, backed by 
solid proof and happy illustration, but it sparkles throughout 
with many a pertinent anecdote, and many a flash of quiet sar- 



castic humour." 



EoiMBUsoH Witness. 



Sir Boger de Coverley. From The Spec- 
tator. With Notes and Illustrations, by 
W. Hbnbt Wills ; and Twelve fine Wood 
Engravings, by John Thompson, from 
Designs by Fbedebioe Tayleb. Crown 
8vo. price 16s. boards ; or 27s. bound in 
morocco. — A Cheap Edition, without Wood- 
cuts, in 16mo. price One Shilling. 

Smee*s Elements of Electro-Metallurgy. 

Third Edition, revised, corrected, and con- 
siderably enlarged; with Electrotypes and 
niunerous Woodcuts. Post 8vo. price IDs. 6d. 

Smith's Sacred Annals.— Sacred Annals : 

Vol. in. The Gentile Nations ; or, The 
History and Eeligion of the E^iyptians, 
Assyrians, Babylonians, Modes, Persians, 
Greeks, and B.omans, collected from ancient 
authors and Holy Scripture, and including 
the recent discoveries in Egyptian, Persian, 
and Assyrian Inscriptions : Forming a com- 
plete connection of Sacred and Profane His- 
tory, and shewing the Fulfilment of Sacred 
Prqahecy. By Gbob»e Smith, F.A.S. &c. 
In Two Parts, crown 8vo. price 12d. 

By the same Author^ 
Sacred Annals: Vol. I. The Patriarchal 

Age ; or, Besearches into the Historv and 
Beligion of Mankind, from the Creation of 
the World to the Death of Isaac. Crown 
8vo. IDs. 

Sacred Annals: Vol. 11. The Hebrew 

People ; or, The History and Eeligion of 
the Israelites, from the Origin of the Nation 
to the Time of Christ. In two Parts, crown 
8vo. prioe 12s. 
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The Works of the Rev. Bydney Smith ; 

including his Contributions to The Edin- 
burgh Review. New Edition, complete in 
One Volume ; with Portrait, and Vignette. 
Square crown 8to. price 21s. ; or 30s. bound 
in calf. 

♦#* Also a LiBBABT Edition (the 
Fourth), in 8 toIs. 8to. with Portrait, 
price 36s. 

The Rev. Sydney Smith's Elementary 

Sketches of Moral Philosophy, delivered at 
the Boyal Institution in the Years 1804, 
1805, and 1806. Second Edition. 8vo. 
price 12s. 

The Life and Correspondence of the late 

Robert Southey. Edited by his Son, the 
Rev. C. C. SoiTTHEY, M.A., Vicar of 
Ardleigh. With Portraits, and Landscape 
Illustrations. 6 vols, post 8vo. price 63s. 

Southejr's Life of Wesley ; and Rise and 

Progress of Methodism. New Edition, with 
Notes and Additions by the late Samuel 
Taylor Coleridge, Esq., and the late Alex- 
ander Knox, Esq. Edited by the Bev. 
C. C. SoTJTHET, M.A. 2 vols. 8vo. with 
2 Portraits, price 28s. 

Southey's Commonplace Books. Com- 
prising — 1. Choice Passages: With Col- 
lections for the History of Manners and 
Literature inEngland; 2. Special Collections 
on varicfUs Historical and Theological Sub- 
jects; 3. Analytical Headings in various 
branches of Literature; and 4. Original 
Memoranda, Literary and Miscellaneous. 
Edited by the Bev. J. W. Waetbb, B.D. 
4 vols, square crown 8vo. price £3. 188. 

Each Commonplae* Bookt complete in iteelf, may be had sepa- 
rately as follows :-- 

First SBmns— CHOICE PASSAGES, fto. 18s. 
8>coMD Sbbitss— SPECIAL COLLECTIONS. 188. 
Tbiho Sexibs— analytical READINGS. 21s. 
Fourth Sexies— OBIGINAL MEMORANDA, Sec. 21s. 

Robert Southey's Complete Poetical 

Works ; containing all the Author's last In- 
troductions and Notes. Complete in One 
Volume, withPortraitandVignette. Medium 
8vo. price 21s. cloth j 428. bound in morocco. 

*#• Also a New and cheaper Issue of the 
First collected Edition of the above, in 
10 vols. fcp. 8vo. with Portrait and 19 Plates, 
price 35p. 

Select Works of the British Poets ; from 

Chaucer to Lovelace, inclusive. With 
Biographical Sketches by the late Bobebt 
SouTHBT. Medium 8vo. pric« 30s. 



Southey's The Doctor fto. Complete in 

One Volume. Edited by the Eev. J. W. 
Wabtee, B.D. With Portrait, Vignette, 
Bust, and coloured Plate. New Edition. 
Square crown 8vo. price 2l8. 



Steel's Shipmaster's Assistant, for the 

use of Merchants, Owners and Masters of 
Ships, Officers of Customs, and all Persons 
connected with Shipping or Commerce : Con- 
taining the Law and Local Begulations 
affecting the Ownership, Charge and Manage- 
ment of Ships and their Cargoes ; together 
with Notices of other Matters, and all ne- 
cessary Information for Mariners. New 
Edition, rewritten, by G. Willmobb, Esq. 
M.A. Barrister-at-Law ; G. Clements, of 
the Customs, London ; and W. Tate, Author 
of The Modem Cambist. 8vo. price 28s. 



Stephen.— Lectures on the History of 

France. By the Bight Hon. Sur James 
Stephen, K.C.B. LL.D. Professor of Modern 
History in the University of Cambridge. 
Second Edition. 2 vols. 8vo. price 24s 



Stephen.— Essays in Ecclesiastical Bio- 
graphy ; from The Edinburgh Beview. By 
the Right Hon. Sir James Stephen, K.C.B. 
LL.D. Third Edition. 2 vols. 8vo. 248. 



Stonehengc—The Greyhound: Being a 

Treatise on the Art of Breeding, Bearing, 
and Training Greyhounds for Public Bun- 
ning ; their Diseases and Treatment : Con- 
taining also, Bules for the Management of 
Coursing Meetings, and for the Decision of 
Courses. By Stonehenge. With numerous 
Portraits of GriByhounds, &c. engraved on 
Wood, and a Frontispiece engraved on 
Steel. Square crown 8vo. price 21s. 

" We have not the slis-htest hesitation in sayine 
that the work under nonce is the most copious ana 

complete ever written ou the sreyhound The 

arrangement of this vast Aind of infDrmation is 
lacid, consecutive, and regular, and the style in 
which it is communicated varied, now tecnnical 
and scientific, then anecdotal ; and, when occasion 
requires, minutely desciiptive, fervent, and often 
so Diain and simple that one mifcht fancy the 
author was pleasantly speaking to hsteners.'' 
Bbll*8 Lirs. 



Stow.— The Training System, the Moral 

Training School, and the Normal Seminary 
or College . By David Stow, Esq. Honorary 
Secretary to the Glasgow Normal Free 
Seminary. Ninth Edition ; with Plates and 
Woodcuts. Post 8vo. price Os. 



Digitized by VjOOQIC 



NEW WORKS AND NEW EDITIONS 



Dr. Sntheriand's Journal of a Voyage in 

Baffin's Bay and Barrow's Straits, in the 
Tears 1860 and 1851 , performed by H.M. 
Ships Lady Franklin and Sophia, under the 
command of Mr. William Penny, in search 
of the missing Crews of H.M. Ships Erebus 
and Terror, With Charts and Illustrations. 
2 vols, post Sto. fwice 278« 



Swain.— English Melodies^ By Gbaxles 

Swain. Fcp. 8to. price 6s. cloth ; bound 
in morocco, 12s. 



Swain.— Letters of 
By Chables Swain. 



Lanra D'Anveme. 

Fcp. 8to. price 3b. 6d. 



Tate.-On the Strength of Materials ; 

Containing various original and useful For- 
mula, speciklly applied to Tubular Bridges, 
Wrought Iron and Cast Iron Beams, &c. 
By Thomas Tatb,F.B.A.S. Syo. price 58. 6d. 



Taylor.—Loyola: And Jesuitism in its 

Rudiments. By Isaao Tatlob. Post 8vo. 
with MedaUion, price lOs. 6d. 



Taylor. -Wesley and Methodism. By 

Isaac Taylob. Post 8vo. with a Portrait, 
price lOs. 6d. 



Thirlwall.-The History of Greece. By 

the Bight Bev. the Lobd Bishop of St. 
David's (the Bev. Connop Thirl wall). An 
improved Libra^ Edition ] with Maps. 8 
vols. 8vo. price £4. 168. 

Also, an Edition in 8 voU. fop. 8to. with 
Vignette Titles, price 28«. 



Thomson (The Rev. W.)— An Outline of 

the Laws of Thought : Being a Treatise on 
Pure and Applied Logic. By the Rev. W. 
Thomson, M jL. Fellow and Tutor of Queen's 
College, Oxford. Third Edition, enhurged. 
Ecp. 8vo. price 7b. 6d» 



Thomson's Tahles of Interest, at Three, 

Four, Four-and-a-Half, and Five per Cent., 
from One Pound to Ten Thousand, and from 
1 to 366 Pays, in a regular progression of 
single Days ; with Interest at all the ahove 
Bates, from One to Twelve Months, and 
from One to Ten Years. Also, numerous 
other Tables of Exchanges, Time, and Dis- 
counts. New Edition, l^o. price 8s. 



Thomson's Seasons. Edited by Bolton 

CoBifBY, Esq. Illustrated with Seventy- 
seven fine Wood' Engravmgs from Designs 
by Members of the Etching Club. Square 
crown 8vo. price 21b. cloth $ or, 368. bound 
in morocco. 

Thomton.~Zohrab; or, a Midsonuner 

Day's Dream: And other Poems. By 
William Thomas Thoentok, Author of 
An Hatay on Over-Population, &e. Fop. 8yo. 
price 4s. 6d. 

The Thnmb Bible ; or, Verbom Sempi- 

temum. By JT. Taylob. Being an Epi- 
tome of the Old and' New Teetaments in 
English Yerse. Beprinted from the Edition 
of 1693 ; bound and clasped. 64mo. Is. 6d. 

Todd (Gharl6s).—A Series of Tables of 

the Area and Circumferenoe of Circles ; the 
SoUdity and Superficies of Spheres; the 
Area and Jjength of the Diagonal of Squares ; 
and the Specific G-ravity of Bodies, &c. : 
To which is added, an Exf)lanation of the 
Author's Method of Calculating these Tables. 
Intended as a Facility to Engineers, Sur- 
veyors, Architects, Mechanics, and Artisans 
in general. By Chables Todd, Engineer. 
The Second Edition, improved and extended. 
Post 8vo. price 6s. 

Townsend.— The Lives of Twelve Emi- 
nent Judges of the Last and of the Present 
Century. By W. C. Towkbbkd, Esq., M.A., 
Q^C. 2 vols. 8vo. price 288. 

Townsend.— Modem State Trials revised 

and illustrated with Essavs and Notes. By 
W. C. TowKSKND, Esq. M.A. Q.C. 2 vols. 
8vo. price dOs. 

Sharon Turner's Sacred History of the 

World, attempted to be Philosophically 
considered, in a Series of Letters to a Son. 
New Edition, edited by the Author's Son, 
the Bev. S. Tubnbb. 8 vols, post 8vo. 
price Sis. 6d. 

Sharon Turner's Histoiy of England 

during the Middle Ages: Comprising the 
Beigns from the Norman Conduest to the 
Accession of Henry Yin. Fifth Edition, 
revised by the Bey. S. Tubnbb. 4 vols. 
8vo. price SOs. 

Sharon Turner's History of the Anglo- 
Saxons, from the Earliest Period to the 
Norman Conquest. The Seventh Edition, 
revised by the Bev. S. Tubnbb. 8 vols. 
8vo. price 36s. 
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THE TRAVELLER'S LIBRARY, 

In Course of Publication in Parts at Onb Shilling 
AND IN Volumes price Halv-a-Crown bach. 

Comprising bookfl of yaluable infbnnation end acknowledged merit, in a form 
adApted for reading while Travelling, and also of a character that will render them worthy 
of preservation. 



^r\/\/\^/\/\^/s/\/N^/V\/>/W^ 



List of the Yolvmbs already published. 

Vol. I. BCACAULAY's BSSAT9 on WARRBN HASTINGS and LORD CLIVE 2/6 

II. ESSAYS on PITT and CHATHAM, RANKE and GLADSTONE. . 3/6 

m. LAIN6*8 RESIDENCE in NORWAY 2/6 

IV. PPEIFFER'8 VOYAGE ROUND the WORLD 3/6 

V. BOTHEN, TRACES of TRAVEL from the EAST 3/6 

VI. MACAULAY's ESSAYS on ADDISON, WALPOLE, and LORD BACON .... 2/6 

Vn. HUC»8 TRAVELS in TARTARY, &c 2/6 

Via. THOMAS HOLCROIT'a MEMOIRS 2/6 

IX. WERNE's AFRICAN WANDERINGS 2/6 

X. MRS. JAMESON'S SKETCHES in CANADA 2/6 

XL JERRMANN's PICTURES from ST. PETERSBURG 2/G 

Xn. THE REV. G. R. GLEIG's LEI PSIC CAMPAIGN 2/6 

Xin. HUGHES'S AUSTRALIAN COLONIES 3/6 

XIV. SIR EDWARD SEAWARD's NARRATIVE 2/6 

XV. ALEXANDRE DUMAS* MEMOIRS of a MAITRB D'ARMES 2/6 

XVL OUR COAL FIELDS and OUR COAL PITS 2/6 

XVII. M*CULLOCH»s LONDON and GIRONIERE's PHILIPPINES 2/6 

XVIII. SIR ROGER DE COVERLEY and 80UTHEY»s LOVE STORY 2/6 

XIX. JEFFREY'S ESSAYS on SWIFT and RICHARDSON and 



LORD CARLISLE'S LECTURES and ADDRESSES i" ^/* 



) 

XX. HOPE'S BIBLE in BRITTANY and CHASE in BRITTANY 2/6 

XXI. THE ELECTRIC TELEGRAPH and NATURAL HISTORY of CREATION, 2/6 

XXII. MEMOIR of DUKE of WELLINGTON and LIFE of MARSHAL TURENNE, 2/6 

XXIII. TURKEY and CHRISTENDOM & RANKE's FERDINAND and MAXIMILIAN, 2/6 

XXIV. FERGUSON'S SWISS MEN and SWISS MOUNTAINS and , 
BARROW'S CONTINENTAL TOUR f ' 



'1 

andl 



XXV. SOUVESTRE's WORKING MAN'S CONFESSION'S and 1 

ATTIC PHILOSOPHER in PARIS ' ^ 

XXVI. MACAULAY's ESSAYS on LORD BYRON and the COMIC dramatists! 

and his SPEECHES on PARLIAMENTARY REFORM (1831-33) J ^^ 

XXVII. SHIRLEY BROOKS's RUSSIANS of the SOUTH and ) 

DR. KEMP'S INDICATIONS of INSTINCT J ^ 



XXVIII. LANMAN's ADVENTURES in the WILDS of NQKTH AMERICA 2/6 
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NEW WOBKS ¥xmti&VB7> by LONOMAN and CO. 



Dr. Tnrton's Manual of the Land and 

Fresh-water Shells of the British Islands. 
A New E^tion, with considerahle Additions 
by John Edwaed Q-bat : With Woodcuts, 
and 12 coloured Plates. Post 8to. price 15s. 

Dr. nre's Dictionary of Arts, Manufac- 
tures, and Mines : Containing a dear Expo- 
sition of their Principles and Practice. The 
Fourth Edition, much enlarged and cor- 
rected throughout j with all the Information 
comprised in the Supplement of Recent Im- 
provements brought aown to the Present 
Time and incorporated in the JHetiortary : 
Most of the Articles being entirely re- 
written, and many new Articles now first 
added. With nearly 1,600 Woodcuts. 2 
vols. 8vo. price 608. 

" Let any well-informed man ask himself how 
many works he can rely on as authorities upon 
any given scientific subject ; and he will find out 
very, very few, compared with the entire number 
of treatises upon it. The fact is, many men have 
no perception of the beauty, and consequently but 
little regard for the purity of science ; and the 
publishers print the most inexact and erroneous 
writing, provided the public will consent to pur- 
chase It, which is too (generally the case. This 
remark serves to shew how high an estimate ou^ht 
to be set upon these volumes of Dr. Ure^t, which 
consist chiefly of. original and exact treatises, 
written with so much accuracy and care that they 
may be universally resorted to as authoritative,— 
as indeed the former editions have been,— as well 
by artists and manufacturers as by British and 
foreirn scientific writers. The author has through- 
out tne entire work kept most seriously before nis 
mind the one object of promoting the best and 
most economical developments of the arts and 
manufactures; and has produced a work which 
altofrether surpasses every other of its kind with 
which we are acquainted.'* 

Mbchanic'8 Magazine. 

Waterton.— Essays on Natural History, 

chiefly O mithology. By C. Wateeton, Esq. 
With an Autobiography of the Author, and 
Views of Walton Hall. New and cheaper 
Edition. 2 vols. fop. 8vo. price lOs. 

Separately : Vol. I. (First Series), 5s. 6d. 
Vol, II. (Second Series), 4*8. 6d. 

" Mr. Waterton*8 essays evince throug:hout the 
same love of nature, the sameAreshness of thought 
and originality of idea, and the same unartificial 
mode of treating^ the subject, as White's Natural 
History of Selbome ; and no one would for a mo- 
ment hesitate to place side by side in the foremost 
rank of popular writers on natural history, Gilbert 
White's Selbome and Charles Waterton 's Ewayt 
and Autobiography." Westminster Review. 

Alaric Watts's Lyrics of the Heart, and 

other Poems. With 41 highly- finished 
Line Engravings, executed expressly for the 
work by the most eminent Painters and 
Engravers. Square crown 8vo. price Sis. 6d. 
boards, or 458. bound in morocco ; Proof 
Impressions, 63s. boards. 



Webster and Parkes's EncyclopsBdia of 

Domestic Economy ; Comprising such sub- 
jects as are most immediately connected with 
Housekeeping: As, The Construction of 
Domestic Edifices, with the modes of Warm- 
ing, Ventilating, and Lighting them — A de- 
scription of the various articles of Furniture, 
with the nature of their Materials — Duties of 
Servants, &c. New Edition ; with nearly 
1,000 Woodcuts. 8vo. price 508. 

Wilticb's Popular Tables for ascertaining 

the Value of Lifehold, Leasehold, and Church 
Property, Benewal Fines, &c. Third Edition, 
with additional Tables of Natural or Hyper- 
bolic Logarithms, Trigonometry, Astronomy, 
Gheography, &c. Post 8vo. price 9s. 

Lady Willougbby's Diary (1635 to 1663). 

* Printec^ ornamented, and bound in the style 
of the period to which The Diary refers. 
New Edition j in Two Parts. Square fcp. 
8vo. price 86. each, boards ; or, bound in 
morocco, 18s. each. 

Wilmot's Abridgment of Blackstone's 

Commentaries on the Laws of England, in- 
tended for the use of Young Persons, and • 
comprised in a series of Jjetters from a Father | 
to his Daughter. A New Edition, corrected 
and brought down to the Present Day, by 
Sir John E. Eaedlby Wilmot, Bart., 
Barrister-at-Law, Becorder of Warwick. 
12mo. price 6s. 6d. 

Youatt.—Tbe Horse. By William Yonatt. 

With a Treatise of Draught. New Edition, 
with numerous Wood Engravings, from 
Designs by WiUiam Harvey. (Messrs. 
Longman and Co.'s Edition should be or- 
dered.) 8vo. price lOs. 

Yonatt.— The Dog. By William Youatt. 

A New Edition j with numerous Engravings, 
from Designs by W. Harvey. 8vo. 6s. 

Znmpt's Larger Grammar of the Latin 

Language. Translated and adapted for the 
use of English Students by Dr. L. Schmitz, 
F.R.S.E., Sector of the High School of 
Edinburgh : With numerous Additions and 
Corrections bj^ the Author and Translator. 
The Third Edition, thoroughly revised ; to 
which is added, an Index (by the Rev. J. T. 
White, M.A.) of all the Passages of Latin 
Authors referred to and explained in the 
G-rammar. 8vo. price 146. 

{March 1854. 
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